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Preface 


Ordinary differential equations is a wide mathematical discipline which is closely related to 
both pure mathematical research and real world applications. Most mathematical formula- 
tions of physical laws are described in terms of ordinary and partial differential equations, 
and this has been a great motivation for their study in the past. In the 20th century the 
extremely fast development of Science led to applications in the fields of chemistry, bi- 
ology, medicine, population dynamics, genetic engineering, economy, social sciences and 
others, as well. All these disciplines promoted to higher level and new discoveries were 
made with the help of this kind of mathematical modeling. At the same time, real world 
problems have been and continue to be a great inspiration for pure mathematics, particu- 
larly concerning ordinary differential equations: they led to new mathematical models and 
challenged mathematicians to look for new methods to solve them. 

It should also be mentioned that an extremely fast development of computer sciences 
took place in the last three decades: mathematicians have been provided with a tool which 
had not been available before. This fact encouraged scientists to formulate more complex 
mathematical models which, in the past, could hardly be resolved or even understood. Even 
if computers rarely permit a rigorous treatment of a problem, they are a very useful tool 
to get concrete numerical results or to make interesting numerical experiments. In the field 
of ordinary differential equations this phenomenon led more and more mathematicians 
to the study of nonlinear differential equations. This fact is reflected pretty well by the 
contributions to this volume. 

The aim of the editors was to collect survey papers in the theory of ordinary differential 
equations showing the “state of the art”, presenting some of the main results and methods 
to solve various types of problems. The contributors, besides being widely acknowledged 
experts in the subject, are known for their ability of clearly divulging their subject. We are 
convinced that papers like the ones in this volume are very useful, both for the experts and 
particularly for younger research fellows or beginners in the subject. The editors would 
like to express their deepest gratitude to all contributors to this volume for the effort made 
in this direction. 

The contributions to this volume are presented in alphabetical order according to the 
name of the first author. The paper by Agarwal and O’Regan deals with singular initial and 
boundary value problems (the nonlinear term may be singular in its dependent variable 
and is allowed to change sign). Some old and new existence results are established and 
the proofs are based on fixed point theorems, in particular, Schauder’s fixed point theo- 
rem and a Leray—Schauder alternative. The paper by De Coster and Habets is dedicated to 
the method of upper and lower solutions for boundary value problems. The second order 
equations with various kinds of boundary conditions are considered. The emphasis is put 
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on well ordered and non-well ordered pairs of upper and lower solutions, connection to 
the topological degree and multiplicity of the solutions. The contribution of Dosly deals 
with half-linear equations of the second order. The principal part of these equations is rep- 
resented by the one-dimensional p-Laplacian and the author concentrates mainly on the 
oscillatory theory. The paper by Jacobsen and Schmitt is devoted to the study of radial 
solutions for quasilinear elliptic differential equations. The p-Laplacian serves again as a 
prototype of the main part in the equation and the domains as a ball, an annual region, 
the exterior of a ball, or the entire space are under investigation. The paper by Llibre is 
dedicated to differential systems or vector fields defined on the real or complex plane. The 
author presents a deep and complete study of the existence of first integrals for planar poly- 
nomial vector fields through the Darbouxian theory of integrability. The paper by Mawhin 
takes the simple forced pendulum equation as a model for describing a variety of nonlinear 
phenomena: multiplicity of periodic solutions, subharmonics, almost periodic solutions, 
stability, boundedness, Mather sets, KAM theory and chaotic dynamics. It is a review pa- 
per taking into account more than a hundred research articles appeared on this subject. The 
paper by Srzednicki is a review of the main results obtained by the Wazewski method in 
the theory of ordinary differential equations and inclusions, and retarded functional dif- 
ferential equations, with some applications to boundary value problems and detection of 
chaotic dynamics. It is concluded by an introduction of the Conley index with examples of 
possible applications. 

Last, but not least, we thank the Editors at Elsevier, who gave us the opportunity of 
making available a collection of articles that we hope will be useful to mathematicians 
and scientists interested in the recent results and methods in the theory and applications of 
ordinary differential equations. 
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Abstract 


In this survey paper we present old and new existence results for singular initial and bound- 
ary value problems. Our nonlinearity may be singular in its dependent variable and is allowed 
to change sign. 
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1. Introduction 


The study of singular boundary value problems (singular in the dependent variable) is 
relatively new. Indeed it was only in the middle 1970s that researchers realized that large 
numbers of applications [7,11,12] in the study of nonlinear phenomena gave rise to singular 
boundary value problems (singular in the dependent variable). However, in our opinion, it 
was the 1979 paper of Taliaferro [20] that generated the interest of many researchers in 
singular problems in the 1980s and 1990s. In [20] Taliaferro showed that the singular 
boundary value problem 

" —a 

: +q(t)y %*=0, 0<1r<1, (1.1) 

y(0) =0= y(1), 


has a C[0,1] C!(0, 1) solution; here a > 0, g € C(0,1) with g > 0 on (0,1) and 
ie t(1 —t)q(t) dt < oo. Problems of the form (1.1) arise frequently in the study of nonlin- 
ear phenomena, for example in non-Newtonian fluid theory, such as the transport of coal 
slurries down conveyor belts [12], and boundary layer theory [11]. It is worth remarking 
here that we could consider Sturm—Liouville boundary data in (1.1); however since the ar- 
guments are essentially the same (in fact easier) we will restrict our discussion to Dirichlet 
boundary data. 

In the 1980s and 1990s many papers were devoted to singular boundary value problems 
of the form 


cer a 0<r<1, us 
and singular initial value problems of the form 
ae 0<t<T(<oo), a 
y(0) = 0. : 


Almost all singular problems in the literature [8—10,14—18,21] up to 1994 discussed posi- 
tone problems, i.e., problems where f :[0, 1] x (0, 00) > (0, 00). In Section 2.1 we present 
the most general results available in the literature for the positone singular problem (1.2). 
In 1999 the question of multiplicity for positone singular problems was discussed for the 
first time by Agarwal and O’Regan [2]. The second half of Section 2.1 discusses multi- 
plicity. In 1994 [16] the singular boundary value problem (1.2) was discussed when the 
nonlinearity f could change sign. Model examples are 


f(t,y)=t'es —(1—1)7! and st.n= "2 ne, o>0 


which correspond to Emden—Fowler equations; here g(t) > 0 for t € (0, 1) and h(t) may 
change sign. Section 2.2 is devoted to (1.2) when the nonlinearity f may change sign. The 
results here are based on arguments and ideas of Agarwal, O’ Regan et al. [1-6], and Habets 
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and Zanolin [16]. Section 3 presents existence results for the singular initial value problem 
(1.3) where the nonlinearity f may change sign. 

The existence results in this paper are based on fixed point theorems. In particular we 
use frequently Schauder’s fixed point theorem and a Leray—Schauder alternative. We begin 
of course with the Schauder theorem. 


THEOREM 1.1. Let C be a convex subset of a Banach space and F :C — C a compact, 
continuous map. Then F has a fixed point in C. 


In applications to construct a set C so that F' takes C back into C is very difficult and 
sometimes impossible. As a result it makes sense to discuss maps F that map a subset of C 
into C. One result in this direction is the so-called nonlinear alternative of Leray—Schauder. 


THEOREM 1.2. Let E be a Banach space, C a convex subset of E, U an open subset of 
C and 0 € U. Suppose F:U — C (here U denotes the closure of U in C) is a continuous, 
compact map. Then either 

(Al) F has a fixed point in U; or 

(A2) there exists u € OU (the boundary of U in C) andi € (0, 1) with u=AF (u). 


PROOF. Suppose (A2) does not occur and F has no fixed points in dU (otherwise we are 
finished). Let 


A= {x €U: x =tF(x) for some t € [0, 1]}. 


Now A #9 since 0 € A and A is closed since F is continuous. Also notice AM dU = 9. 
Thus there exists a continuous function yw : U > [0, 1] with (A) = 1 and w(dU) = 0. Let 


U(x)F(x), x €U, 


MOE (h xec\v. 


Clearly N:C —> C is a continuous, compact map. Theorem 1.1 guarantees the existence 
of an x € C with x = Nx. Notice x € U since 0 € U. Asa result x = w(x) F(x), soxe A. 
Thus w(x) = 1 and so x = F(x). 


To conclude the introduction we present existence principles for nonsingular initial and 
boundary value problems which will be needed in Sections 2 and 3. First we use Schauder’s 
fixed point theorem and a nonlinear alternative of Leray—Schauder type to obtain a general 
existence principle for the Dirichlet boundary value problem 
" 
fe +f(t,y)=0, O<r<1, aa 
y(0) =a, y)=6. 


Throughout this paper AC[0, 1] denotes the space of absolutely continuous functions on 
[0, 1], ACjoc(0, 1) the space of functions absolutely continuous on each compact subinter- 
val of (0, 1) and iO, 1) the space of functions which are L! integrable on each compact 


subinterval of (0, 1). 
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THEOREM 1.3. Suppose the following two conditions are satisfied: 


the map y+» f(t, y) is continuous for a.e. t € [0, 1] (1.5) 
and 
the map t > f (t, y) is measurable for all y ER. (1.6) 
(1) Assume 


for eachr > 0 there exists hy € EL; 1) with 


i t(1 —t)h,(t) dt < 00 such that |y| <r implies (1.7) 
| f(t, y)| <A, (1) for ae. t € (0,1) 


holds. In addition suppose there is a constant M > \a|+ |b|, independent of i, with |y|o = 
SUP; €[0, 1] |y(t)| 4 M for any solution y € AC[O, 1] (with y’ € ACjoc (0, 1)) to 


y’+Aft,y)=0, O<r<1, 
(1.8), 
yO)=a, yA) =b, 
for each d € (0, 1). Then (1.4) has a solution y with |y|o < M. 
(II) Assume 
there exists h € L},.(0, 1) with [) tC. —t)hy(t) dt <0 As) 
such that | f (t, y)| <h(t) forae.t€(0,1l)andyeR 


holds. Then (1.4) has a solution. 


PROOF. (I) We begin by showing that solving (1.8), is equivalent to finding a solution 
y € C[0, 1] to 


t 
y(t) =a —-t)+bt+A0 - nf SF (35 y(s)) ds 
0 


1 
+a f ad —s) f(s, y(s)) ds. (1.10), 
t 


To see this notice if y € C[0, 1] satisfies (1.10), then it is easy to see (since (1.7) holds) 
that y’ € L![0, 1]. Thus y € AC(D, 1], y’ € ACjoc (0, 1) and note 


t 


1 
yo= -a+b-2f sf (s, y(s)) asta f ad —s) f(s, y(s)) ds. 
0 t 
Next integrate y’(t) from 0 to x (x € (0, 1)) and interchange the order of integration to get 


y(x) — yO) = [ y(t) de 
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x et 
=—ax+ bx —- af / sf (s, y(s)) ds dt 
0 JO 


x 1 
+2f / (1—s) f(s, y(s)) ds dt 
0 Jt 


=-ax+bx+xX(1 =» [ sr.) ds 
0 


1 
+ ix f (1—s) f(s, y(s)) ds 
=—a+t y(x), 


so y(0) =a. Similarly integrate y’(t) from x (x € (0, 1)) to 1 and interchange the order 
of integration to get y(1) = b. Thus if y € C[0, 1] satisfies (1.10), then y is a solution of 


(1.8). 
Define the operator NV : C[0, 1] ~ C[O, 1] by 


t 
Ny(t)=aQ_—-t)+bt+(1 -of sf (s, y(s)) ds 
0 


1 
+f (1—s) f(s, y(s)) ds. (1.11) 
t 
Then (1.10), is equivalent to the fixed point problem 
y=(1—A)p+ANy, where p=a(1—1t)+b. (1.12), 
It is easy to see that N: C[0, 1] > C[O, 1] is continuous and completely continuous. Set 
U={ueC[0,1]: lulo<M}, K=E=C(0,1]. 
Now the nonlinear alternative of Leray—Schauder type guarantees that N has a fixed point, 
i.e., (1.10); has a solution. 
(II) Solving (1.4) is equivalent to the fixed point problem y = Ny where N is as in 


(1.11). It is easy to see that N: C[O, 1] + C[O, 1] is continuous and compact (since (1.9) 
holds). The result follows from Schauder’s fixed point theorem. 


Finally we obtain a general existence principle for the initial value problem 


a fom 0<t<T(<oo), (1.13) 


THEOREM 1.4. Suppose the following two conditions are satisfied: 


the map y+» f(t, y) is continuous for a.e. t € [0, T] (1.14) 
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and 
the map t > f (t, y) is measurable for all y ER. (1.15) 
(1) Assume 


a each r > 0 there exists hy € L'[0, T] such that (1.16) 


ly| <r implies | F(t, y)| <h,(t) fora.e. t € (0, T) 


holds. In addition suppose there is a constant M > |a|, independent of i, with |y|o = 
SUP, <[0,7] |Y¥()| # M for any solution y € AC[0, T] to 


y =Af(t,y), 0<t<T(<oo), 
1.17 
| y(0) =a, ae 
for each d € (0, 1). Then (1.13) has a solution y with |y|o < M. 
(I) Assume 
there exists h € L'[0, T] such that | f(t, y)| < h(t) (1.18) 
forae.t€(0,T)andyeR , 
holds. Then (1.13) has a solution. 
PROOF. (I) Solving (1.17), is equivalent to finding a solution y € C[0, 7] to 
t 
yin=a+ f f(s, y(s)) ds. (1.19), 
0 
Define an operator N : C[0, T] > C[0, T] by 
t 
ny =a+ | f(s. ys)) ds (1.20) 
0 
Then (1.19), is equivalent to the fixed point problem 
y=(1-A)a+ANy. (1.21), 


It is easy to see that N : C[0, T] + C[0, T] is continuous and completely continuous. Set 
U={ueC[0,T]: julo<M}, K=E=C[O0,T]. 


Now the nonlinear alternative of Leray—Schauder type guarantees that N has a fixed point, 
1.e., (1.19); has a solution. 

(II) Solving (1.13) is equivalent to the fixed point problem y = Ny where N is as in 
(1.20). It is easy to see that N : C[0, T] > C[0, T] is continuous and compact (since (1.18) 
holds). The result follows from Schauder’s fixed point theorem. 
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2. Singular boundary value problems 


In Section 2.1 we discuss positone boundary value problems. Almost all singular papers in 
the 1980s and 1990s were devoted to such problems. In Theorem 2.1 we present probably 
the most general existence result available in the literature for positone problems. In the 
late 1990s the question of multiplicity for singular positone problems was raised, and we 
discuss this question in the second half of Section 2.1. Section 2.2 is devoted to singular 
problems where the nonlinearity may change sign. 


2.1. Positone problems 
In this section we discuss the Dirichlet boundary value problem 


y’'+qOft.y)=0, O<t<1, 
Ca =0=y(1). (2.1) 


Here the nonlinearity f may be singular at y = 0 and g may be singular at t = 0 and/or 
t = 1. We begin by showing that (2.1) has a C[0, 1] M C?(0, 1) solution. To do so we 
first establish, via Theorem 1.3, the existence of a C[0, 1] M C2(0, 1) solution, for each 
m=1,2,..., to the “modified” problem 


ie +qHft,y)=0, O<t<1, (2.2) 


y0)=+=y(1). 


To show that (2.1) has a solution we let m — ov; the key idea in this step is the Arzela— 
Ascoli theorem. 


THEOREM 2.1. Suppose the following conditions are satisfied: 


1 
qgeéC0,l), g>O0 on(0,1) and / t(1 —ft)q(t) dt < oo, (2.3) 
0 


Ff :[0, 1] x (0, 00) > (0, 00) is continuous. (2.4) 


0< ft, y) < gy) + AQ) on [0, 1] x (0, 00) with 
g > 0 continuous and nonincreasing on (0, 00), ne 
h > 0 continuous on [0, 00), and © (2.5) 


nondecreasing on (0, 00), 
for each constant H > 0 there exists a function WH 


continuous on (0, 1] and positive on (0, 1) such that (2.6) 
f(t, u) 2 Wu (t) on (0, 1) x (0, H] 


and 


1 rd 
ar >0 with ELON i “> bo (2.7) 
0 


—> 
(1+ 40 g(u) 


A survey of recent results for initial and boundary value problems 9 


hold; here 


} 1 
by = max}? [ r(1 = Hair .2 f rl — aca, (2.8) 
0 z 


Then (2.1) has a solution y € C[0, 1] C?(0, 1) with y > 0 on (0, 1) and |y|o <r. 


PROOF. Choose ¢ > 0, € <r, with 
1 —, | du b (2.9) 
_- > 0. a 
1 hOy 
(1+ ao) e g(u) 


Let no € {1, 2, ...} be chosen so that x <eand let No = {no, no +1, ...}. To show (2.2), 
m € No, has a solution we examine 


y’+qF(t.y)=0, O<t<1, ii 
yO=yHD=4, m € No, 
where 
tu), us, 
ron= |" Da 
(oan) WS 


To show (2.10)” has a solution for each m € No we will apply Theorem 1.3. Consider the 
family of problems 


y"+aq(t)F(t,y)=0, O<t<1, 7 

I (2.11), 
yO=yQ=7, meéWNo, 

where 0 < A < Let bea solulionor(Zel Dy: Uneny =< 0 on (0, 1) and y > + on [0, 1]. 

Also there exists ty, € (0, 1) with y’ > 0 on (0, t) and y’ <0 on (tm, 1). For x € (0, 1) we 

have 


(2.12) 


h 
-y"@) <a(yeo)] 1+ e a (x). 


goa) |7 


Integrate from f(t < tm) to tm to obtain 


h my tn 
yO < aro) {1+ >t f a 
& 


&(¥(tn)) 


and then integrate from 0 to f,, to obtain 


*im) du “ont | i 
Shoe die 
if ew) | aerrer | aaa 
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Consequently 
*im) du noe) ‘a 
Fe fy aN As 
/ g(u) eccosy eee? 
and so 
vim) du ole) 1 if 
Sia 1— dx. 213 
/ gu) | * oe li=ain Se ee (2.13) 


Similarly if we integrate (2.12) from t,, to t (t > tm) and then from f,, to 1 we obtain 


du “oti l ‘ 
CG fe ee, ie dx. 2.14 
i gu) | OG ey 


Now (2.13) and (2.14) imply 


y(tm) 
/ du < bof 1+ So | 
e &u) 8(y(n)) 
This together with (2.9) implies |y|o #7. Then Theorem 1.3 implies that (2.10) has a 
solution y», with | y/o <r. In fact (as above), 


1 
—<ym(t)<r fort €[0, 1]. 
m 


Next we obtain a sharper lower bound on y,,, namely we will show that there exists a 
constant k > 0, independent of m, with 

ym(t) >kt(_—t) fort € (0, 1]. (2.15) 

To see this notice (2.6) guarantees the existence of a function w,(t) continuous on [0, 1] 


and positive on (0,1) with f(t,u) > w(t) for (t,u) € (0,1) x (0,r]. Now, using the 
Green’s function representation for the solution of (2.10), we have 


1 1 
Yn (t) = <1 f (1 = x)q(x) f(x, Ym(x)) dx 
t 


t 
+a-9f xq(x) f (x, ym(x)) dx 
and so 


1 t 
0) orf (1 = x)q (x) r(x) dx + 1 -9f xg (x) Wrlx) dx 
t 


=@,(t). (2.16) 
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Now it is easy to check (as in Theorem 1.3) that 
1 t 
@! (1) = Gi saQiwi@de— / xgixWrlx)dx fort € (0,1) 
t 0 


with @,(0) = @,(1) = 0. Ifkp = i (1 —x)q(x) W(x) dx exists then / (0) = ko; otherwise 

®/(0) = ov. In either case there exists a constant k1, independent of m, with / (0) > ky. 

Thus there is an ¢ > 0 with @,(t) > skit > skit(1 —t) for t € [0, e]. Similarly there is 

a constant ky, independent of m, with —/.(1) > ky. Thus there is a 5 > 0 with @,(t) > 

dko(1 —t) > dkot(1 — 1) for t € [1 — 4, 1]. Finally since 2 is bounded on [e, 1 — 5] 

there is a constant k, independent of m, with ©, (t) > kt(1 —t) on (0, 1], Le., (2.15) is true. 
Next we will show 


{¥m}meNy 18 a bounded, equicontinuous family on [0, 1]. (2.17) 
Returning to (2.12) (with y replaced by y,,) we have 


yn) < (m6) | + 2 Lge for x € (0, 1). (2.18) 


Now since yy, <0 on (0, 1) and ym > - on [0, 1] there exists 4, € (0, 1) with y;, >0 on 


(0, tm) and y}, <0 on (tm, 1). Integrate (2.18) from t (tf < tn) to tm to obtain 


vi, (t) | ie) is 
——— <j} 1+—— dx. 2.19 
onOr leo oe) 


On the other hand integrate (2.18) from t, to t (tf > tm) to obtain 


-y! (t) hr) i 
———— <}l1+— dx. 2.20 
ZOm(D) +a] oe) oe 


We now claim that there exists ag and a, with ap > 0, a, < 1, ao < a, with 
ao < inf{tm: m € No} < sup{tm: m € No} <a. (2.21) 
REMARK 2.1. Here t, (as before) is the unique point in (0, 1) with yj, (tm) = 0. 


We now show inf{t,: m € No} > 0. If this is not true then there is a subsequence S of 
No with t,, > 0 asm — oo in S. Now integrate (2.19) from 0 to t,, to obtain 


ym (tm) du wtf” ‘fe du 
<{1l+— dx + — 222: 
i a) | Pao gs ee) eae) 


form € S. Since ty, > 0 asm — oo in S, we have from (2.22) that ym (tm) > 0 asm — co 
in S. However since the maximum of y,, on [0, 1] occurs at t,, we have ym — 0 in C[0, 1] 
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as m — oo in S. This contradicts (2.15). Consequently inf{t,: m € No} > 0. A similar 
argument shows sup{t»: m € No} < 1. Let ap and a; be chosen as in (2.21). Now (2.19), 
(2.20) and (2.21) imply 


jn <{1 mal fort € (0, 1 2.23 
CC Va We) Ma eee 


where 


max{t,a;} 
vwo= fo q(x) dx. 


min{t,ag} 


It is easy to see that v € L![0, 1]. Let :[0, 00) — [0, 00) be defined by 


= du 
I — ; 
. i gu) 


Note J is an increasing map from [0, co) onto [0, oo) (notice [(0o) = o0 since g > 0 is 
nonincreasing on (0, oo)) with J continuous on [0, A] for any A > 0. Notice 


{10m)} ne Ny i8 a bounded, equicontinuous family on [0, 1]. (2.24) 


The equicontinuity follows from (here f, s € [0, 1]) 


t / h 
m0) = Homo) =| f ant asl {1 otf seeds, 


8(¥m(x)) 


This inequality, the uniform continuity of J —! on [0, I(r)], and 


|ym(t) — ym(s)| = |Z7'(1(ym(1)) — 17! (1(ym(s)))| 


now establishes (2.17). 

The Arzela—Ascoli theorem guarantees the existence of a subsequence N of No and a 
function y € C[0, 1] with y,, converging uniformly on [0, 1] to y as m — oo through N. 
Also y(0) = y(1) = 90, |ylo <r and y(t) > kt(1 —1f) for t € [0, 1]. In particular y > 0 on 
(0, 1). Fix t € (0, 1) (without loss of generality assume t 4 5). Now ym, m € N, satisfies 
the integral equation 


1 ,{l 1 - 
Ym (X) = m(5) + vn(5) (: = ;) +f (s — x)q(s) f(s, ym(s)) ds 
2 


for x € (0, 1). Notice (take x = 3) that { yi G}s m € N, is a bounded sequence since 
ks(1—s) < ym(s) <r for s € [0, 1]. Thus {yh (Z)}men has a convergent subsequence; for 
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convenience let {y’,, (4) }me wn denote this subsequence also and let ro € R be its limit. Now 
for the above fixed fr, 


1 1 1 F 
Ym(t) = m(5) a vn(5) (: = ;) +f (s —1)q(s) f(s, ym(s)) ds, 
2 


and let m — oo through N (we note here that f is uniformly continuous on compact 
subsets of [min(5, t), max(5, t)] x (0, r]) to obtain 


1 1 ¢ 
yt)= (5) + rat - ;) +/f (s — t)q(s) f(s, y(s)) ds. 
2 


We can do this argument for each t € (0, 1) andso y’(t)+ q(t) f(t, y(t) = 0 for0 <r <1. 
Finally it is easy to see that |y|9 <r (note if |y|o =r then following essentially the argu- 
ment from (2.12)—(2.14) will yield a contradiction). 


Next we establish the existence of two nonnegative solutions to the singular second order 
Dirichlet problem 


| y"@+qO[s(yO) +AQ@)]=0, O<r<1, (2.25) 
y(0) = y(1) = 0; 


here our nonlinear term g +h may be singular at y = 0. Next we state the fixed point result 
we will use to establish multiplicity (see [13] for a proof). 


THEOREM 2.2. Let E =(E, || - ||) be a Banach space and let K C E bea cone in E. Also 
r, R are constants with 0 <r < R. Suppose A: QR K —> K (here QR={x € E: ||x|| < 
R}) is a continuous, compact map and assume the following conditions hold: 


x #AA(x) ford €[0, 1) and x €0f~2-NK (2.26) 
and 
| there exists av € K\{0} with x 4 A(x) + bv (2.27) 
for any 5 >QOandx € dE QR K. 
Then A has a fixed point in K N{x € E: r <||x|| < R}. 
REMARK 2.2. In Theorem 2.2 if (2.26) and (2.27) are replaced by 
xARA(x) forrA €[0,1) andx €dgQRNK (2.26)* 
and 
| there exists a v € K \{0} with x 4 A(x) + dv (2.27)" 
for any 6 > O and x € df 2 NK 


then A has also a fixed point in K N {x € E: r < ||x|| < R}. 
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THEOREM 2.3. Let E = (E, || - ||) be a Banach space, K C E a cone and let || - || be 
increasing with respect to K. Also r, R are constants with 0 <r < R. Suppose A: QRM 


K > K (here QR= {x € E: ||x|| < R}) is a continuous, compact map and assume the 
following conditions hold: 


xAAA(x) forr€ [0, 1) andx €0~2,NK (2.28) 
and 

| Ax|] > |x|] forx € dg QROK. (2.29) 
Then A has a fixed point in K N{x € E: r < ||x|| < R}. 
PROOF. Notice (2.29) guarantees that (2.27) is true. This is a standard argument and for 
completeness we supply it here. Suppose there exists v € K\{0} with x = A(x) + dv for 
some 6 > 0 and x € dg QR K. Then since || - || is increasing with respect to K we have 


since du € K, 


I|x || = | Ax + dul] 2 | Axl] > Ila, 


a contradiction. The result now follows from Theorem 2.2. 
REMARK 2.3. In Theorem 2.3 if (2.28) and (2.29) are replaced by 
xZ#AA(x) forre [0,1) andx € dg QRNK (2.28)* 
and 
|Ax|| > llx]] forx € 06-2, K. (2.29)* 
then A has a fixed point in KN {x € E: r < ||x|| < R}. 


Now E = (C[0, 1], | - |o) (here |u|o = sup, jo, 1;|4()|, « € CLO, 1]) will be our Banach 
space and 


K ={y €C[0, 1]: y(t) >0,t € [0, 1] and y(t) concave on [0, 1]}. (2.30) 


Let 6:[0, 1] x [0, 1] — [0, oc) be defined by 


L 
O¢,s)=15_, 


=S 


The following result is easy to prove and is well known. 
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THEOREM 2.4. Let y € K (as in (2.30)). Then there exists to € [0, 1] with y(to) = |y|o and 


yt) 24, to)lyloztUd —Hlylo fort €[0, 1]. 


PROOF. The existence of to is immediate. Now if 0 < ft < fg then since y(f) is concave on 
[0, 1] we have 


y= v((1 2 + )o+ 'n) > (: 2 x) 0) +9): 
to to to to 


That is 


t 
yt) 2 eA = O(t, to)lylo 2 tC — t)lylo. 


A similar argument establishes the result if to <t < 1. 


From Theorem 2.1 we have immediately the following existence result for (2.25). 


THEOREM 2.5. Suppose the following conditions are satisfied: 


1 
qgéeéC0,l), g>0 on(0,1) and / t(1 — t)q(t) dt < oo (2.31) 
0 
g >0_ is continuous and nonincreasing on (0, 00) (2.32) 
h 
h>0 continuous on [0, 00) with — nondecreasing on (0, oo) (2.33) 
8 
and 
1 Eid 
ar > 0 with ——— / a > bo; (2.34) 
{1 + OU 0 §Uu 
here 


4 1 
bo = max{2 f° t(1 —t)q(t) de, 2f t(l— ngcnar|. (2.35) 
0 2 


Then (2.25) has a solution y € C[{0, 1] C?(0, 1) with y > 0 on (0, 1) and |y|o <r. 


PROOF. The result follows from Theorem 2.1 with f(t, uw) = g(u) + h(u). Notice (2.6) is 
clearly satisfied with wy (ft) = g(A). 


THEOREM 2.6. Assume (2.31)-(2.34) hold. Choose a € (0, 5) and fix it and suppose there 
exists R >r with 


Rg(a(1 —a)R) a 5 
Weed = OD FE@GG=aE 1, COs 208) 
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here0 <o <1 is such that 


l—a l-a 
/ G(o, s)q(s) ds = sup G(t, s)q(s) ds (2.37) 
a te[0,l]va 
and 
(_—-ft)s, O<sKXt, 
G(t,s)= 
(#5) ae t<s<l. 


Then (2.25) has a solution y € C[0, 1] C?(0, 1) with y > 0 on (0, 1) andr <|ylo < R. 


PROOF. To show the existence of the solution described in the statement of Theorem 2.6 
we will apply Theorem 2.3. First however choose ¢ > 0 and ¢ <r with 


} fi uF (2.38) 

SE ae —_—_- > 0. . 
h(r) 

(14+ 49} Je gw 


Let mo € {1, 2, ...} be chosen so that on <eéand on <a(l1—a)R and let No = {mo, mo + 
1,...}. We first show that 


” h = 
{? (1) +q@)[s(yO) +A(y@)]=0, O<1<1, (2.39)" 


yO)=ya=4 


has a solution y,, for each m € No with ym» > 4 on (0,1) andr < |ymlo < R. To show 
(2.39) has such a solution for each m € No, we will look at 


ee Orel 
(2.40)”” 

y0)=y=5 
with 

a [eM u>s, 

oe ee 0<uct 
REMARK 2.4. Notice g*(u) < g(u) foru > 0. 
Fix m € No. Let E = (C[0, 1], |-|o) and 
K ={u€C[0, 1]: u(t) >0,t € [0, 1] and u(t) concave on [0, 1]}. (2.41) 


Clearly K is acone of E. Let A: K — C[0, 1] be defined by 


1 1 
Ay(t) = rs +f Git, s)q(s)[g*(y(s)) + A(y(s))] ds. (2.42) 
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A standard argument implies A: K — C[0, 1] is continuous and completely continuous. 
Next we show A: K —> K.Ifueé K then clearly Au(t) > 0 for t € [0, 1]. Also notice that 


(Au)"(t) <0 on (0,1), 
oe s 


m 
so Au(f) is concave on [0, 1]. Consequently Au € K so A: K > K. Let 
2) ={ueEC[0, 1]: |ulo<r} and 22= {ue C[0, 1]: |ulo < R}. 
We first show 


yA#Ay forrA€[0, l] and ye KNI82,. (2.43) 


Suppose this is false, i.e., suppose there exists y € K 1082; and dA € [0, 1) with y=AAy. 
We can assume A 4 0. Now since y = AAy we have 


y"@) +Aq@[s*(yO) +h(yO)]=0, O<r<1, 


2.44 
yO=yH=-4. eee) 


Since y” <0 on (0, 1) and y > + on [0, 1] there exists to € (0, 1) with y’ > 0 on (0, f9), 


m 


y’ <0 on (fo, 1) and y(to) = |ylo =r (note y € K NIOM2,). Also notice 


s*(y@)) +hA(VO) <g(y@) +h(yO) forte, 1) 


since g is nonincreasing on (0, co). For x € (0, 1) we have 


h 
-y"@ <a(veo)] 1+ 0 a (x). 


2.45 
goa) J 4 oe) 


Integrate from ft (t < to) to fo to obtain 


a) <8 ofr+ 22} f° (x) de 
_—~ = Xx 
y &\y 2) ; q 


and then integrate from 0 to fo to obtain 


" du h(r) ih 
Reg eee dx. 
[ gu) | oll 0 2a) 


m 


Consequently 


"du h(r) is 
<jy1+— dx 
i aw <| all 0 Ag) 
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and so 
" du hr) 1 i 
— <;l+— x(1—x)q(x) dx. 2.46 
f gu) | gi J1—t ? — 
Similarly if we integrate (2.45) from fg to ¢ (¢ > fo) and then from fg to 1 we obtain 
eid h 1 7 
/ aoe first f x(1 —x)q(x) de. (2.47) 
e glu) a(r) J to Jig 


Now (2.46) and (2.47) imply 


red h 
/ areas {1+ 231, (2.48) 
« gu) g(r) 
where bo is as defined in (2.35). This contradicts (2.38) and consequently (2.43) is true. 
Next we show 


|Aylo>l|ylo forye KNOQ2. (2.49) 
To see this let y € K 10822 so |y|o = R. Also since y(t) is concave on [0, 1] (since y € K) 
we have from Theorem 2.4 that y(t) > t(1 —f)|ylo >t —f4)R for t € [0, 1]. Also for 
s €[a, 1—a] we have 

g*(v(s)) +h(y(5)) = g(v(5)) + h(y()) 
since y(s) >a(1—a)R> = for s € [a, 1 — a]. Note in particular that 

y(s) €[a(1—a)R, R] fors €[a,l—a]. (2.50) 


With o as defined in (2.37) we have using (2.50) and (2.36), 
1 1 
Ay(o) =— + i: Glo, 8)q(5)[9*(v(s)) +h(y())] ds 


l-a 
2 i G(o, s)q(s)[e*(y(s)) + A(y))] ds 


pie h(y(s)) 
_ / G(o, satsde(v(9){ + g(y(s)) es 


h(a(1 — a)R) sa 
> a(R) + OO} f G(o, s)q(s) ds 


R=lylo, 


and so |Ay|o > |ylo. Hence (2.49) is true. 
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Now Theorem 2.3 implies A has a fixed point ym € K M (22\Q)), i.e., 7 <|ymlo < R. 
In fact |ymlo > r (note if |ym|o =r then following essentially the same argument from 
(2.45)—(2.48) will yield a contradiction). Consequently (2.40)” (and also (2.39)’) has a 
solution ym € C[0, 1] C7(0, 1), ym € K, with 


1 
m 


and (from Theorem 2.4, note yj € K) 

Yn(t)>td—tr fort € [0,1]. (2.52) 
Next we will show 

{y¥m}meNo 18 a bounded, equicontinuous family on [0, 1]. (2.53) 
Returning to (2.45) (with y replaced by ym) we have 


—yh (x) < g(ym(x)) (1 + a aco for x € (0, 1). (2.54) 


Now since y/, <0 on (0, 1) and ym > - on [0, 1] there exists t,, € (0, 1) with y/, > 0 on 


(0, tm) and y}, <0 on (tm, 1). Integrate (2.54) from t (tf < tn) to tm to obtain 


yi,(0) | ay [ 
——— <;1+—_ dx. 2.55 
sOno sae >) 


On the other hand integrate (2.54) from t, to t (t > tm) to obtain 


—Ym (t) h(R) [ 
Taatpy | ate dx. 256 
8(Ym(t)) | +p ae) (2.56) 


We now claim that there exists ag and a, with ap > 0, a, < 1, ap < a, with 
ao < inf{tm: m € No} < sup{tm: m € No} <a. (2.57) 
REMARK 2.5. Here ty, (as before) is the unique point in (0, 1) with yj, (tn) =0. 


We now show inf{t,: m € No} > 0. If this is not true then there is a subsequence S$ of 
No with ty, — 0 asm — co in S. Now integrate (2.55) from 0 to ft, to obtain 


Yim) dag | ih ie du 
aie dy eee 2.58 
i eu) eaceiigs Sor a ea “ey 


form € S. Since ty, > 0 asm — oo in S, we have from (2.58) that ym (tm) > 0 asm — co 
in S. However since the maximum of y,, on [0, 1] occurs at t,, we have ym — 0 in C[0, 1] 
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as m — oo in S. This contradicts (2.52). Consequently inf{t,: m € No} > 0. A similar 
argument shows sup{t»: m € No} < 1. Let ap and a; be chosen as in (2.57). Now (2.55), 
(2.56) and (2.57) imply 


IVin (t) h(R) 
20n0) = ( + FR) Joo fort < (0, 1), (2.59) 


where 


max{t,a;} 
v(t) =) q(x) dx. 


min{t,ag} 
It is easy to see that v € L'[0, 1]. Let 1 :[0, 00) — [0, co) be defined by 
cd 
I(2)= sh aus 
0 gu) 


Note J is an increasing map from [0, co) onto [0, 00) (notice [(0o) = o0 since g > 0 is 
nonincreasing on (0, oo)) with J continuous on [0, A] for any A > 0. Notice 


{I ( ym)} in No is a bounded, equicontinuous family on [0, 1]. (2.60) 


The equicontinuity follows from (here f, s € [0, 1]) 


Sin < {1 lf 
I(ymn —1(y¥m ae a, eas OS : 
IF (9m) — 10m(s))| if en) aR) JJ, 


This inequality, the uniform continuity of J —! on [0, 7(R)], and 


|ym(t) — ym(s)| = |I7'(1(ym(0)) — 17! (T(ym(s)))| 


now establishes (2.53). 

The Arzela—Ascoli theorem guarantees the existence of a subsequence N of No and 
a function y € C[0, 1] with y,, converging uniformly on [0, 1] to y as m > oo through 
N. Also y(0) = y(1) =0,r <|ylo < R and y(t) > tC. — 2)r for t € [0, 1]. In particular 
y >0on (0, 1). Fix t € (0, 1) (without loss of generality assume t 4 5). Now ym, me N, 
satisfies the integral equation 


1 ,(1 1 
rncor=m(5) +99(5)(-3) 
+f (s — x)q(s)[g(ym(s)) + A(ym(s))] ds 
2 


for x € (0, 1). Notice (take x = ) that { yin (Shs m € N, is a bounded sequence since 
rs(1—s) < ym(s) < R for s € [0, 1]. Thus {yh (S)}men has a convergent subsequence; for 
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convenience let {y’,, (4) }me wn denote this subsequence also and let ro € R be its limit. Now 
for the above fixed fr, 


iu oF 1 
Ym(t) = m(5) + vm(5) (: = 5) 
t 
+ / (s — 1)4(s)[¢(ym(3)) + h(ym(s))] ds, 
2: 


and let m — oo through N (we note here that g + h is uniformly continuous on compact 
subsets of [min(5, t), max(5, t)] x (0, R]) to obtain 


1 1 t 
y@) = (5) + ro(t — ;) +f (s —1)q(s)[g¢(y(s)) + A(y(s))] ds. 
2 


We can do this argument for each ¢ € (0, 1) and so y"(t) + g(@Lg(yv(t)) +A(~())] = 0 for 
0 <t <1. Finally it is easy to see that | y|o > r (note if |y|o =r then following essentially 
the argument from (2.45)—(2.48) will yield a contradiction). 


REMARK 2.6. Ifin (2.36) we have R <r then (2.25) has a solution y € C[0, 1]. C?(0, 1) 
with y > 0 on (0,1) and R < |y|o <r. The argument is similar to that in Theorem 2.6 
except here we use Remark 2.3. 


REMARK 2.7. It is also possible to use the ideas in Theorem 2.6 to discuss other boundary 
conditions; for example y’(0) = y(1) = 0. 


REMARK 2.8. If we use Krasnoselski’s fixed point theorem in a cone we need more that 
(2.31)(2.34), (2.36) to establish the existence of a solution y € C[0, 1] C*(0, 1) with 
y > 0on(0, 1) andr <|ylo < R. This is because (2.43) is less restrictive than | Ay|o < | ylo 
forye KNAQ). 


THEOREM 2.7. Assume (2.31)-(2.34) and (2.36) hold. Then (2.25) has two solutions 
yi, y2 € ClO, 1] C20, 1) with y; > 0, y2 > 0 on (0, 1) and |yilo <r <|y2lo < R. 


PROOF. The existence of y; follows from Theorem 2.5 and the existence of y2 follows 
from Theorem 2.6. 


EXAMPLE 2.1. The singular boundary value problem 


1 = = 


y(0)=yQ)=0, a>0, B>1 


has two solutions y;, yz € C[0, 1] A C?(0, 1) with y; > 0, y2 > 0 on (0, 1) and |y;|9 < 1 < 
ly2lo- 
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To see this we will apply Theorem 2.7 with g = => g(u) = u~% and h(u) = u8 +1. 
Clearly (2.31)—(2.33) hold. Also note 


bo = 
0 max| 


1 
2 | sa 
2 [ora-e, [i a- nat} = — 


Consequently (2.34) holds (with r = 1) since 


1 " du 1 atl 
— | TR RTESLESal| ) 
cea 0 gu) A+ reth +r%)\at) 

1 1 
SS pp SS 
3(a + 1) 6(a + 1) 


Finally note (since 6 > 1), take a = i that 
lim Re(3k i) li Ran 7 a 
Toe RA BN ORS im ——_— 1" = 
R>0oo g(R)g (48 R) + e(R)n(Ae zy ~ R00 (3) a4 (S)BRA+B +4 Ro 


so there exists R > 1 with (2.36) holding. The result now follows from Theorem 2.7. 


2.2. Singular problems with sign changing nonlinearities 


In this section we discuss the Dirichlet singular boundary value problem 


y"+aHft,y)=0, O<t<1, 
Bese (2.62) 


where our nonlinearity f may change sign. We first present a variation of the classical 
theory of upper and lower solutions in this section so that (2.62) can be discussed in its 
natural setting. We assume the following conditions hold: 


there exists B € C[0, 1] C?(0, 1), 
B(0) >0, q(t) f(t, BD) +B’) <0 (2.63) 
fort € (0, 1), and B(1) > 0, 


there exists a € C[0, 1] C70, 1), a(t) < B(t) 
on [0, 1], a(0) <0, q(t) f (t, a(t)) t+a(t) >0 (2.64) 
fort € (0,1), anda(1) <0 


and 


e€ C(0, 1) with g > 0 on (0, 1) and 
(0, 1) q (2.65) 


Jn td — q(t) dt < 00. 
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Let 


f(t. BO)+r(BO-y), y>BO, 
faty= 4 ft.y), a(t) <y < B(t), 
f(ta@M)+r(am—y), y<ac) 


and r:R— [-1, 1] is the radial retraction defined by 


eee Ix] <1, 
EM Bie eles t. 


Finally we assume 
f*:[0, 1] x R= R is continuous. (2.66) 


THEOREM 2.8. Suppose (2.63)-(2.66) hold. Then (2.62) has a solution y (here y € 
C0, 1] C7(0, 1)) with a(t) < y(t) < B(t) fort € [0, 1]. 


PROOF. To show (2.62) has a solution we consider the problem 


y’+qOfrt,y)=0, O<t<I, 
nee (2.67) 


Theorem 1.4 guarantees that (2.67) has a solution y € C[0, 1] 1 C?(0, 1). The result of our 
theorem will follow once we show 


a(t)<y(t)< Bt) forte [0,1]. (2.68) 
We now show 
y(t) < B(t) fort €[0, 1). (2.69) 


Suppose (2.69) is not true. Then y — 8 has a positive absolute maximum at ft; € (0, 1). As 
a result (y — B)'(t1) =0 and (y — B)"(t1) < 0. However since y(t) > B(t1) we have 


(y — BY" (4) = -a()[f (4. BG) +r(B) — ya) ] — BG) 
> —q(ti)r(B(t1) — y(t) > 9, 


a contradiction. Thus (2.69) is true. Similarly we can show 


a(t) < y(t) forte [0,1]. (2.70) 


Our result follows. 
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In general if we construct an upper solution 6 and a lower solution @ to (2.62), usually 
it is difficult to check (2.66). As a result it is of interest to provide an alternative approach 
and to provide conditions that are easy to verify in applications. 


THEOREM 2.9. Let no € {1,2,...} be fixed and suppose the following conditions are sat- 
isfied: 
Ff :(0, 1] x (0,00) > R_ is continuous (2.71) 


letn € {no,no + 1,...} and associated with each n we 
have a constant py such that {py} is a nonincreasing 


sequence with limn—+oo Pn = 0 and such that for (2.72) 
aoe <t<l1wehave q(t) f(t, Pn) > 9, 
1 
qgeéC0,l), g>0 on(0,1) and / x(1 — x)q(x) dx < oo, (2.73) 
0 


there exists a function a € C[0, 1] C?(0, 1) 
with a(0) =a(1) =0, a > 0o0n (0, 1) such (2.74) 
that q(t) f(t, a(t) + (t) > 0 fort € (0, 1) 


and 


there exists a function B € C[0, 1] C70, 1) 
with B(t) > a(t) and B(t) > pn, fort € [0, 1] 
with q(t) f(t, B(t) + B'(t) <0 for t € (0, 1) and (2.75) 


q(t) f (saat BO) + BO) < O fort € (0, =Er)- 
Then (2.62) has a solution y € C[0, 1] C?(0, 1) with y(t) > a(t) fort € [0, 1]. 


PROOF. Forn=no,no +1,... let 
1 1 
en = on and 6, (t) = max aati?! 7 0<r<l, 


and 

Sint, x) = max{ f (On(0), x), f(t, x)}. 
Next we define inductively 

ng (t, X) = fing (ts x) 
and 


gn(t, x) =min{ fng(t,x),--.. int, x)}, n=not1,no+2,.... 
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Notice 

F(t,%) S++ S Sn41 0,4) S Bult, ¥) K+ ++ K Sng (t,x) 
for (t,x) € (0, 1) x (0, co) and 

gn(t,x) = f(t,x) for (t,x) € en x (0,00). 


Without loss of generality assume pny < min,_;1 
z 


a). Fix n € {no,no + 1,...}. Let 


2, 
3 
ty € [0, 5] and s, € [. 1] be such that 


(ty) =A(Sn)= Pn and a(t)<pn fort €[0,%]U[sn, 1]. 
Define 


_ J Pn ift €[0,t,] U[sn, 1], 
ani) ={ if t € (th, Sn). 


We begin with the boundary value problem 


“ the* (t,y)=0, O<r<l, 
fe + (ten, (ty) tae (2.76) 


y(0)=y)= Pno> 


here 


8no(t, Ano (t)) +r (Ano (t)—y), Y<ano(t), 
Sn to Y= 8no (t, Y); On t)<y< BO), 
8nq(t. Bt) +r(B) — y), y> pt), 


with r:R— [—1, 1] the radial retraction defined by 


uy, lul<l, 


ru) = | Ho lul> 1. 


|u| 


From Schauder’s fixed point theorem we know that (2.76) has a solution y,, € C[0, 1] 
C?(0, 1). We first show 


Yno(t) 2 Ang (t), t €[0, 1]. (2.77) 
Suppose (2.77) is not true. Then y,. — Qn) has a negative absolute minimum at t € (0, 1). 
Now since yn (0) — ng (0) = 0 = yno(1) — On (1) there exists to, tT) € [0,1] with t € 


(| : T2) and 


Yno (tT) — Ang (t) = Yno (tw) — Ang (tT) =0 
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and 
Yng(t) — Ong (t) <0,  t € (To, 71). 
We now claim 
(Yno — ng) (t) <0 for a.e. t € (To, T1). (2.78) 


If (2.78) is true then 


T 
Yang (t) — Ong (t) = -| G(t, s)[ yi, (8) = a, (8)| ds fort € (to, T1) 


i) 
with 
Saw), Tj] <s<t, 
CO) eeaares 
gaa PSS EL 
so we have 


Yno (t) — Ong (t) >0 fort € (To, T1), 


a contradiction. As a result if we show that (2.78) is true then (2.77) will follow. To see 
(2.78) we will show 


(Ynp — Ong) (t) <0 fort € (to, T1) provided t F thy or fF Sno. 
Fix ¢ € (to, T1) and assume ft $ ty) or t A Sy. Then 


(Ying — Go)” (t) = —[G (1) {8g (t, Xng (0) +. (Ang (1) — Yng (t))} + of, O)] 
—[q(t){8ng(t, @(t)) +r (a(t) — yno(t))} +. o"(1)] 


if t € (tng, Sng) 
—[a){8no(t. Png) +17 (Pn — Yno(t))}] 
if t € (0, tao) U (Sng, 1). 


Case (1). t > sur 
Then since gn, (t,x) = f(t, x) for x € (0, 00) we have 


—[a@{ F(t.) +r (a) — yn) } +0"O)] 
if t € (thos Sng). 

-la@{ fe, Pno) +r (Pno = Yno (t)) } } 
if t € (0, tno) U (Sno 1) 


(Yno v% Ong)’ (t) = 


<0, 


from (2.72) and (2.74). 
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Case (ii). t € (0, sayrt)- 
Then since 


1 
Sno (t,x) = max| f(s): fe) 


we have 
1 
Sn (t,x) > f(t,x) and gna(t,x) > f apet? 


for x € (0, co). Thus we have 


—[a@{ F(t, 0) +r(a@) = yngp@®)} +e" O] 
if t € (tng, Sno) 


—[G@{f (sper: no) +1 (Png = YnoO)}] 
if t € (0, tay) U (Sng, 1) 


(Yno = Any)” (t) < 


<0 


from (2.72) and (2.74). 
Consequently (2.78) (and so (2.77)) holds and now since a(t) < an, (t) for t € [0, 1] we 
have 


a(t) <Any (t) < yn (t) fort € [0, 1]. (2.79) 
Next we show 
Yno(t) < Bt) fort € [0, 1]. (2.80) 


If (2.80) is not true then y,, — 8 would have a positive absolute maximum at say To € (0, 1), 
in which case (yn) — B)/(to) = 0 and (yn, — 8) (to) < 0. There are two cases to consider, 
namely To € ae 1) and 79 € (0, ert): 

Case (i). To € sap 1). 

Then yn, (to) > B(to) together with gn, (to, x) = f (to, x) for x € (0, 00) gives 


(Ynp — BY” (to) = —4 (t0)[ no (to, B(T0)) + r(B (TO) — Yn (t0))] — B’(t0) 
= —q(t0)| f (to, B(to)) + r(B(t0) — Yng (to) ] — B’ (0) 
>0 
from (2.75), a contradiction. 
Case (ii). t) € (0, suit): 
Then yn. (to) > A(t) together with 


1 
8nq (T,X) = max| f(s); F(eo.2)} 
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for x € (0, 00) gives 
1 
(1 — BY" (0) = 4 (c)] max f (sor pce), f (to. acco) 


+ r(B(t) — Pmt) — B'(t0) 
>0 


from (2.75), a contradiction. 
Thus (2.80) holds, so we have 


a(t) ng (t) < Yn) < BW) fort [0, 1]. 


Next we consider the boundary value problem 


Rs a aioe ee) 
yO) = yD) = pro 413 
here 
Snot! (Z, Any +1(t)) + 1 (Ono +1 (t) = y), y < Ong +1(t) ’ 
Snot (ts Y) = ¥ Sno tilt, ¥), Ano +11) SY S Yn), 
ee (t, Yno (t)) + r(Yno (t) — y), YZ Yno(t). 


Now Schauder’s fixed point theorem guarantees that (2.81) has a solution yy j+1 € 
C[0, 1] C7(0, 1). We first show 


Ynptt(C) > Ono), t € (0, 1]. (2.82) 
Suppose (2.82) is not true. Then there exists to, tT; € [0, 1] with 

Yno+1 (TO) — Ong +1 (TO) = Yno+1(T1) — Ont 1(T1) = 0 
and 

Ynot1(t) — Anti (t) <9,  ¢ € (To, T1). 
If we show 

(Yno+1 — Ono +1)"(t) <0 for a.e. t € (To, T1), (2.83) 
then as before (2.82) is true. Fix t¢ € (to, T)) and assume t F$ ty) 41 Or t A Sno +1. Then 
[4 {8no+i (te) +r(@O = yno+1O)} +2"(0)] 

if t © (tng+15 Sno +1)> 


—[4(){8no+1 ts Onott) +17 (Ono+1 — Yno+1)) }] 
if t € (0, tno 41) U (Sup 41, 1). 


(not — Ong +1)" (t) = 
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Case (i). t > er 
Then since gn)41(t,x) = f(t, x) for x € (0, 00) we have 


—[a@{ f(t, 0) +r (a) = yngt1@))} +.0()] 
ifte (tao +1, Snotl)s 

—[aO{ fee, Pno+1) + 1 (Png+1 = Yno+1(t)) }] 
if t € (0, tay +1) U (Sno 41, 1) 


Cat ent = 
<0, 
from (2.72) and (2.74). 


Case (ii). t € (0, sort) 
Then since gn +1(t, x) equals 


min| max| # (s+) F039} max} F(so3-*). rns} | 


Snot, x) = f(t, x) 


. 1 1 
Sno tit, x) > min £7.) (sa) 


for x € (0, co). Thus we have 


we have 


and 


(Yng+1 — Ong+1)" (t) 
—[aO{f (t,e@) + r(@@) = yn O)} +e" O] 
ifte (tao +1; Sno+l), 
< —[a@{ min{ f(s , Png) f (sor » Pno+1)} 


a r(Pno+1 ste Yno+1(t))}], 
ift € (0, trot) U (Sno +1, 1) 
<0, 


from (2.72) and (2.74) (note far Pno+1) > 0 since f(t, Pno+1) > 0 for t € Lar 1] 
and str € (saz7, 1). 


Consequently (2.82) is true so 
a(t) <Ong+i(t) <Yngti(t) fort €[0, 1]. (2.84) 
Next we show 


Ynoti(t) < Yno(t) fort €[0, 1]. (2.85) 
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If (2.85) is not true then yp +1 — yng Would have a positive absolute maximum at say 
to € (0, 1), in which case 


no +1 = Yno) (tT) =0 and (Yno+1 = Yo)” (t0) < 0. 
Then yno+1(To) > Yno (To) together with gn (to, xX) > Bno+1(to, x) for x € (0, ©) gives 


(Yno+1 — Yno)” (To) 
= —4(t)[8ny+1(T0, Yng(T0)) +1 (Yng (TO) — Yng+1(TO)) | — Yq (To) 
> —G (TO) [Sno (TO: Yang (T0)) + (Yo (TO) — Yno+1(to)) | — y", (To) 
= —4(t)[1(Yng (TO) — Yngo+1(70)) | 
>0, 


a contradiction. 

Now proceed inductively to construct Yn9+2, Yno+3,--- aS follows. Suppose we have yx; 
for some k € {no +1,n9+2,...} with ag(t) < y(t) < ye_1(t) fort € [0, 1]. Then consider 
the boundary value problem 


panel oleae 0<t<l, (2.86) 
y(O) = y(L) = pests 
here 
seri (t,o+i(t)) +r(oi—y), y<orsi(t), 
Sig, Y) = 4 Sk+1,y), ae+i(t) << y < ye), 
geri (t, ye(0) +r(ye() — y), y > ye(t). 


Now Schauder’s fixed point theorem guarantees that (2.86) has a solution yz4; € C[0, 1]N 
C?(0, 1), and essentially the same reasoning as above yields 


a(t) < ae+41(t) < yezi(t) < yet) fort € (0, 1]. (2.87) 
Thus for each n € {np + 1,...} we have 
a(t) < yn(t) < Yn-1) S +++ < Yn) < BC) forte [0, 1]. (2.88) 


Lets look at the interval oe 1- sar. Let 


1 1 
Rng = sup laf y)|rx€ | err 1- aT anda(x)<y< rm}. 
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1 


The mean value theorem implies that there exists t € ores 1- suit) with |y/(t)| < 


2 sup (0, 1] Yno (2). As a result 


‘ (2.89) 


{ Vint 44 is a bounded, equicontinuous 
: 1 
family on [srr 1- saat}: 


The Arzela—Ascoli theorem guarantees the existence of a subsequence N,, of integers and 


a function Zn) € C [sae 1- saat with y, converging uniformly to z,. on [ si ap l- 


sal as n —> oo through N,,,. Similarly 


a ; ; : 
| {Yabron+1 184 bounded, equicontinuous 


‘ 1 1 
family on [sar alee runeal 


so there is a subsequence N41 Of Nyy and a function 


1 1 
Zagtl € Claas ,l- =| 


with y, converging uniformly to Zp +1 on [sage ,l- sar as n — oo through Njy+1. 


Note Zng+1 = Znp On [tr 1- sal since Nnj+1 © Nny. Proceed inductively to obtain 
subsequences of integers 


Nay 2 Nagt+1 2°12 Nk 2°°° 


and functions 


1 1 
Zk e¢| sar oa =| 
with 


1 1 
yn converging uniformly to zz, on | ar 1— =| 


as n — oo through N;, and 


1 1 
Zk =Zk-1 On ae) SE | 


Define a function y:[0,1] > [0,0co) by y(x) = z(x) on [sar | _ ser] and y(0) = 
y(1) = 0. Notice y is well defined and a(t) < y(t) < ya) (t)(< B(t)) for t € (0, 1). Next 
fix t € (0, 1) (without loss of generality assume t 4 5) and let m € {no,no + 1,...} be 
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1 
such that yy <t <1— 


integral equation 


el (1 1 x : i 
md=m(z) +39(3)(*-3) + fp 6 aeneile oto as 


2 GT: ofl 1 x , 
= m(5) +n(5)( : 5) Hh Ei)’ 


forxe€ [sor 1- sal. Notice (take x = 3 say) that {yh}. n € Nx, is a bounded 


i . Let NX = {n € Nm: n > mb}. Now yn, n € Ne, satisfies the 


gm+1 m? 


sequence since a(s) < yn(s) < yng (s)(< B(s)) for s € [0, 1]. Thus {yh (5) nes has a con- 
vergent subsequence; for convenience we will let { yi (5) Ine n« denote this subsequence 
also and let r € R be its limit. Now for the above fixed r, 


1 (1 1 i 
wiren( Jon) (2) ferent wins 
2 


and let n — oo through N} to obtain 


t 
Zm(t) =n(3) +r(1 = ;) +f (s — t)q(s) f(s, Zm(s)) ds, 
2 2 f 


1 1 : 
yO= (5) +r(1 - ;) +f (s —t)q(s) f(s, y(s)) ds. 
2 


We can do this argument for each t € (0, 1) andso y”(t)+ q(t) f(t, y(t)) = 0 fort € (0, 1). 
It remains to show y is continuous at 0 and 1. 

Let ¢ > 0 be given. Now since limy_+oo yy, (0) = 0 there exists n] € {n9,no+1,...} with 
Yn, (0) < 5 Since y,, € C[0, 1] there exists 5,, > 0 with 


Yn (t) < 5 for t € [0, 3n,]. 

Now for n > n we have, since {y,(t)} is nonincreasing for each t € [0, 1], 
a(t) < Ynlt) < yn) <5 fort €[0, 8m). 

Consequently 


a(t) <y(< <e forte (0,dn] 


and so y is continuous at 0. Similarly y is continuous at 1. As a result y € C[O, 1]. 
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Suppose (2.71)-(2.74) hold and in addition assume the following conditions are satis- 
fied: 


q@ayf(t,y)+ea’(t)>0 for (t, y) € (0,1) x {y € (0,00): y< a(t)} (2.90) 
and 
there exists a function 6B € C[0, 1] C20, 1) 
with B(t) > pn, fort € [0, 1] and with 


q(t) f(t, BQ) + B’(t) <0 for t € (0, 1) and (2.91) 
q(t) f (saat BO) + B®) <0 for t € (0, st). 


Then the result in Theorem 2.9 is again true. This follows immediately from Theorem 
2.9 once we show (2.75) holds, i.e., once we show f(t) > a(t) for t € [0, 1]. Suppose 
it is false. Then a — 6 would have a positive absolute maximum at say tT € (0, 1), so 
(a — B)'(to) = 0 and (a — 8B)" (to) < 0. Now a(t) > B(to) and (2.90) implies 

q(t) (to, B(t0)) +a” (to) > 0. 
This together with (2.91) yields 

(a — BY" (to) = &" (t) — B' (to) > a" (0) + g(t0) f (t0, B(t0)) > 9, 


a contradiction. Thus we have 


COROLLARY 2.10. Let no € {1,2,...} be fixed and suppose (2.71)-(2.74), (2.90) and 
(2.91) hold. Then (2.62) has a solution y € C[0,1]N C2(0, 1) with y(t) > a(t) forte 
[0, 1]. 


REMARK 2.9. If in (2.72) we replace sty <1 <1 with 0 <1 < 1 — =}; then one would 
replace (2.75) with 


there exists a function 6B € C[0, 1] C0, 1) 
with B(t) > a(t) and B(t) > pn, fort € [0, 1] 
with q(t) f(t, B(t)) + B'(t) <0 fort € (0, 1) and 


q(t) f(1— eT B(t)) + B'(t) <0 fort € (1— ert 1). 


(2.92) 


If in (2.72) we replace — <t<1 with ot <t<l- a then essentially the same 


reasoning as in Theorem 2.9 establishes the following results. 


THEOREM 2.11. Let no € {1,2,...} be fixed and suppose (2.71), (2.73), (2.74) and the 
following hold: 
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letn € {no,no + 1,...} and associated with each n we 
have a constant Py such that {py} is a nonincreasing 


alee with limp— soo Pn = 0 and such that for (2.93) 
sat < <1 — shy we have q(t) f(t, Pn) 29 


and 


there exists a function B € C[0, 1] C70, 1) 

with B(t) > a(t) and B(t) > pn, fort €[0, 1] 

with q(t) f(t, BW) + B’(t) < 0 fort € (0, 1) and (2.94) 
a(t) f (saat eo”) + B'(t) <0 fort € (0, =z) and 

q(t) f (1 — str, BID) +B") < Ofort € (1— sy. 1). 


Then (2.62) has a solution y € C[0, 1]N C2(0, 1) with y(t) > a(t) for t € [0, 1). 


PROOF. In this case let 


1 1 are : 
«=| !- sa and on(t)=max| =r min} 1 — =|} 


COROLLARY 2.12. Let ng € {1,2,...} be fixed and suppose (2.71), (2.73), (2.74), (2.90), 
(2.93) and the following hold: 


there exists a function B € C[0, 1] C70, 1) 

with B(t) > Pno for t € [0, 1] and with 

q(t) f(t, B@) + BG) < Ofort € (0, 1) and (2.95) 
a(t) f (saat BOD) + B'W) < O fort € (0, sper) and 

q(t) f(1— saat B(t)) + B'(t) <Oforte (1- HT 1). 


Then (2.62) has a solution y € C[0O,1]N C2(0, 1) with y(t) > a(t) fort € [0, 1]. 


Next we discuss how to construct the lower solution @ in (2.74) and (2.90). Suppose the 
following condition is satisfied: 


let n € {no,no + 1,...} and associated with each n we 

have a constant p, such that {o,} is a decreasing 

sequence with limy— oo Pn = 0 ane there exists a (2.96) 
constant kp > 0 such that for cE J <t<l 

and 0 < y < pp we have q(t) f(t, y) > ko. 


We will show if (2.96) holds then (2.74) (and of course (2.72)) and (2.90) are Sat 
isfied (we also note that <t <1 in (2.96) could be replaced by O< t <1 - 


sat < ut 
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(respectively oe <t<l- sot) and (2.74), (2.90) hold with aH <t <1 replaced by 
O0<t<l- st (respectively sot <t<l- st): 
To show (2.74) and (2.90) recall the following well-known lemma. 


LEMMA 2.13. Let e, be as described in Theorem 2.11 (or Theorem 2.9) and let 0 < &, <1 
with &, | 0. Then there exists i € C?[0, 1] with suPio,1] A" (| > 0 and 24(0) = 41) = 0 
with 


0<A(t)<e fort €en\en_-1,n > 1. 


PROOF. Let r:[0, 1] — [0, 00) be such that r(0) = r(1) = 0 and r(t) = €, for all te 
€n\€n—1, 1 > 1. Moreover, let 


t 


t t 
u= r(s) ds, v= f u(s)ds and w= f v(s) ds. 
0 0 0 


It is obvious that u, v, and w:[0, 5] — [0, co) are continuous and strictly increasing, with 


w(q) <&. 
Choose a natural number k > 2 with 


(4k + 1)v(q) + 40/(G) Sots u(3) 


16k(k + 1) ‘ 
Let 
: Bk (2k — 1)v(4) + 4v'(4)] 
Va R= = 
A2k—-Di (2k — 1)v(@) + 4v'(3)] 
SS ——S—SS 
k 
(!) (4k + Iv) + 40" 
C=) = Té6k(k+]). 
4 16k(k + 1) 
and 


1\ 24+) 1\2é 
H=clt—- foe 
p(t) co( ;) +a( ;) +02 


Define 4: [0, 1] — [0, co) as follows: 


w(t), 0 
A(t) = 4 pit), i 
wl-t), i 


Then A satisfies the conditions of the lemma. 


36 R.P. Agarwal and D. O’Regan 


Let €) = Pn (andn > no) and let d be as in Lemma 2.13. From (2.96) there exists kp > 0 
with 


qf t,y) > ko for (t, y) € (0, 1) x {y € (0, 00): y <A} (2.97) 


since if f € en \en—1 (n > no) then y < A(t) implies y < py. Let 


M = sup |A”(t) 
[0,1] 


: m=min} 1, =} and a(t)=mdA(t), teé[0,1]. 


In particular since a(t) < A(t) we have from (2.97) that 


kl" (t)| 


q(t) f (t,a(t)) +a” (t) > ko +a" (t) > ko — ae 


for t € (0, 1), and also 
q(t) f(t, y) +a" (t) > ko + oe" (t) > 0 
for (t, y) € (0, 1) x {y € (0, 00): y < a(t)}. Thus (2.74) and (2.90) hold. 


THEOREM 2.14. Letno € {1,2,...} be fixed and suppose (2.71), (2.73), (2.91) and (2.96) 
hold. Then (2.62) has a solution y € C[0, 1] C?(0, 1) with y(t) > 0 fort € (0, 1). 


If in (2.96) we replace ty <t <1 with Sh; <t <1 — shy then (2.74) and (2.90) 
also hold. We combine this with Corollary 2.12 to obtain our next result. 


THEOREM 2.15. Letno € {1,2,...} be fixed and suppose (2.71), (2.73), (2.95) and (2.96) 
(with — <t <1 replaced by = <rt<l- —) hold. Then (2.62) has a solution 
y €C[0, 1] N C20, 1) with y(t) > 0 fort € (0, 1). 


Looking at Theorem 2.14 we see that the main difficulty when discussing examples is 
the construction of the 6 in (2.91). Our next result replaces (2.91) with a superlinear type 
condition. We first prove the result in its full generality. 


THEOREM 2.16. Letno € {1, 2, ...} be fixed and suppose (2.71)—(2.74) hold. Also assume 
the following two conditions are satisfied: 


|f@. y)| < g(y) +AG) on [0, 1] x (0, 00) with 
g > 0 continuous and nonincreasing on (0, 00), (2.98) 
h > 0 continuous on [0, co), and 7 : 


nondecreasing on (0, oo) 
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and 
for any R> 0, ; is differentiable on (0, R] with 
' 2.99 
g’ <0ae. on (0, R] and & € L'[0, R]. Ce 
In addition suppose there exists M > sup, ¢,o,1; @(t) with 
1 de du 
———— — >bo (2.100) 
h(M) 
holding; here 
4 1 
bo = max 2 f t(1 —ft)q(t) dr, 2 ff t(1—ft)g(t) ar}. 
9 2 
Then (2.62) has a solution y € C[0, 1]N C2(0, 1) with y(t) > a(t) fort € [0, 1). 
PROOF. Fix n € {ng,no + 1,...}. Choose ¢, 0 < e < M with 
1 i du 
——— —— > bo. (2.101) 
h(M) 
{1 + semy} ve gu) 


Let mo € {1, 2, ...} be chosen so that pn. < €¢ and without loss of generality assume mo < 
ng. Let én, On, fn» Zn and a, be as in Theorem 2.9. We consider the boundary value problem 
(2.76) with in this case gy, given by 


Sno (t Ang (t)) +1 (Ano (t) = y), y <Any (t) ’ 
Bn ti Y= 8no(t, Y)s An(th<y<M, 
Sno (t, M) +r(M — y), y2M. 


Essentially the same reasoning as in Theorem 2.9 implies that (2.76) has a solution yyy) € 
C[0, 11 C7(0, 1) with yno(t) > eng (t) > a(t) for t € [0, 1]. Next we show 


Yn(t) <M fort € [0,1]. (2.102) 


Suppose (2.102) is false. Now since yn, (0) = yay (1) = Pn there exists either 
(i) t1,% € (0,1), 2 <t with ap, (t) < yno(t) < M for t € [0, 2), Yny(t2) = M and 
Yno(t) > M on (fz, t) with yy, (41) = 0; or 
Gi) 13, 4 € (0, 1), t4 < #3 with ap, (t) < yng (t) < M for t € (6, 1], yn) (3) = M and 
Yno(t) > M on (ta, t3) with y,,, (t4) = 0. 
We can assume without loss of generality that either t) < 5 or t4 > 5. Suppose ft; < 5. 
Notice for t € (tz, t}) that we have 


—yf (t) = 4(t)g%,(t, yn (t)) <a [gM + h(M)]; (2.103) 
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note for t € (tz, t}) that we have from (2.98), 


1 
gr, (t> Yng (t)) = 8nq(t, M) +r(M — yno(t)) < max #7), rom}. 


Integrate (2.103) from f to f; to obtain 
a 
Yng(t2) < [g(M) + h(M)] / q(s) ds 
ty 


and this together with y,,(t2) = M yields 


Ving (£2) <1 sc ‘ 
8 (Yn (t2)) co Nal e(M) J Ji, q(s) ds. 


Also for t € (0, t2) we have 


1 
—yn,¢) =49(t) max| f (soar Yng o), f(t, rm) } 


< g(t)[e (yuo) + h(n) ], 


and so 
—Yny t) < {! | Z {! “an 
Z05@) | aOR Oy OO aa 


for t € (0, f2). Integrate from t (t € (0, t2)) to f2 to obtain 


vs / t —o’/ 
Yog(ta) Vag ia aN yp) ay 
t 


8(Ynp (t2)) — & Ong (t)) 87 (Yn (X)) 


h(M) le 
< 1 Serr dx, 
| +r ae 


and this together with (2.104) (and (2.99)) yields 


t 
oe van}, aoe fort € (0,2). 
No P 


Integrate from 0 to f2 to obtain 


ie du i du | 
= eT hen ceeern er 
e BU) Jp, 8) g(M) 


(2.104) 


h(M 1 4 
( | | x(1 —x)q(x) dx. 
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That is 


M du nw | [ | | 
Roh Wie Samant Le dx < bo} 1+ ——}. 
| gu) | BOD ( he ae 1 ed 


This contradicts (2.101) so (2.102) holds (a similar argument yields a contradiction if 
t4 > 5). Thus we have 


a(t) < Ong (0) < yng) <M fort € (0, 1]. 


Essentially the same reasoning as in Theorem 2.9 (from (2.82) onwards) completes the 
proof. 


Similarly we have the following result. 


THEOREM 2.17. Let no € {1,2,...} be fixed and suppose (2.71), (2.73), (2.74), (2.93), 
(2.98) and (2.99) hold. In addition assume there exists 


M> sup a(t) 
te[0,1] 


with (2.100) holding. Then (2.62) has a solution y € C[0, 1]N C0, 1) with y(t) > a(t) 
fort €[0, 1]. 


COROLLARY 2.18. Letno € {1,2, ...} be fixed and suppose (2.71)—(2.74), (2.90), (2.98) 
and (2.99) hold. In addition assume there is a constant M > 0 with 


— / ee (2.105) 

> DO : 
iM) 

(1+ can} 0 g(u) 


holding; here 


x 1 
by =max}2 [ (= nqnar.2 f t(1 - nanan}. 
0 z 


Then (2.62) has a solution y € C[0, 1]N C2(0, 1) with y(t) > a(t) fort € [0, 1). 


PROOF. The result follows immediately from Theorem 2.16 once we show a(t) < M for 
t € [0, 1]. Suppose this is false. Now since a(0) = a(1) = 0 there exists either 
Gi) t,t € (0,1), <t withO < a(t) < M fort € [0, 2), a(f2) = M anda(t) > M 
on (tz, t1) with a’ (t;) = 0; or 
(ii) #3, t4 € (0,1), t4 < & withO < a(t) < M fort € (, 1], a(3) = M and a(t) > M 
on (t4, t3) with a’ (t4) =0. 


40 R.P. Agarwal and D. O’Regan 


We can assume without loss of generality that either t) < 5 or t4 > 5 . Suppose ft < 5. 
Notice for t € (tz, t)) that we have from (2.90) and (2.98) that 


—a'(t) < q(n[g(M) +h(M)] 


so integration from fy to f, yields 


/ t 
(2) < {14 SP} [aires (2.106) 
9) 


8(a(t2)) g(M) 
Also for t € (0, t2) we have from (2.90) and (2.98) that 


” h(a(t)) h(M) 
—al"(t) < atee(an) + GO) | < aiore(an) {1 : raat 


Integrate from t (t € (0, f2)) to f2 and use (2.106) to obtain 


a(t) [14 h(M) 


ty 
g(a(t)) — wtf q(s)ds_ fort € (0, 12). 


Finally integrate from 0 to ft to obtain 


M du | 
— <boil1+—}, 
| g(u) | (M) 


a contradiction. 


COROLLARY 2.19. Letno € {1, 2, ...} be fixed and suppose (2.71), (2.73), (2.74), (2.90), 
(2.93), (2.98) and (2.99) hold. In addition assume there is a constant M > 0 with (2.105) 
holding. Then (2.62) has a solution y € C[O,1]N C2(0, 1) with y(t) > a(t) for t € [0, 1). 


Combining Corollary 2.18 with the comments before Theorem 2.14 yields the following 
theorem. 


THEOREM 2.20. Let no € {1,2,...} be fixed and suppose (2.71), (2.73), (2.96), (2.98) 
and (2.99) hold. In addition assume there exists M > 0 with (2.105) holding. Then (2.62) 
has a solution y € C[{0, 1] C?(0, 1) with y(t) > 0 fort € (0, 1). 


Similarly combining Corollary 2.19 with the comments before Theorem 2.14 yields the 
following theorem. 


THEOREM 2.21. Let no 2 {1,2,...} be ‘eed and suppose (2.71), (2.73), (2.96) (with 
<t <1 replaced by <t<l- ), (2.98) and (2.99) hold. In addition assume 


sat < so _ so 
there exists M > 0 with (2.105) holding. Then (2.62) has a solution y € C[0, 1] N.C?(0, 1) 
with y(t) > 0 fort € (0, 1). 
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Next we present some examples which illustrate how easily the theory is applied in 
practice. 


EXAMPLE 2.2. Consider the boundary value problem 


" a ao. ee 
+ (At?y® —p’)=0, O<t<], (2.107) 


y(0)= yd) =90 


with A > 0,6 > 0, y > —2 and p € R. Then (2.107) has a solution y € C[0, 1] A C?(0, 1) 
with y(t) > 0 for t € (0, 1). 

To see this we will apply Theorem 2.20. We will consider two cases, namely y > 0 and 
—2<y<0. 

Case (i). y > 0 

We will apply Theorem 2.20 with 


q(@t)=1, g(y)=Ay® and h(y)=p? 


Clearly (2.71), (2.73), (2.98) and (2.99) hold. Let 


A 1/6 
no = 1, o= (aa) and ko =1. 


Notice for n € {1,2,...}, sr <t<land0<y<pn that we have 


qf ty) 2 —w=(w+1)-W=1, 


A 
2U+Dy 2 


so (2.96) is satisfied. Finally notice for c > 0 that 


1 E di PAL. aoe 
4+ (1+ 4) 0 gu) O+F1A+p2c%’ 


so 


im 1 a du 
00 (1 + HO) 0 gu) 


Thus there exists M > 0 with (2.105) holding. Existence of a solution is now guaranteed 
from Theorem 2.20. 

Case (ii). -2< y <0. 

We will apply Theorem 2.20 with 


q(t)=t”, g(y)=Ay® and h(y)=p? 
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Clearly (2.71), (2.73), (2.98) and (2.99) hold. Also as in Case (1) there exists M > 0 with 
(2.105) holding. Let 


A 1/0 
paar ae Gras oe 


Notice for n € {1,2,...}, Sut <t<land0<y< py, that we have since y < 0, 


A 
—wW >a wan(u? tlw Ss (w+ 1)-we=l. 
pe pe 


q(t) f(t, y) 2 


Thus (2.96) is satisfied. Existence of a solution is now guaranteed from Theorem 2.20. 


EXAMPLE 2.3. Consider the boundary value problem 

” phe ie VD a 2 Ne 

ee + (52+ 33°- Hw’) =0, O<r<l, (2.108) 
y(0) = y(1) = 9, 


where j* > 1. Then (2.108) has a solution y € C[0, 1] C?(0, 1) with y(t) > 0 fort € 
(0, 1). 
To see that (2.108) has the desired solution we will apply Theorem 2.14 with 


1 
1 2 
q=l, (enor) and ky=a; 


here a > 0 is chosen so that a < g. Also we choose no € os 1,2,...} with pn, < 1. Clearly 


(2.71) and (2.73) hold. Notice for ne {1,2,...}, su < <t<land0<y< p, that we 
have 


1 
gig = (H+) — pn? =a, 


n 


qHfty>z-w es 
so (2.96) is satisfied. It remains to check (2.91) with 
B(t) = Vt + pno- 
Now 6" (t) = —;t t~3 and so fort € (0, 1) we have 


11 ; 
B'(t) +g) f(t, BM) < pt (f+ sy -1°) 


2a. a ia 2)<0 
S74 ae SU. 
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Also for t € (0, art) we have 


11 1 my 
B'(t) +a f(t, BO) < hake = “ee o) - 1°) 
2 
1 
— a +a) +5-1¢) 
=a-3<0. 


As a result (2.91) holds so existence is now guaranteed from Theorem 2.14. 


In the literature nonresonant results [19] have been presented for nonsingular Dirichlet 
problems, i.e., for (1.2) when qf is a Carathéodory function. Next, by combining some of 
the ideas in [19] with those above, we present a nonresonant theory for the singular problem 
(2.62). It is worth remarking here that we could consider Sturm Liouville boundary data 
in (2.62); however since the arguments are essentially the same (in fact easier) we will 
restrict our discussion to Dirichlet boundary data. 

The results here rely on the following well-known Rayleigh—Ritz inequality. 


THEOREM 2.22. Suppose q € C(0,1)N L![0, 1] with q >0on (0,1). Let dA, be the first 
eigenvalue of 


" x = 1 
{° +aqy=0, O<r<1, (2.109) 


y(0)=0= y(1). 
Then 


1 1 
in f gnioo/ar< f |v’ |? de 
0 0 


for all functions v € AC[0, 1] with v' € L?[0, 1] and v(0) = v(1) = 0. 


For notational purposes in our next theorem, for appropriate functions u we let 


1 4 1 
wie =([ jwcofrar) leo = sup u(t)| and url =f ucr| ar 
° [0,1] 0 


We begin with our main result (in fact a more general result will be presented at the end of 
this section; see Theorem 2.26)). 


THEOREM 2.23. Let no € {1,2,...} be fixed and suppose (2.72) and (2.74) hold. In ad- 
dition assume the following conditions are satisfied: 
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f:(, 1) x (0,00) > R_ is continuous (2.110) 
g€C(0,1)NL'[0, 1] with q > 0 on (0, 1) (2.111) 


and 


for any ¢ > 0, Jag > 0 with ag <21,b9 > 0,0< y <1, 
he € Lj {0, 1] with he > 0 ae. on (0, 1) with (2.112) 
| f(t, u)| <aou + bouY + h(t) fort € (0, 1) andu >; 


here i, is the first eigenvalue of (2.109). Then (2.62) has a solution y € C[0, 1]N C7(0, 1) 
with y(t) > a(t) for t € [0, 1]. 


PROOF. Forn =n0, no + 1,... let @n, On, fn and gy be as in Theorem 2.9. Without loss 


of generality assume pn, < min, ey ja). Fix n € {no,no + 1,...}. Let t, € [0, x] and 


I2 
373 


Sn € [3, 1] be such that 
A(ty) =A(S,)= Pn and a(t)<p, fort €[0,t,] U[sp, 1). 
Define 


fon ift €[0,%)] Ulsn, 1, 
anit) =| PEMA. 5). 


We begin with the boundary value problem 


a the* (t,y)=0, O<r<l, 
C + q(t)gny (ty) srs (2.113) 


y(0) = vy) = pag: 
here 


8no(t, Ong (t)) +7 (ang (t) — y), Y [Any (2), 
Biot Y=) Brot. y), Ong(t) <y <M, 
8n(t,M)+r(M —y), yomM, 


with r:R— [—1, 1] the radial retraction defined by 


uy,  |ul <1, 
ae | te le, 
and M (> supyo, 1] no (¢)) 1s a predetermined constant (see (2.117)). From Schauder’s fixed 
point theorem we know that (2.113) has a solution yyy. € C![0, 1] N C20, 1) (notice from 
(2.112) that for any constants r} > 0,72 > 11, dhy,,r, € L410, 1] with | f(t, w)| < hy, 7, ) 
for t € (0, 1) andr} < u <1). Exactly the same analysis as in Theorem 2.9 guarantees 
that 


Yno(t) 2 Ang (t), t €[0, 1], (2.114) 
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and so 

a(t) <Any (t) <yng(t) fort € [0, 1]. (2.115) 
Next we show 

Yno(t) <M _ fort € [0, 1]. (2.116) 


Now (2.112) (with ¢ = minjo,1] @n, (t)) and the definition of g* » (of course with (2.114)) 
implies that there exists he € L410, 1] (with h, > 0 ae. on (0, 1)) with (note r:R > 
[—1, 1]) 


9%, (t. yno(t))| < aoyng (t) + boLyng(t)]” +A) +1 fort € 0, D; 


here h(t) = max{h¢(t), he (nq (t))} (to see this fix t € (0, 1) and check the cases yp, (t) > 
M and any (t) < Yno(t) < M separately). 
Now let v = yng — Png. Then v satisfies 


Pee v+pm)=0, O<t<1, 
v(0) = v(1) = 0. 


In addition since —vv" = qugy, (t, UV + Pno) we have 
5 1 
(IIv'll2) =| q(t)v(t) gry (t, V(t) + Png) at 
1 
<|[ g(t)|v(t)|| 9%, (t, 000) + Png) [de 


1 
<|f q(t)|v(t)|[ao(v(t) + png) + bo(v(t) + Pao)” + A(t) + 1] dt 


1 1 1 
<ay [ q vl? dr + aopny f alo dr +27" f g\u|"*! dt 
0 0 0 


1 1 1 
+2”"bophy f givlar+ f ghlolar+ f q|v| dt. 
0 0 0 


This together with Theorem 2.22 (and Hdlder’s inequality) yields 


1 
(ilv'lla)" < 5, (llelle) + a (aia 
2”-lb ley 2”—|bop), 1 
Ee re (lg) 2 (loa)! + 2 (ath)? 


a 


1 1 
+ |l@Allilvloo + —= 7 Iv’ l2. 
Gh llilvloo Ta (lath) [lv ll 
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Now since v(0) = v(1) = 0 it is easy to check that |v|oo < Fllv'lle and so 


—lp 1 


2” = 
(1-2) why < ee (lal)? en + —* (lg) > (lle 2)” 


ee 
2”! bo pk, lIighlhi 
+ ——— (Ila ll1)?7 lv l2 + —=Ilv'll2 
VAI ( oo 
1 1 
+ —= (Il¢lli)? Ilv'll2. 
are ) 


As a result, since 0 < y < 1, there exists a constant Kg (chosen areales than or equal to 
V2 sup [0,1] no (t)) with I|v’ I> < Ko. This together with |vloo < Fille’ ll2 yields |vloo < 


1 
7 Ko, and as a result 


1 
Yap loo Se KOs Pag = M (2.117) 


Consequently (2.116) holds and so we have 
a(t) <Any (t) < yng (t) <M fort € [0, 1]. 


Next we consider the boundary value problem 


” * ma 
LG FO 8i 41 Y) = 9, i Soe (2.118) 
here 
Sno+l (t, Ono +1(t)) + 1 (ony +1 (2) = y), YL Ang +10), 
Snot if, y= Sno tit, y), Ono +1 (0) SY Ino O), 
Snot (ts Yno(t)) +7 (Yno(t) — y), YP Yno). 


Schauder’s fixed point theorem guarantees that (2.118) has a solution yp 41 € c!f[0, 1n 
C?(0, 1). Exactly the same analysis as in Theorem 2.9 guarantees 


a(t) < noi (t) < Yagi (t) < yno(t) for t € [0, 1]. (2.119) 


Now proceed inductively to construct yno+2, Yno+3,--- aS follows. Suppose we have yx for 
some k € {nog + 1,no +:2,...} with ag(t) < ye(t) < ye_-1(¢) for t € [0, 1]. Then consider 
the boundary value problem 


Ce ee 0<r<l, (2.120) 


y(O) = y)) = ers; 
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here 
sk+i(toxsi(t)) +r(piO—y), y<onsi(t), 
Shy Y) = 4 Sk+1,y), ae+i(t) <y < ye), 
geri (ts ye(O) +r (ye) — y), y > yet). 


Now Schauder’s fixed point theorem guarantees that (2.120) has a solution yz41 € 
C![0, 1] A C?(0, 1), and essentially the same reasoning as in Theorem 2.9 yields 


a(t) <a) < yes) < yet) fort € [0, 1]. 
Thus for each n € {np + 1,...} we have 
a(t) < yn(t) < yn-1) S++ < Yn (t) <M forte [0, 1]. 


Essentially the same reasoning as in Theorem 2.9 (from (2.89) onwards) completes the 
proof. 


1 
saat or 


REMARK 2.10. ue (2.72) it is possible to replace aE 


<t<lwithdO<t<l—- 
so <t<l- a Lv and the result in Theorem 2.23 is again true; the minor adjustments 


are left to the reader. 


out s 


Next we discuss the lower solution @ in (2.74). Suppose (2.96) holds. Then the argu- 
ment before Theorem 2.14 guarantees that there exists a a € C[0, 1] M C(0, 1), a(0) = 
a(1) = 0, a(t) < pn, for t € [0, 1] with (2.74) holding. Combine with Theorem 2.23 to 
obtain our next result. 


THEOREM 2.24. Let no € {1,2,...} be fixed and suppose (2.96), (2.110), (2.111) and 
(2.112) hold. Then (2.62) has a solution y € C[0, 1] C(0, 1) with y(t) > Ofort € (0, 1). 


If in (2.96) we replace sat <t<1 with Sut <t<l- 
holds. 


> then once again (2.74) 


oT 


THEOREM 2. a> Let no € {1,2,...} ies and SupPON (2.110), (2.111), (2.112) and 
(2.96) (with 1 <t<l repldced by sutT <t<l- ) hold. Then (2.62) has a solution 


y € C[0, 1] C7(0, 1) with y(t) > 0 fort € (0, 1). 


TEE 


EXAMPLE 2.4. Consider the boundary value problem 


" K\,—0 re: ee 
+ (At*y +aoy + boy p= 0 0<r<l, (2.121) 


y(0)= yd) =0 


with A>0,« >—-1,0>0,0<y <1,0<ao <2”, bo > 0 and p €R. Then (2.121) has 
a solution y € C[0, 1] C?(0, 1) with y(t) > 0 fort € (0, 1). 
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To see this we will apply Theorem 2.24 with 
qg=1 and f(t, y)=At©y~° +aoy+boy’ — pw’. 
Clearly (2.110) and (2.111) hold. In addition (2.112) is immediate with h,(t) = At*e~? + 
7; note 41 = 27. We will consider two cases, namely x > 0 and —1 <x <0. 


Case (i). k > 0. 
Let 


A 1/6 
no= 1, = (sama) and ko = 1. 


Notice for n € {1,2,...}, sur <t< 1 and 0 < y< p, that we have 


A 
q(t) f(t, y) 2 sets = (H+ 1)-w = 1, 
Pn 
so (2.96) holds. 
Case (ii). -l<k <0. 
Let 


A 1/6 
= d k=l. 
one we Cras oe 


Notice for n € {1,2,...}, Sut <t<land0<y< p, that we have since x < 0, 


At* A 
IOFON> — MBG we ane +1) — wa (we +1) w=, 
n n 


so (2.96) holds. 
Existence of a solution is now guaranteed from Theorem 2.24. 


If one uses the ideas in [19, Chapter 11] it is possible to improve the result in Theorem 
2.23. 


THEOREM 2.26. Let no € {1,2,...} be fixed and suppose (2.72), (2.74), (2.110) and 
(2.111) hold. In addition assume the following conditions are satisfied: 


for any ¢ > 0, dap € C[0, 1] with O < ao(t) < A4 
on [0, 1] and ao(t) < 41 on a subset of (0, 1] 


of positive measure with ao( sat) <A,,b9 >0, 


l<y <2,he € Lj[0, 1] with he > 0a. on (0, 1) 
with uf (t,u) < ag(t)u? + bou” + uhe(t) 
fort € (0,1) andu ze 


(2.122) 
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and 


for any e > 0,4co > 0,0< Tt <2, 6 € Ljl0, 1] with 
Ne > 0a.e. on (0, 1) with | f(t, u)| < cou™ + ne(t) (2.123) 
fort € (0,1) andu > ¢; 


here i, is the first eigenvalue of (2.109). Then (2.62) has a solution y € C[0, 1]N C7(0, 1) 
with y(t) > a(t) fort € [0, 1]. 


PROOF. Proceed as in Theorem 2.23 and obtain a solution y,, of (2.113) with 
a(t) <img 1) < yng) fort € [0, 1]. 
Next we show 
Yno(t) <M fort € [0, 1], (2.124) 


where M (2 supyo, 1] no (t)) is a predetermined constant (see below). Notice (2.123) (with 
€ = SUP/o, 1] %no (t)) implies that there exists ne € Lj 10, 1] (with n, > 0 a.e. on [0, 1]) with 


|g4,(t. yno(t))| <colyno (|i +n +1 forte O, 1): 


here y(t) = max{ne(t), Ne (Ong (t))}. Also notice (2.123) implies that there exists h, € 
L410, 1] (with he > 0 a.e. on [0, 1]) with 


Yap (18%, (t. Yao) < do) [yng] + bol no @O]” + [AG + Lyn 
for t € (0, 1) where 
do(t) = max{ao(t), ag (Ano (t))} and h(t) = max{h(t), he (Ano (t)) i 


note for fixed t € (—4,, 1) with Yng(t) = M that 


gnotl? 


Yno CO) 8ng (t, Yno (t)) = Yno (Ct) f(t, M)+ r(M i= Yno (t)) | 
= STG M) + Mr(M —yn(t))] 


t 
< nol Cag (tyM? + boM” + he(t)M + M] 


= Yng (t)[ao(t)M + boM”~! + he(t) + 1] 


< ao(t)[yno(t)]” + bol yn (t)]” + [he (t) + 1] yng 
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(the other cases are treated similarly). Let v = yng — Pn SO 


sv" = (V+ Pry) ing (ts V+ Png) — Prong (ts U + Pno)- 


As aresult we have 
1 1 1 
[ [vo] ar < i q(t)do(t)[v(t) + pro] dt + bo if q(t)[v(t) + Png] dt 
1 
+f gto [ht) + Jv + dnp] at 


1 1 
+ com f (0 [00)+ Pro]! 4+ pnp f q(t)[n(t) + 1] de, 


50 
i [(v'@)° — gdo@)v?(N] dt 
< [ “gdo([200 ong + pp, ] dt + bo [ ‘go[vo + Pno]” dt 
+f aolo+ 1][vi) + pm ]at +eo4m f acolo + Pn] dt 


1 
+ om ff aeo[ne + ta 


Notice do(t) < 4; on a subset of [0, 1] of positive measure. The argument in [19, Chap- 
ter 11] guarantees that there exists a 6 > 0 with 


1 1 1 
ul [(v'()? — g@do(t)v?()] de >3( / q(t)v-(t) dt + / [v'far). 
0 0 0 


Consequently 


1 1 
s( | anrriat+ f [vf r) 
0 0 


1 1 
< [ q(t)do(t)[2U(t) Png + Pp, | dt + bo [ q(t)[v(t) + Png |” dt 


1 


1 
+f aK [n(t) + Ifo + Po] dt + opm f q(t)[v(t) + Pno]* dt 


1 
+ Om f q(t)[n(t) + 1dr, 
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and this together with Hélder’s inequality and Theorem 2.22 (note 1 <y <2 and0< 
Tt < 2) guarantees that there exists a constant Ko > V2 supio,1] Qn (t) with ||v’|l2 < Ko. 
Now if M = Bk 0+ Pno then (2.124) holds. Essentially the same reasoning as in Theorem 


2.23 (from (2.118) onwards) completes the proof. 


REMARK 2.11. Wecan replace (2.72) and (2.74) in Theorem 2.26 with (2.96). 


3. Singular initial value problems 
In this section we discuss the singular initial value problem 


y=qOfGy), 0<t<T(<oo), 
ale (3.1) 


where our nonlinearity f may change sign. We first present a variation of the classical 
theory of upper and lower solutions. We will assume the following conditions hold: 


there exists B € C[0, T]NC!(0, T] with 
B € AC[0, T], B(0) > 0, and (3.2) 


q(t) f(t, B(t)) < B'@) fort € (0, T), 


there exists a € C[0, 7] C!(0, T] with 
a € AC[0, T], a(t) < A(t) on [0, T], a(0) <0 (3.3) 
and q(t) f (t, a(t)) >a'‘(t) fort € (0, T) 


and 
qgeCc, TINT 7) with g > 0 on (0, T]. (3.4) 
Let 


f(t. BO) +r(BO-y), y>BO, 
fay= 4 ft.y), a(t) <y < B(t), 
f(t.aM)+r(a®—y), y<a(t), 


where r : R= [—1, 1] is the radial retraction. Finally we assume 
f*:(0,7] x RR _ is continuous. (3.5) 


THEOREM 3.1. Suppose (3.2)-(3.5) hold. Then (3.1) has a solution y (here y € C[0, T]N 
C!(0, T] with y € AC[0, T]) with a(t) < y(t) < B(t) fort € [0, T]. 


PROOF. To show (3.1) has a solution we consider the problem 


y=qOf*t.y), O<t<T, 
| y(0) =0. Ce) 
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Now Theorem 1.4 guarantees that (3.6) has a solution y € C[0, 7] N C!(0, T] with y € 
AC[0, T]. The result of our theorem will follow once we show 


a(t)< y(t) < A(t) forte [0,7]. (3.7) 
We now show 

y(t) <B(t) fort € [0,7]. (3.8) 
Suppose (3.8) is not true. Then since y(0) < (0) there exists t) <1 €[0, T] with 

yt) =B), yl) > Bl2) and y(t)> Blt) on (t,t). 


Thus 


9) 


¥(6) — y(t) = / a(s)[F (s, B(s)) +r(B(s) — y(s))] ds 


qt 
to to 
< [past f aor(p0)- 90) 4 
ty ty 
< B(t2) — Bit), 
Le., y(t2) < B(t2), a contradiction. Thus (3.8) is true. A similar argument shows 


a(t) < y(t) fort €[0, 7]. (3.9) 


Our result follows. 


Again because of the difficulties encountered with checking (3.5) it is of interest to 
provide an alternative approach and to present conditions that are easy to verify in applica- 
tions. 

Our main result can be stated immediately. 


THEOREM 3.2. Let no € {1,2,...} be fixed and suppose the following conditions are sat- 
isfied: 


Ff :(0,T] x (0,00) > R_ is continuous (3.10) 
T 
qéC0,T], g>0 on(0,T] and / q(x) dx <0o (3.11) 
0 
letn € {no,no + 1,...} and associated with each n we 


have a constant py such that {py} is a nonincreasing 
sequence with limn—+oo Pn = 0 and such that for 


sot <t<T we have q(t)f (t, Pn) > 9, 


(3.12) 
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there exists a function a € C[0,T]NC!(0, T] 
with a(0) =0,a >00n (0, T] such 
that q(t) f(t, a(t)) >a'(t) fort € (0, T) 


and 


there exists a function B € C[0O, T]N C!(0, T] with 
B(t) > a(t) and B(t) > pn, fort €[0, T] with 

q(t) f(t, BO) <p’) fort € (0, T) and 
q(t) f (sar BW) < BW fort € (0, <hr). 


Then (3.1) has a solution y € C[0, T]N C!(0, T] with y(t) > a(t) fort € (0, T]. 
PROOF. Forn=no,no +1,... let 
T T 

en = Es r| and 0,(t) = max i. 0<rtK<T, 
and 

f(t, x) =max{ f (6,(t),x), f(t, x)}. 
Next we define inductively 

ng (t, X) = fng (ts x) 
and 

Sn(t, x) =min{ fag (t,x), Per Flt} n=njo+1,no+2,.... 
Notice 

F(t, %) S++ S Bn 1%) < Bn X) K++ < Sng (t, ¥) 
for (t,x) € (0, T) x (0, oo) and 


gn(t, x)= f(t,x) for (t,x) € en x (0,00). 


Without loss of generality assume pny < min, (2 T] a(t). Fix n € {no,no + 1,. 


ty € [0, q] be such that 
A(tn)=Pn and a(t)<p, fort €[0, tr]. 
Define 


_ fon  ifte[0,t), 
an) ={ ift € (t,T]. 
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(3.13) 


(3.14) 


..}. Let 
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Notice @n+41(t) < an (t), t € [0, T], for eachn € {no,no +1, ...} since {,} is anonincreas- 
ing sequence. We begin with the initial value problem 


y =q(te,,t.y), O<t<T, 
bole Gre) 


here 
Sno (t Qn (t)), Y LAny (t), 
Snobs VI = 4 Snot y), Ang (t) < y < Bt), 
8no(t, Bt), y 2 BC). 


From Schauder’s fixed point theorem we know that (3.15) has a solution y,, € C[0, 7] 
C!(0, T]. We first show 


Yao (t) 2 Ong(t), 1 €[0, 7]. (3.16) 
Suppose (3.16) is not true. Then there exists tT} < t2 € [0, T] with 

Yno (T1) = @ng (71), Yno (72) < Ong (T2) 
and 

Yno(t) < On) (t) fort € (%, 72). 


Of course 
T2 
Yn 42) ~ ng 12) = f° Ong — An) Oa G.17) 
qT 


We now claim 

(Yno — Ong) (t) > 0 fora.e. t € (t1, 72). (3.18) 
If (3.18) is true then (3.17) implies 

Yno(T2) — Ang (T2) 2 0, 


a contradiction. As a result if we show (3.18) is true then (3.16) will follow. To see (3.18) 
we will show 


(Ynp — Ono) (t) [0 fort € (t1, t2) provided t F thy. 
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Fix t € (11, T2) and assume f ¥ ty,. Then 


(Ying — Ono) (t) = [41 81g (t, Ang (t)) — a, (0) 


_ tee (t,a(t))—a/(t) ift € (ty, T), 
G(t)8no (ts Png) if t € (0, tno). 


Case (i). t > Serr 
Then since gp, (t,x) = f (t,x) for x € (0, 00) we have 


q(t) f(t,a(t)) —a'(t) ift € (tm, T), 


(Yng — &ng) (1) = eas Png) EEO Ga) 


ZS 0, 
from (3.12) and (3.13). 


Case (ii). t € (0, set): 
Then since 


T 
Bn (t,x) = max{ f(s r). fa, »| 


we have gn) (t,x) > f(t, x) and gn) (t, x) > fiom, x) for x € (0, co). Thus we have 


q(t) f (t,o(t)) —a'(t) ift € (tr. T), 


no” “n : ze i 
or ghee » Png) if € O, tng) 


>0, 
from (3.12) and (3.13). 
Consequently (3.18) (and so (3.16)) holds and now since a(t) < an, (t) for t € [0, T] 

we have 

a(t) <Any (t) < yao (t) fort € [0, T]. (3.19) 
Next we show 

Yno(t) < Bt) fort €[0, T]. (3.20) 
If (3.20) is not true then there exists tT; < tT €[0, T] with 

Yno(T1) = B(t1), Yn (T2) > B(t2) and yao (t) > A(t) fort € (ut, t2). 


Notice also that 


17) 


Yo) = Yno(t1) = f q(8)$no(s, B(s)) ds. 


T] 
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There are three cases to consider, namely (i) <u) m<n< and (iii) 


wot < er > 
£ 
T< png tT < . 
Case (i). soar <q. 


Since no (t,x) = f(t, x) for (t, x) € (t1, T2) x (0, 00) we have 


1 
Yng (72) ~ Yno(T1) = i: 


T 


T2 
a(s) f(s, B(s)) ds <|[ B'(s) ds = B(t) — B(t1), 
T| 


a contradiction. 
Case (ii). T) <T2< FotT- 
Since 


T 
Sno (t, x) = max (7). re} 


for (t, x) € (tT, T2) x (0, oO) we have 


Tt T 
Yno (T2) = Yng (11) -|/ q(s) max| f(r po)). f(s, ais) 


TI 


7% 
a B'(s) ds = B(x) — B(t1), 
qT 


a contradiction. 


Case (111). T1 < Sort <7. 
Now 
T aust T 
vm (sar) — Yno(T1) = if on q(s) max f(s 7) f(s; pi) 
sor T 
< [* b'oa=0( 5 )- B(t1) 
qT 
and 


T "2 T 
ynp(t2) ~ (ST) = / ‘ 119) F(6.669)) ds < 6a) (=z). 
5ng +l 


2hot 
Combine to obtain 
Yng (12) — Yao (1) < B(t2) — BC), 


a contradiction. 
Thus (3.20) holds, so we have 


a(t) < Ong (t) < Yay (t) < B(t) fort € [0, T]. 
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Next we consider 


i = qOgriiGy), O<t<T, 


3.21 
eee een 


here 


nga (Poeng tt): y < Ong +1 (t), 
Sno tits Y) = 4 Sno ti lt, Y)s Any tit) SY Kno (t), 
Bagiai(ts Yno(t)), YS no (t). 


Now Schauder’s fixed point theorem guarantees that (3.21) has a solution yn +1 € 
C[0, T]N.C!(0, T]. We first show 


Yao +1 (t) ZS Ong +1 (t), te [0, T]. (3.22) 


Suppose (3.22) is not true. Then there exists t; < T2 € [0, T] with 


Yap +1 (11) = Qn. 41(T1), Yno+1(T2) < Ong +1 (72) 
and 

Ynot1(t) <Ong4i(t) fort € (11, 72). 
If we show 


(Yno-+1 — Onot1) (1) [0 forae.t € (t1, 72), (3.23) 


then as before (3.22) is true. Fix t € (11, T2) and assume t ¥ ty) +1. Then 


(Yno+1 — Ong +1) (1) = [a (t)8no41 (t, Any +1(t)) - a +i(t)| 


_ Pe eae noes —al(t) ift € (ta41,T), 
q(t) 8ng+1 (t, Pno +1) ift€ (0, tno+1): 


: T 
Case (i). t = png Fz * 


Then since gn )+1(t, x) = f(t, x) for x € (0, 00) we have 


q(t) f(t,a(t)) — a(t) ift € not, 7), 


(Yno+1 — ng +1) (1) = Co Pno+1) if t € (0, tag41) 


2 0, 


from (3.12) and (3.13). 
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Case (ii). t € (0, so) 
Then since gn,+1(t, x) equals 


min| max{ # (s+) f(x) max £(3.+), renx)}| 


Sno tilt, x) 2 f(t, x) 


: T T 
Sno ti(t, x) = min{ (or), *(sa2*)| 


for x € (0, co). Thus we have 


we have 


and 


qt) f (t, ue oe ift € (tng41,T), 


(Ynot1 — Mn t1) (t) < 4 q(t) min{ f (sar Piet t): f (sap. Pno+1)} 
ift € (0, tno +1) 


> 0, 
from (3.12) and (3.13) (note f(s. Pnot1) SO since f(t, Pny+1) > 0 fort € [sor T] 
and wot € (sen T)). 
Consequently (3.23) is true so 
a(t) <Any $i(t) <Yngti(t) fort €[0, 7]. (3.24) 
Next we show 
Yap ti(t) < yng(t) fort € [0, T]. (3.25) 


If (3.25) is not true then there exists tT; < tT € [0, T] with 
Ynot1(T1) = Yng (M1); Yno+1 (2) > Yng (T2) 
and 
Yaoti(t) > Yao(t) fort € (t%4, 72). 


Notice also since gn, (t,x) > 8noti(t, x) for (t, x) € (0, T) x (0, oo) that 


12 


Yno+1 (T2) — Yno+1 (71) = / qQ(S)8no+1 (s, Yno (s)) ds 


TI 
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1 
< / G(S)8ng (8, Yno(s)) ds 


1 


9) 
= / Vag (8) AS = Yng(T2) — Yng(T1), 


1 


a contradiction. 

Now proceed inductively to construct yn +2, Yno+3,--- a8 follows. Suppose we have 
yx for some k € {ng + 1,n9o +2,...} with ax(t) < ye(t) < ye_-1(t) for t € [0, T]. Then 
consider the boundary value problem 


y= qbai,,y9), O<t<T, nye 
Poe (3.26) 


here 


Ski (tori), y<arsi(t), 
Seat, Y=} Seti(t, y), an+i(t) <y < yet), 
sk+i(t, ye(t)), y 2 ye(t). 


Now Schauder’s fixed point theorem guarantees that (3.26) has a solution yz41 € C[0, T]N 
C!(0, T], and essentially the same reasoning as above yields 


a(t) Sanit) < veri) < ye) fort [0, 7]. (3.27) 


Thus for each n € {ng,no + 1,...} we have 


a(t) < yn(t) < Yn-12) S +++ Yng(t) < BW) fort € [0, T]. (3.28) 


Lets look at the interval [ Sng zl T]. Let 


T 
Rap = sup a0) FCs y)|: velo 7] and ats) <y< yoo}. 


We have immediately that 


{yn foo is a bounded, equicontinuous 
| pier: (3.29) 


family on [ser 7A; 


The Arzela—Ascoli vee guarantees the existence of a subsequence N,,, of integers and 


a function Zn, € C[ sia , I] with y, converging uniformly to z,,. on [ sie ,T]asn—> oo 


through N,,,. Proceed inductively to obtain subsequences of integers 


Nano 2 Nagt+1 2°71 2 Ne 2*°: 
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and functions 
C . T 
ok S| OT 
with 
: : T 
Yn converging uniformly to zx, on RAT? T 


as n — oo through N;, and 


T 
Zk =Zk-1 On xe |: 


Define a function y:[0, T] — [0, 00) by y(x) = zg(x) on [sor T] and y(0) = 0. Notice 
y is well defined and a(t) < y(t) < yuo (t)(< B()) for t € (0, T). Fix t € (0, T) and let 


m € {no,no + 1,...} be such that sot <t<T.Let NX ={n € Nm: n >m}. Now yn, 
né Ny, satisfies 


T 
ynlt) = wnt) — f q(s)gn(s, yn(s)) ds 
t 


T 
= yn(T) - / q(s) f(s, yn(s)) ds. 
t 


Let n — oo through N* to obtain 


T 
yn =y(T)- f q(s) f(s, y(s)) ds. 
t 
We can do this argument for each t € (0, T). It remains to show y is continuous at 0. 
Let ¢ > 0 be given. Now since limy_.oo yy, (0) = 0 there exists n; € {n9,no+1,...} with 
Yn, (0) < 5. Since yn, € C[0, T] there exists 5,, > 0 with 
é 

Yn, (t) < 5 for t € [0, 5n,]. 

Now for n > n1 we have, since {y,(t)} is nonincreasing for each ¢ € [0, T], 
é 
a(t) < yn(t) < yn, (1) < 5 for ¢ € [0, dn, ]. 


Consequently 


a(t) <y(N< <e forte (0.6m), 


and so y is continuous at 0. Thus y € C[0, T]. 
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Suppose (3.10)-(3.13) hold, and in addition assume the following conditions are satis- 
fied: 


a) f(t.y)>a'(t) for (t,y) € (0,7) x {y € 0,00): y < a(r)} (3.30) 
and 


there exists a function B € C[0, T] NC! (0, T] with 
Bt) > buy for t < (0, T] with q(t) f(t, BO) <B'O 


fort € (0, T) and q(t) f (so, BO) < BO) (3.31) 
forte (0, sar). 


Then the result in Theorem 3.2 is again true. This follows immediately from Theorem 3.2 
once we show (3.14) holds, i.e., once we show f(t) > a(t) for t € [0, T]. Suppose it is 
false. Then there exists t] < tT € [0, 7] with 


B(tu)=a(t1), B(t2)<a(t2) and B(t)<a(t) forte (%, 72). 
Now for t € (t1, T2), we have from (3.30) that 


q(t) f (t, B()) > a’ (1), 


and as a result 


D D 
pia) - pea = | pisyas> [ as) f(s, B(s)) ds 
qT 


Ty 


> ik a’ (s) ds = a(t) — a(t), 


qT 


a contradiction. Thus we have 


COROLLARY 3.3. Let no € {1,2,...} be fixed and suppose (3.10)-(3.13), (3.30) and 
(3.31) hold. Then (3.1) has a solution y € C[0,T]N C!(0,T] with y(t) > a(t) for 
té[0, T]. 


Next we discuss how to construct the lower solution @ in (3.13) and in (3.30). Suppose 
the following condition is satisfied: 


let n € {nop,no + 1,...} and associated with each n we 
have a constant p, such that {p,} is a decreasing 


sequence with limy_.oo Pn = 0 and there exists a (3.32) 
constant kg > 0 such that for sot <t<T 


and 0 < y < p» we have g(t) f(t, y) > ko. 
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Then an argument similar to the one before Theorem 2.14 guarantees that there exists a 
a €C[0,T]NC!(0, T], a(0) = 0, wa > 0 for t € (0, T], a(t) < Png for t € [0, T] with 
(3.13) and (3.30) holding. We combine this with Corollary 3.3 to obtain our next result. 


THEOREM 3.4. Let no € {1,2,...} be fixed and suppose (3.10), (3.11), (3.31), and (3.32) 
hold. Then (3.1) has a solution y € C{0,T]N C!(0, T] with y(t) > 0 fort € (0, T]. 


Looking at Theorem 3.4 we see that the main difficulty when discussing examples is the 
construction of the 8 in (3.31). Our next result replaces (3.31) with a growth condition. 
We first present the result in its full generality. 


THEOREM 3.5. Let no € {1,2,...} be fixed and suppose (3.10)—(3.13) hold. Also assume 
the following condition is satisfied: 


|F@¥)| < 89) +4() on [0, T] x (0, 00) with 
g > 0 continuous and nonincreasing on (0, 00) (3.33) 
and h > 0 continuous on [0, 0). 


Also suppose there exists a constant M > 0 with G-'(M)> SUP; €[0,7] a(t) and with 


T M ds 
g(G-l(s)) 
holding; here G(z) = iis no (note G is an increasing map from [0, 00) onto [0, co) with 


G(0) = 0). Then (3.1) has a solution y € C{0,T]N C!(0,T] with y(t) > a(t) fort € 
[0, T]. 


PROOF. Choose ¢ > 0, ¢ < M with 


T M ds 


a(G-l(s)) 


Without loss of generality assume G(fny) < €. Let én, On, fn, Bn and a, be as in Theo- 
rem 3.2. We consider the boundary value problem (3.15) with in this case gy, given by 


no (t, Qn (t)), y < Ong (t)s 
Bug (ts V) = 4 Bng(ts ¥), Any (t) <y <G"'(M), 
8n(t,G~'(M)), y>G~!(M). 


Essentially the same reasoning as in Theorem 3.2 implies that (3.15) has a solution yy, 
with yno(t) > Ong (t) > a(t) for t € [0, T]. Next we show 


Yno(t) < G~'(M)_ fort € [0, 7]. (3.36) 
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Suppose (3.36) is false. Then since yn (0) = Pn. there exists tT) < t2 € [0, T] with 
Png <Yng(t) <G"(M) fort € (t1, 72), 
with 
Yng(T1) = np and Yno(t2) = G~'(M). 


Now for t € (t1, T2) we have from (3.33) that 


n h(yng (1) 

Ein (Yn) <&(n(0) + h(%0 (0) = a(n (0) | + EY, 
Thus 

gras {! pearl ; 

FICC lac le (00) Oia 
Let 

Yng (t) du 

mit) = f Fp = Fm) 

and so 


h(G! (Ung (t))) 


3(G—! (Un, (1) for t € (t1, T2). 


USC 1+ 


Integrate from tT, to T2 to obtain 


ae ds Ung (72) ds r 
Saran <|[ alae <f q(s) ds 
: ee 7?) Glen) [1+ 4E 7] 0 


(G1(s)) g(G1(s)) 
M ds 
7 nG-s)] 
2 [LP ete) 


Consequently un) (t2) < M so yno(t2) < G~'(M). This is a contradiction. Thus (3.36) 
holds and so 


a(t) < ang (t) < Yng(t)< G7'(M) fort € [0, T]. (3.37) 


Essentially the same reasoning as in Theorem 3.2 (from (3.21) onwards) completes the 
proof. 
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COROLLARY 3.6. Let no € {1,2,...} be fixed and suppose (3.10)-(3.13), (3.30) and 
(3.33) hold. In addition assume there is a constant M > 0 with 


T M ds 


g(G1(s)) 


holding; here G(z) = = _du_ Then (3.1) has a solution y € C[0, TINC!(0, T] with y(t) > 
0 gt) 
a(t) fort € [0, T]. 


PROOF. This follows immediately from Theorem 3.5 once we show 
G"'(M)>a(t) foreach t €[0, T]. 

Suppose this is false. Then since a(0) = 0 there exists tT) < T2 € [0, T] with 
0<a(t)<G'(M) forte (t1, %),a(t1) =0 and a(t) =G'(M). 

Notice (3.30) implies 
aiN<qOf(ta@) forte (n,n), 


so we have 


a’ (t) 
g(a(t)) 


h(a(t)) 
g(a(t)) 


<a(o{ 1+ for t € (T1, T2). 


Let 
a) du 
w= f Fema aa 
so 


h(G!(v(t))) 


ee aio + 7G" wo) 


| for t € (T], T2). 


Integrate from tT, to T2 to obtain 


i ds ie M ds 
——. < q(s) ds <| —————. 
0 [i+ h(G rey 0 0 [i+ h(G 1) 


e(G1(s)) g(G"(s)) 


Thus v(t) < M, so a(t2) < G~!(M), a contradiction. 


Combining Corollary 3.6 with the comments before Theorem 3.4 yields the following 
theorem. 
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THEOREM 3.7. Let ng € {1, 2, ...} be fixed and suppose (3.10), (3.11), (3.32) and (3.33) 
hold. In addition assume there is a constant M > 0 with (3.38) holding. Then (3.1) has a 
solution y € C[0, T]N C!(0, T] with y(t) > 0 fort € (0, T]. 


Next we present some examples which illustrate how easily the theory is applied in 
practice. 


EXAMPLE 3.1. The initial value problem 


7 40.-— B 
Rae *+yP+A, 0<t<T(<oo), (3.39) 


with 6 > —1,a>0, 6 > Oand A > 0 has a solution y € C[0, 7] C!(0, T] with y(t) > 0 
for t € (0, T] if 


ds 


T oo 
[ aas<[ —————SSS (3.40) 
0 0 14 Bia + ls] + AC[(a@ + ls]=t 
here 
oe 1 if@6>0, 
I~) if —1<0 <0, 
with 
pe (ts if0 >0, 
T° if —1<@ <0, 
and 


ca if >0, 

T) iF =1-20< 0. 

To see this we will apply Theorem 3.7. We will consider two cases, namely 6 > 0 and 
-1<6é<0. 


Case (i). 0 > 0. 
We will apply Theorem 3.7 with 


nm=1, qg=1,  gQ)=T%y%, hiy=yF +A, 


together with 


Te 1/a 
Pn = (sam) and ko =1. 
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Clearly (3.10) and (3.11) hold. Also for n € {1,2,...}, sot <t<T and0<y< py we 
have 


ao Ne 
Py- = 
qH f(t, y) 2 y*>(a) mo 
so (3.32) is satisfied. From (3.40) there exists M > 0 with 
ds 


M 
r<| ——— 
0 14 Bl@+ ls] + ACI(@ + l)s]eH 


so now (3.38) holds with this M since 


at+l 6 


G2) = woos so Go) =[@+DzJatTaT, 


Existence of a solution to (3.39) is now guaranteed from Theorem 3.7. 
Case (ii). -1 <0 <0. 
We will apply Theorem 3.7 with 


nm=1, g=t?, gy=y%, h)=T*[y? +A], 


together with 


Clearly (3.10), (3.11) and (3.38) (as in Case (i) hold. Also forn € {1,2,...}, sSr <1. <T 
and 0 < y < pp we have 


T? 
1° y * Sans, 


qt) f(t, y) 2 
Pn 


so (3.32) is satisfied. Existence ofa solution to (3.39) is now guaranteed from Theorem 3.7. 


EXAMPLE 3.2. The initial value problem 


ol a+yB—A, 0<t<T(<oo), 
(0) 


with 6 > —1,a> 0,6 >0and A > 0 hasa solution y € C[0, T] NC!(0, T] with y(t) > 0 
for t € (0, T] if (3.40) holds. 
The proof is essentially the same as in Example 3.1 with 


7? 1/a 
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and 


Te l/a 
= {| ———_ if—1<0<0. 
i Cre) sare, 
EXAMPLE 3.3. The initial value problem 
a ee 0<t<T(<oo), 
y(0) =0 


with 6 > —1,a@>0, 6 > Oand A > 0 has a solution y € C[0, T] NC! (0, T] with y(t) > 0 
for t € (0, T] if 
Totl ds 


CoO 
6+1 </ ate a 
9 14+[(@+ 1)s]eT + A[(@ t+ 1)s]e7 


Apply Theorem 3.7 with 


q=t?, e(y)=y* and h(y)=yF +A. 
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Introduction 


The premises of the lower and upper solutions method can be traced back to Picard. In 
1890 for partial differential equations [79] and in 1893 for ordinary differential equations 
[80], he introduced monotone iterations from a lower solution. This is the starting point of 
the use of lower and upper solutions in connection with monotone methods. 

Independently, some of the basic ideas of the method appeared in the study of first order 
Cauchy problems made in 1915 by Perron [78] and in its extension to systems worked by 
Miller [72] in 1926. These authors deduced existence of solutions together with their local- 
ization between lower and upper solutions, i.e., ordered functions that satisfy differential 
inequalities. A good account of this theory can be found in Szarski [100] or Walter [101]. 
This approach is however limited to the Cauchy problem. 

The major breakthrough was due to Scorza Dragoni in 1931. In two successive pa- 
pers [94] and [95], this author introduced lower and upper solutions for the boundary value 
problem 


u” = f(t,u,u'), ula)=A, u(b)=B, 
i.e., he considered functions a, B € C([a, b]) such that w < 6 and 


A, a(b) 
A, B(b) 


B, 


a > f(t,a,a’), a(a 
< B. 


< 
B'< f,.B.B), Bla 2 


< 
)2 
As for the Cauchy problem, he proved existence of a solution u and its localization between 
the lower and the upper solutions 


Section | describes the present evolution of these basic ideas. 

In 1972, Amann [5] associated a degree to a pair of strict lower and upper solutions. The 
introduction of degree theory was essential to deal with a larger class of problems such as 
multiplicity results. An outline of this approach is given in Section 2. 

Another important step was due independently to Chang [17,18] and de Figueiredo and 
Solimini [38]. In 1983 and 1984 respectively, they pointed out that between lower and 
upper solutions the related functional has a critical point which is a minimum. This was 
the starting point of results relating lower and upper solutions with the variational method. 
Section 3 presents basic results in this direction. 

Recent results that extend the old idea of Picard to use lower and upper solutions with 
monotone methods are discussed in Section 4. 

Throughout the paper we consider two basic problems, the periodic problem 


u" = f(t,u,u’), u(a)=u(b), u'(a) =u'(d), (0.1) 
and the Dirichlet problem 


u" = f(t,u,w), u(a)=0, u(b) =0. (0.2) 
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Although the method applies to a larger class of boundary value problems, we restrict 
attention to these two, in order to keep our work within a reasonable length. We also choose 
to describe only basic results and to select a small number of applications. A more thorough 
description of the method will appear in [33]. 
The type of nonlinearities f:D C [a,b] x R” — R (n = 1 or 2) we consider are 
Carathéodory functions, which means they satisfy the Carathéodory conditions: 
(a) for a.e. t € [a, b], the function f(t, -) with domain {z € R” | (f, z) € D} is continu- 
ous; 
(b) for all z € R”, the function f(-,z) with domain {t € [a, b] | (t, z) € D} is measur- 
able. 
If further, for some p € [1, co], the Carathéodory function f satisfies 
(c) for all r > 0, there exists h € L?(a,b) such that for all (t,z) € D with |z| <r, 
Lf (t, I<), 
we say that f is an L?-Carathéodory function or that it satisfies an L?-Carathéodory con- 
dition. The lower and upper solution method was first developed for continuous nonlin- 
earities. The generalization to L?-Carathéodory function is by no means trivial and brings 
a better understanding of the fundamentals of the method. This is why we adopted this 
framework as long as it does not imply an overwhelming technicality. 
In this paper, we use the following notations: 
C({a, b]) is the set of continuous functions u :[a, b] > R; 
Co({a, b]) is the set of functions u € C([a, b]), so that u(a) = 0, u(b) = 0; 
C!({a, b]) is the set of differentiable functions u : [a,b] > R so that wu’ € C({a, b]); 
Cala, b]) is the set of functions u € C!([a, b]), so that u(a) = 0, u(b) = 0; 
L?(a, b) is the set of measurable functions u :[a, b] > R such that 


b ° 1/2 
wie =| f |u(t)| a] ER; 


Hy (a, b) is the set of functions u € Co([a, b]), with a weak derivative u’ € L?(a, b); 
W2-1(a,b) is the set of functions u € C!([a,b]), with a weak second derivative u” € 
L'(a,b); 

given a and 6 € C({a, b]), we write a < B if a(t) < B(t) forall t € [a, b]; 

given a and 6 € C({a, b]), we define [a, 6] = {u € C([a, b]) |a <u< B}; 

No =N \ {0}, Ro =R \ {0}. 

Given u € C({a, b]), we define the Dini derivatives 


u(t +h) — u(t) u(t +h) — u(t) 


Dsu(t) = lim inf D*u(t) =limsup 
h>0 


h h>0t h 
t+h)—u(t t+h)—u(t 
D_u(t) = ip D u(t) = lim sup uG +A) — 4) 
h>0- h h—->0- h 


Considering a function u : [a, b] > R, its periodic extension on R 1s the functionu: R— R 
defined from u(t) = u(t + b—a). 
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1. Well ordered lower and upper solutions 
1.1. A derivative independent periodic problem 
Consider the derivative independent periodic problem 

u" = f(t,u), u(a)=u(b), u'(a) =u'(b), (1.1) 
where f is an L!-Carathéodory function. Solutions of (1.1) are in W*! (a, b) so that it is 
natural to look for lower and upper solutions which are in this space or at least which are 
piecewise W*!. This motivates the definitions we present here. To simplify the notations, 
we extend f(t, u) by periodicity, i.e., f(t,u) = f(t +b —a,u) for all (t, uw) € R*. 
DEFINITIONS 1.1. A function aw € C({a, b]) such that wa(a) = a(b) is a lower solution 


of (1.1) if its periodic extension on R is such that for any fo € R either D_a(to) < Dt a(to), 
or there exists an open interval Jp such that to € Ip, a € W7'! (Ig) and, for a.e. t € Io, 


a(t) > f(t, a(t)). 
A function B € C([a, b]) such that B(a) = B(b) is an upper solution of (1.1) if its peri- 


odic extension on R is such that for any to € R either D™ B(to) > D+ (to), or there exists 
an open interval Jp such that to € Io, BE W2-! (Jo) and, for a.e. t € Ip, 


B'(t) < f(t, BO). 

Notice that the condition D_a(t9) < D* a(to) cannot hold for all fo € [a, b]. In practical 
problems it only holds at a finite number of points. Further the “natural” lower and upper 
solutions are often more regular than needed in Definitions 1.1. For example, a lower so- 
lution a will often be produced as the solution of some auxiliary problem so that it will be 
in W-!(a, b) and satisfy for a.e. t € [a, b] 

a(t) > f(t.a(t)), a(a)=a(b), a'(a) > a'(b). 


The following theorem is the basic existence result of the lower and upper solutions 
method for solutions of the periodic problem (1.1). 


THEOREM 1|.1. Let a and B be lower and upper solutions of (1.1) such thata < B, 
E=((t,u) €la,b]x Rl a(t) <u< po} (1.2) 


and f :E — R be an L'-Carathéodory function. Then the problem (1.1) has at least one 
solution u € W~'! (a, b) such that for all t € [a, b] 


a(t) <u(t) < Bt). 
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PROOF. We consider the modified problem 

u"—u=f(t,y(t.u))—y(t,u), u(a)=u(b), u'(a) =u'(d), (1.3) 
where 

y(t,u) = max{a(t), min{u, B(t)}}. (1.4) 


Claim 1. The problem (1.3) has at least one solution. Let us write (1.3) as an integral 
equation 


u(t) = [ Git,s)[ f(s, v(s, w(s))) — y(s, u(s))] ds, 
where G(t, s) is the Green’s function corresponding to the problem 

u” —u= f(t), u(a) =u(b), u'(a) =u' (db). (1.5) 
The operator 

T :C([a, b]) > C([a, b)), 


defined by 


b 
ruyy = | Git,s)[ f(s, v(s, u(s))) — y(s, u(s))] ds, 


is completely continuous and bounded. By Schauder’s theorem, T has a fixed point which 
is a solution of (1.3). 
Claim 2. All solutions u of (1.3) satisfy on [a, b] 
a(t) <u(t) < Bt). 
Let us assume on the contrary that, for some fg € [a, b] 
min(u(r) _ a(t)) = u(to) — a(to) < 0. 
Extending the functions by periodicity, we have then 


u' (19) — D-a(to) <0 <u'(to) — DT alto) 


and by definition of a lower solution u’(to) — a’ (to) = 0. Further, there exists an open 
interval Jy, with t9 € Ip, a € W*'! (Io) and for almost every t € Ip 


a” (t) > f(t, 0(2)). 
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Hence, for ¢ > fo, near enough fo, 
t 
u'(t)—a'(t) = / (u"(s) — aw""(s)) ds 
1 
t 
< / [ f(s, a(s)) + u(s) —a(s) — f(s, a(s)) | ds <0. 
i) 


This proves u(fo) — a(to) is not a minimum of u — a which is a contradiction. A similar 
argument holds to prove u < B. 


Theorem 1.1 furnishes two kinds of information. It is an existence result but it gives also 
a localization of the solution. In the following example, such a localization provides an 
asymptotic estimate on the solution. 
EXAMPLE 1.1. Consider the problem 


eu" = (u— Il)”, u(—1) =u(1), u/(—1) =u'(1), 


where € > 0 is a parameter. Let k = €? with p € ]0, 1/4[, 


a(t)=1—/(\jt}-1)2+k2 and B(th=Vt2 +k?. 


If € is small enough, these functions are lower and upper solutions and we deduce from 
Theorem 1.1 the existence of a solution u such that a(t) < u(t) < B(t) on [—1, 1]. This 
implies an asymptotic estimate 

u(t) =|t| + O(e?). 
Notice also that in this example 6’(—1) 4 6’(1) and q is not differentiable at t = 0. 


Another illustration of Theorem 1.1 is the following. 


EXAMPLE 1.2. Consider the problem 


Fag Me 2 = / ey: 
Uu br +q(t), u(0)=u(2z), uw (0)=u (2z), 


where g € L!(0, 27) is such that 
G+ 2x) |IG\lZ1 <0, 


with 9 = +b fo" q(t) dt and g(t) = q(t) —@. 
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Let us prove this problem has a solution u. We define w to be a solution of 
w"= q(t), w(0)=w(2z), w'(0)=w'(2z), 


and a(t) = w(t) — w(0). Hence, we have ||a’ loo < ||| ,1 and for all ¢ € [0, 277], Ja(t)| < 
|G\|,1t. We compute then 


lallgit? —9 > -llgll;. 2)? —4 50, 


1 1 
a” — 07 — g(t) > -— 


vit vi 


which proves a(t) is a lower solution. If c is a large enough positive constant then B(t) = 
a(t)-+c > a(t) is an upper solution and existence of a solution follows from Theorem 1.1. 


REMARK. Theorem 1.1 depends strongly on the ordering a < f. In case this ordering is 
not satisfied, the result does not hold as such. Consider for example the following problem. 


EXAMPLE 1.3. From Fredholm alternative, it is clear that the problem 
u’+u=sint, u(0)=u(2m), u’(0) =u’ (27) 

has no solution. However 
a(t)=1 and B(t)=—1 

are lower and upper solutions. 


REMARK. Another remark of the same type is that the result is no longer true if we allow 
for a angles with opening from below. This is the case in the following example. 


EXAMPLE 1.4. Consider the problem 
u"=1, u(—l1)=u(1), uw’(-1) =u'(). 


It has no solution although a(t) = t? — 1 is almost a lower solution (i.e., w(t) =2 > 1, 
o(—1) =a(1)), B(t) = 1 is an upper solution (6"(t) < 1, B(-1) = B(1), B(-1) = BI) 
and a(t) < A(t). Clearly, Theorem 1.1 does not apply here since D_a(1) > Dta(1) = 
D* a(—1) which means that @ is not a lower solution. 


In applications it is often useful to use the maximum of lower solutions and the minimum 
of upper solutions. Although it is probably true, it is not obvious with our definition that 
such functions are lower and upper solutions. However, we can prove the existence of 
solutions between such maximum and minimum. 


THEOREM 1.2. Leta; (i =1,...,n) be lower solutions and B; (j =1,...,m) be upper 
solutions of (1.1), a := max <j<n aj and B := min} <j<m Bj be such that a < B. Define E 
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from (1.2) and let f : E > R be an L'-Carathéodory function. Then the problem (1.1) has 
at least one solution u € W2"!(a, b) such that for all t € [a, b] 


a(t) <u(t) < P(t). 


PROOF. Consider the modified problem 


u"—u=f(t,u)—y(t,u), u(a)=u(b), u’(a)=u'(d), (1.6) 
where y(t, uw) is defined in (1.4) and 


mini <i<n f (t, max{a;(t), u}), ifu<a(t), 
fit,u) = f(t,u), if a(t) <u < B(t), 
maxi <j<m habs min{ B; (t), u}), if B(t) <u. 


First, we prove as in Theorem 1.1 that problem (1.6) has a solution. Let us show next that 
a(t) <u(t) < P(t) 


on [a,b]. Extend a and u by periodicity and assume by contradiction that min, (u(t) — 
a(t)) < 0. It follows that, for some fo andi € {1,...,}, we have min;(u(t) — a(t)) = 
u(to) — aj (to) = min; (u(t) — aj(t)) < 0. A contradiction follows now as in the proof of 
Theorem 1.1. Finally, u < 6 follows from the same argument. 


The next result concerns existence of minimal and maximal solutions between lower and 
upper solutions. 


THEOREM 1.3. Let a and B be lower and upper solutions of (1.1) such that a < B. De- 
fine E from (1.2) and let f : E> R satisfy an L'-Carathéodory condition. Then the prob- 
lem (1.1) has a minimal and a maximal solution in [a, 6], i.e., solutions umin and Umax 
such that 

a <Umin < Umax < B 
and any other solution u of (1.1) witha <u < B satisfies 

Umin < U S Umax. 
PROOF. Notice first that solutions of (1.1) are fixed points of the operator 


T :C(la, bl) > C({a, b}) 


defined by 


b 
(Tu)(t) = / G(t, s)[ f(s, u(s)) _ u(s)] ds, 
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where G(t, s) is the Green’s function of (1.5). Define then the set 
S={ul|u=Tu,a<u< Bp}. 


From Theorem 1.1, S 4. Further S is compact as T is completely continuous. Consider 
next the family of sets 


Fy = {we S|u <x}, 


where x € S. This family has the finite intersection property as follows from Theorem 1.2. 
Hence, it is known (see [60, Theorem 5.1]) that there exists 


Umin © () Fy, 


xeS 


which is a minimal solution. 
Similarly, we prove existence of a maximal solution. 


The structure of the set of solutions is richer if f is nondecreasing with respect to uw. In 
such a case, we have a continuum of solutions as follows from the following theorem. 


THEOREM 1.4. Assume the hypotheses of Theorem 1.3 hold and f is nondecreasing with 
respect to u. Then the set of solutions u of (1.1) with umin < u < Umax is such that for any 


to € La, b] and u* € [Umin(to), Umax (to)] there exists one of them with u(t) = u™. 


PROOF. Let to € [a, b] and u* be such that umin(to) < u* < Umax (to). Choose € > 0 large 
enough so that wmax — € < Umin + € and define 


a(t) = max{umin(t), Umax (t) — e}, Bit) = min{Umax(t), Umin(t) + e}. 


Observe that umax — € and Umin + € are respectively lower and upper solutions of (1.1). By 
Theorem 1.2, the problem (1.1) has a solution uw; such that, for all t € [a, b], 


Umin(t) < 1 (t) < Umin(t) + €, Umax(t) — € < ui (t) < Umax (t). 
In case u* € [Umin(to), U1 (to)] we define 

o2(t) =max{umin(t),wi(t)—€/2}, a(t) = min{u1 (0), umin(t) + €/2} 
and obtain from Theorem 1.2 a solution uz such that on [a, b] 

Umin(t) < u2(t) < Umin(t) + €/2, u(t) —€/2 < ur(t) uj (t). 


If u* € Ju, (to), Umax (to)], we proceed in a similar way. This defines a sequence of solutions 
(ux), that satisfies |uz(to) — u*| <€ ‘ve Next, from Arzela—Ascoli theorem, there is a 
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subsequence (uj,,)n such that, for some u € C([a, b]), ux, converges to u in C([a, b]). It 
follows then that u is a solution of (1.1). Further, we have u(to) = limp—oo ux, (to) = u*. 


Existence of a continuum of solutions depends strongly on the nondecreasingness of f. 
Such a continuum does not exist in the following example. 


EXAMPLE 1.5. Consider the problem 


ul! = uw = u, 


u(0)=u(T), u’(0) =u'(T). 


Notice first that a(t) = —2 and f(t) = 2 are lower and upper solutions. Also, it is straight- 
forward from a phase plane analysis that this problem has only two solutions, uw; = 0 and 
u2 = |, which are between a@ and f. 


Notice also that solutions between lower and upper solutions are not necessarily ordered 
as shown in the example that follows. 


EXAMPLE 1.6. The piecewise linear problem 


ul = min{u + 2,max{—u, u— 2h: 


u(0) =u(27), u’(0) =u' (27), 


is such that w;(t) = sint and u2(t) = — sint are nonordered solutions which lie between 
the lower solution a(t) = —3 and the upper one A(t) = 3. In this problem, it follows from 
the phase plane analysis that the minimal and maximal solutions are respectively umin(t) = 
—2 and umax(t) = 2. 


1.2. A priori bounds on the derivatives 
Consider the problem 
u" = f(t,u,u'), u(a)=u(b), u'(a) =u'(b). (17) 


Here the Nemitskii operator reads N(u) := f(-,u,u’) and therefore the fixed point prob- 
lem associated to (1.7) is defined now on C!({a, b]). Lower and upper solutions will give 
a priori bounds on uw. In order to apply the Schauder Fixed Point theorem or degree theory 
we shall also need a priori bounds on the derivative u’. In some cases, the special structure 
of the nonlinearity f gives this information. In others, this follows from a Nagumo con- 
dition. The following example shows that in any case some condition is necessary since 
the existence of solutions does not follow from the existence of ordered lower and upper 
solutions. 
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EXAMPLE 1.7. Consider the problem 
wu" =(14+w?)"(u— pi), u(0)=u(T), u'(0) =u'(T), (1.8) 


where p is a continuous function such that p(t) = 2 on [0,7/3[, p(t) € [—2,2] on 
[7 /3,2T /3[ and p(t) = —2 on [2T/3, T]. For such a problem we define lower and up- 
per solutions from Definitions 1.2 below. It follows that « = —3 is a lower solution and 
6 =3 an upper one. However, it can be proved using elementary methods that if T > 0 is 
large enough, (1.8) has no solution (see [33,50]). 


To illustrate how a priori bounds on the derivative can follow from the structure of the 
equation, consider the periodic problem for a Rayleigh equation 


u"+g(u’)+h(t,u)=0, u(a)=u(b), u’(a)=u' (db). (1.9) 


PROPOSITION 1.5. Let h:[a, b] x [—r,r] > R be a Carathéodory function such that for 
some ho € L*(a,b), for a.e. t € [a,b] and all u € [—r,r], we have |h(t, u)| < ho(t). Then 
there exists R > 0 such that for every function g € C(R), any solution u of (1.9) with 
Il lloo <r Satisfies ||u'\loo < R. 


PROOF. Define R := V/b—allhollz2 + 1 > 0. Let then g € C(R) be given and u be a 
solution of (1.9) with ||u|loo <r. Multiplying (1.9) by u” and integrating we obtain 


b 


b 
Ie" 2. =— / g(u'(t))u"(t) dt — i, h(t, u(t))u"(t) dt < [hol z2ilu lle. 


a 


Now it is easy to see that for some fo € [a, b], u’ (to) = 0 so that for all ¢ € [a, b] 


t 
i u’(s) ds 
to 


In case the equation does not have any special structure, a priori bounds on the derivative 
can still be obtained for nonlinearities which do not grow too quickly with respect to the 
derivative. For continuous functions, Nagumo conditions describe such a control. A typical 
result is the following. 


lu’ (t) |= <Vb—allholl;2 < R. 


PROPOSITION 1.6. Let E C [a,b] x [—r,r] x R and let @:R* > Ro be a continuous 
function that satisfies 


© sds 
[ 56) = +00. (1.10) 


Then there exists R > 0 such that for every continuous function f : E — R that satisfies 


V(it,u,v)eE, |f(t,u,v)| <@(lv) (1.11) 
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and every solution u of 
u” = f(t,u,u’) (1.12) 
such that \|u|loo <r, we have ||u' loo < R. 
REMARK. A function f : E > R is said to satisfy a Nagumo condition if (1.11) holds. 


PROOF. Define R > 0 to be such that 


R 
/ en (1.13) 
2r/(b—a) P(S) 


and let u be a solution of (1.12) such that (rt, u(t), u’(t)) € E on [a, b]. Observe that there 
exists t € [a, b] with |u'(t)| < 2r/(b — a). Assume now there exists an interval J = [fo, t1] 
(or [t1, to]) such that uw’ (to) = 2r/(b — a), u'(t1) = R and u’(t) € [2r/(b— a), R] on I. We 
have then 


i sds -{" u'(t)u'’(t) a=" u'(t) f(t, u(t), u'(0) my 
u(to) PS) Je GW) ~— Sig plu'(t)) 
< |u(t1) — u(to)| < 2r, 


which contradicts (1.13). 
In the same way, we prove that, for any t € [a, b], u'(t) > —R and the result follows. 


REMARKS. In the above proof we do not use the divergence of the integral in (1.10) but 
rather the fact that for some R > 0, 


i sds 
—— > 2r. 
2 G(s) 


er 


In case y(s) = 1 +5”, condition (1.10) implies that p < 2. However this condition still 
holds if g(s) = s* In(s* + 1) +1. 


A fundamental generalization of this result concerns one-sided Nagumo conditions. This 
applies to problems where some a priori bound on the derivative of solutions is known at 
the points a and b. For the periodic problem we can extend the solution by periodicity and 
consider an interval [a,a + b — a] so that u’(a) = u'(a+b—a)=0. 


PROPOSITION 1.7. Let E C [a,b] x [—r,r] x R, k > 0 and let @: R+ — Rg be a contin- 
uous function that satisfies (1.10). Then there exists R > 0 such that for every continuous 


function f : E > R that satisfies 


V(it,u,v)eE, f(t,u,v) <G(|vI) (1.14) 
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and for every solution u of (1.12) on [a, b] such that ||u\loo <r, ul (@) < k and u'(b) > —k, 
we have ||u'|loo < R. 


PROOF. The proof follows the argument of the proof of Proposition 1.6. 
REMARK. Condition (1.14) is called a one-sided Nagumo condition. 


The above result still holds for other such conditions. We can consider any of the fol- 
lowing: 

(a) f(t,u, v) > —G(\v]) for all (t, u, v) € E, u!(@) > —k and u'(b) <k; 

(b) sgn(v) f(t, u, v) < G(|v|) for all (t, u, v) € E and |u'(a)| <k; 

(c) sgn(v) f(t, u, v) > —@(|v|) for all (t, u, v) € E and |u'(b)| <k. 
Such assumptions apply for problems of the type 


u’+(2+sint)(u')" +h(t,u)=0, u(a)=u(b), u’(a)=u'(b), 


with m > 0. 

The Nagumo condition implies the function f at hand is L°°-Carathéodory. Hence this 
condition has to be extended so as to deal with L?-Carathéodory functions which are not 
L°®-Carathéodory. 


PROPOSITION 1.8. Let E C [a,b] x [—n.r] x R, p, g € [1,0] with 1+ 7 = 1 and 


S P 
w € L? (a,b). Let also ¢@:Rt > Ro be a continuous function that satisfies 
+00 si/@ 
/ — ds = +00. (1.15) 
ACD) 


Then, there exists R > 0 so that for every Carathéodory function f : E — R such that 


for a.e. t € [a, b] and all (u, v) € R’, with (t,u,v) € E, 


ss (1.16) 
|f@.u v)| <¥OS(ll), 
and for every solution u of (1.12) such that ||u|loo <r, we have 


Ilu"lloo < R. 


PROOF. Define R > 0 to be such that 


R sl/a 7 
if —— ds > |W llz»(2r)'/4. 
2r/(b—a) PS) 


Let wu be a solution of (1.12) and t € [a, b] be such that u’(t) > R. We can choose, as in the 
proof of Proposition 1.6, to < f) (or to > t) such that u’ (to) = 2r/(b — a), u'(t1) = R and 
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u'(t) € [2r/(b — a), R] on [to, 1] (or [t1, to]). Next, we write 
u(t) l/q 1 y!)/4 (tu (t 
[a my galas 
u(to) PCS) to plu'(t)) 


-[" (u’)'/4(t) f (t, u(t), w’(t)) 
> ig plu’ (t)) 


dt 


1/q 


< < [elle 


t 
/ POW) !/4(0) at 
i) 


ty 
/ u’(t) dt 
i) 


We obtain a contradiction and deduce that u’(t) < R on [a, b]. In the same way we prove 
that u’(t) > —R on [a, b]. 


< Wize (2r)'/4. 


Assumption (1.16) is a Nagumo condition. Similar one-sided conditions can also be 
worked out for the Carathéodory case. 


PROPOSITION 1.9. Let E C [a,b] x[—r,r] xR, k > 0, p,q €[1, 0] with a+ 7 = 1 and 


W € L? (a,b). Let also ¢:R+ > Ro be a continuous function that satisfies (1.15). Then, 
there exists R > 0 so that for every L?-Carathéodory function f : E — R such that 


for ae. t € [a,b] and all (u,v) € R?, with (t,u,v) € E, 
“ (1.17) 
f(t,u,v) <WM¢(vl), 
and for every solution u of (1.12) such that \u\loo <r, ul! (@) < k and u'(b) > —k, we have 


Ilu'lloo < R. 


PROOF. The proof follows the line of the proof of Proposition 1.8. 


REMARK. Similar results hold for the other one-sided Nagumo conditions as in the remark 
following Proposition 1.7. 
1.3. Derivative dependent periodic problems 


Definitions of lower and upper solutions for the periodic problem (1.7) are straightforward 
extensions of Definitions 1.1. 


DEFINITIONS 1.2. A function aw € C({a, b]) such that wa(a) = a(b) is a lower solution 
of (1.7) if its periodic extension on R is such that for any fo € R either D_a(to) < Dt a(to), 
or there exists an open interval Jy such that to € Ip, a € W7'! (I) and, for a.e. t € Io, 


a(t) > f(t,a(1), a’). 
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A function 6 € C([a, b]) such that B(a) = B(b) is an upper solution of (1.7) if its peri- 
odic extension on R is such that for any to € R either D™ B(to) > D+ (to), or there exists 
an open interval Jo such that fo € Ip, BE W2-! (Jo) and, for a.e. t € Ip, 


B'O) < f(t, BO, BO). 
As a first result we consider periodic solutions of the Rayleigh equation. 


THEOREM 1.10. Leta, 6 € C([a, b]) be lower and upper solutions of the problem (1.9) 
such that a < B. Let E be defined by (1.2), g € C(R) and let h: E > R be an L?- 
Carathéodory function. Then problem (1.9) has at least one solution u € W*?(a,b) such 
that for all t € [a, b] 


a(t) <u(t) < Be). 
PROOF. Consider the family of modified problems 


u" —C(thu=—[Agw') + A(t, y(t.) +COvC, w], Gis 
u(a)=u(b), u'(a) =u’), 
where y(t, u) is defined from (1.4), C € L'(a, b) is chosen such that C(t) > |g(0)| + 1+ 
|A(t, u)| for (t,u) € E anda € (0, 1]. 
Claim 1. Define p = max{||a@|loo, ||Blloo} + 1. Then every solution u of (1.18) satisfies 
lu lloo < po. Let us assume on the contrary that for some fo € R 


minu(t) = u(to) < —p. 


Hence u’ (to) = 0 and we compute for tf > fo close enough to fo 


t 
w= | u'(s) ds 


to 


t 
< / [C(s)(u(s) _ a(s)) —hg (u'(s)) _ h(s, a(s)) | ds 
t 


0 
t 
= -| [C(s) —|g(u'(s))| —A(s, e(s))] ds < 0. 
i) 


This proves that u(to) is not a minimum of u which is a contradiction. A similar argument 
holds to prove that u < p. 

Claim 2. There exists R > 0 such that every solution u of (1.18) with ||u|loo < p satisfies 
||’ loo < R. The proof follows the argument in Proposition 1.5. 

Claim 3. There exists a solution u of (1.18) with X = 1. Define the operator 
T,,:C' (la, b]) > C!({a, b]) by 


b 
Ty (u) = -| Git, s)[Ag(u'(s)) + h(s, v(s, u(s))) + C(s)y (s, u(s)) ] ds, 


a 
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where G(t, s) is the Green’s function of 


wu" —C(thu=f(), 
u(a) =u(b), u'(a) =u'(b). 

Observe that there exists Ro > 0 such that Ty(C! ([a, b])) c B(O, Ro). Hence, 
deg(I — To, B(0, Ro)) = 1 


and by the properties of the degree, we prove easily that (1.18) with 4 = 1 has a solution. 
Claim 4. The solution u of (1.18) with 4 = 1 is such that a(t) < u(t) < B(t) on [a, bd]. 
Extend a and u by periodicity. Let to € [a, b[ be such that 


u(to) — a(to) = min(u(t) _ a(t)) <0. 


From the definition of lower solution there exists an open interval Jp such that fo € Io, 
a € W2-! (Io) and, for a.e. t € Ip, 


a(t) + g(a’(t)) + A(t, a(t) > 0. 


Further, for t > to near enough fo, we compute 


t 
u(t) — a(t) = i (u"(s) — a""(s)) ds 


1 


t 
< iE [¢(a’(s)) — g(u'(s)) + C(s)(u(s) — a(s)) | ds < 0, 
10 
which follows as g(a’(s)) — g(u’(s)) is small and C(s)(a@(s) — u(s)) > a(s) — u(s) > k 
for some k > 0. This contradicts the minimality of u — a at fo. 

In a similar way we prove that u < f. Hence uw is also a solution of (1.18). 


A similar result is easy to work out for the general problem (1.7) in case a one-sided 
Nagumo condition is satisfied. Here we work the case of a continuous function f. The key 
of the proof of this generalization is to use an appropriate modified problem. 


THEOREM 1.11. Leta, B € C((a, b]) be lower and upper solutions of the problem (1.7) 
such that a < B. Let 


E={(t,u,v) € [a,b] x R? |a(t) <u< pw}, (1.19) 
go: Rt > R be a positive continuous function satisfying (1.10) and f : E > R a continu- 
ous function which satisfies the one-sided Nagumo condition (1.14) (with @ = 9). Then the 


problem (1.7) has at least one solution u € C?({a, b]) such that for all t € [a, b] 


a(t) <u(t) < P(t). 
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PROOF. Consider the modified problem 


uw" =Af(t, v(t), u') + 9(|u'l)(u—Aav(t,w), 


(1.20) 
u(a) =u(b), u'(a)=u'(b), 
where y(t, u) is defined by (1.4). Choose r > 0 such that 


—r<a(t) < Bt) <r, 
f(t, a(t), 0) + 9()(—r — a(t)) <0, 
f(t, BO), 0) + pO)(r — BD) > 0. 


Claim 1. Every solution u of (1.20) with 2 € [0, 1] is such that —r < u(t) <r. Assume 
there exists to such that u(to) = min; u(t) < —r. This leads to a contradiction since then 


0 <u" (to) = AL f (to, e(t0), 0) + 9(0)(u(t) — a(t0))] + UC — AGO)uCto) <0. 
Similarly, we prove that u(t) <r. 

Claim 2. There exists R > 0 such that every solution u of (1.20) with Xd € [0, 1] satisfies 
\|u’ |loo < R. The claim follows choosing R > 0 from Proposition 1.7, where @(v) = (1 + 
2r)g(v), k = 0 and a is such that u’(a) =u/ (a+b —a)=0. 

Claim 3. Existence of solutions of (1.20) for 4 = 1. Let us define the operators 

L:DomL cc! ([a, b]) > C([a, b]):u—> uw" —u, 
N,:C'([a, b]) > C(la, b]):u > Af (t, yt, uw), u’) + e(lu'l)(u— Av, u)) — 


where Dom L = {u € C?({a, b]) | u(a) = u(b), u’ (a) = u'(b)}. Observe that L has a com- 
pact inverse. Hence, we can define the completely continuous operator 


Tu) = L~'N,(u). 
From degree theory, we have that 
deg(To, 2) = deg(T), 2), 
where 
Q={u €C!({a, b]) | |lUlloo <r |Iut"lloo < R}. 
Using the Odd Mapping theorem (see [69]), we compute that 
deg(To, 2) #0 


and the problem (1.20) with A = | has a solution wu. 
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Claim 4. The solution u of (1.20) with X = 1 is such that a <u < B. This claim fol- 
lows as the corresponding argument in the proof of Theorem 1.10. As a consequence, u 
satisfies (1.7). 


The following theorem considers the case of L?-Carathéodory nonlinearities. 


THEOREM 1.12. Let a and B € C({a, b]) be lower and upper solutions of (1.7) such 
that a < B. Define A C [a, b] (respectively B C [a, b]) to be the set of points where a 
(respectively B) is differentiable. Let p, q € [1,00] with ; + ; =1, we L?(a,b) and 
yg €C(R*, Rj) be such that (1.15) holds (with 9 = 9). Let E be defined from (1.19) and 
suppose f :E — R is an L?-Carathéodory function that satisfies the one-sided Nagumo 
condition (1.17) (with @ = gy and w = w). Assume there exists N € L'(a,b), N > 0, such 
that for a.e. t € A (respectively for a.e. t € B) 


f(t, a(t), a (t)) >—N(t) (respectively iG B(t), B'(t)) < N(t)). (1.21) 
Then the problem (1.7) has at least one solution u € WP (a,b) such that for all t € [a, b] 
a(t) < u(t) < B(t). 


PROOF. The proof proceeds in several steps. 
Step 1. The modified problem. Let R > 0 be large enough so that 


R gl /q P ifs 
D t)- t 3 
[42> tlie (max 8 ~ mina) 


Increasing N if necessary, we can assume N(t) > | f(t, u, v)| ift € [a, b],a(t) <u < Bt) 
and |v| < R. Define then 


Ff (t,u, v) =max{min{ f(t, y(t,u), v), NO}, -NO}, 
or (t, 8) = xa(t) max] f(t, (7), 0/(0) +) — f(t, a(t), a’ (t)) 


’ 


or(t, 8) = xa) max| f(r, BO), BO +») — F468, BO), 
v ae 
where y is defined from (1.4), x4 and xg are the characteristic functions of the sets A 
and B. It is clear that w; are L'!-Carathéodory functions, nondecreasing in 6, such that 
aj (t, 0) = 0 and |a,;(t, 5)| < 2N (ft). 
We consider now the modified problem 


u"—u= f(t,u,u’')—aolt,u), u(a)=u(bd), u'(a)=u'(b), (1.22) 
where 


A(t) —on(t,u— AW), ifu> BO, 
w(t,u) = 4 U, ifa(t) <u < BCA), 
a(t) +a, (t, a(t) — u), ifu < a(t). 
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Step 2. Existence of a solution of (1.22). This claim follows from Schauder’s theorem. 
Step 3. The solution u of (1.22) is such that a <u < B. Let us assume on the contrary 


that for some tog € R 


min(u(r) _ a(t)) = u(to) — a(to) < 0. 


Then, as in Theorem 1.1, there exists an open interval Jp with to € Ip, a € w2! (Jo) and, 
for a.e. t € Ip 


a(t) > f(t, a(t), a(t). 
Further uw’ (to) — a’ (to) = 0 and for t > fo near enough fo 
|u’(t) — a (t)| < a(t) — u(t). 


As a is nondecreasing and f(t, a(t), a/(t)) < f(t, a(t), a(t), 


t 


u'(t) — a’ (t) = / (u"(s) _ a” (s)) ds 
i) 


t 
< | LFls.e0).0'() = Flo.a).0"6)) 
i) 
+u(s) —a(s) — @ (s a(s) — u(s)) | ds <0. 
This proves u(to) — @(to) is not a minimum of u — a which is a contradiction. 
A similar argument holds to prove u < B. 
Step 4. The solution u of (1.22) is such that ||u'\loo < R. Observe that, for all 
(t,u,v)EE, 
max{min{ f(t,u,v), N(t)}, -N(@)} < wv (@e(lvl). 


From Proposition 1.9, every solution u € [a@, 8] of (1.22) satisfies 


Ilu'lloo < R. 


Hence | f(t, u(t), u’(t))| < N(f) and the function u is a solution of (1.7). 


REMARK. Notice that the condition (1.21) is satisfied in case f does not depend on uv’ or 
ifa, Be W! (a,b). 


EXAMPLE 1.8. Existence of a solution to problem 


u" = alu ute u(0) =u(1), u’(0) =u'(1), 
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where | < a < 3/2, follows from Theorem 1.12. Notice that here Theorem 1.11 does not 
apply. 
1.4. Derivative dependent Dirichlet problem 
Dirichlet boundary value problems 

u" = f(t,u,u’), u(a)=0, u(b) =0, (1.23) 


can be studied in a similar way. To this end, we adapt accordingly the definitions of lower 
and upper solutions. 


DEFINITIONS 1.3. A function w € C([a, b]) is a lower solution of (1.23) if 
(a) for any fo € Ja, b[, either D_a(to) < Dt a(to), or there exists an open interval Ig C 
Ja, b[ such that to € Ip, «@ € W7:! (Io) and, for a.e. t € Io, 


a(t) > f(t,a), a’); 
(b) a(a) < 0, a(b) < 0. 
A function 6 € C([a, b]) is an upper solution of (1.23) if 


(a) for any fo € Ja, b[, either D™ B(to) > D+ B(to), or there exists an open interval Ig C 
Ja, b[ such that to € Io, B € W*' (I) and, for a.e. t € Io, 


B'(O) < F(t, BO, BO); 
(b) B(a) 20, B(b) 2 0. 
A typical result is then the following. 
THEOREM 1.13. Assume a and B € C({a,b]) are lower and upper solutions of prob- 


lem (1.23) such that a < B. Define A C [a,b] (respectively B C [a,b]) to be the set 
of points where a (respectively B) is derivable. Let p, q € [1,00] with + + 7 = 1, 


QE C(R*, RG) and w € LP(a,b) be such that (1.15) holds (with 9 = @). Let E be de- 
fined in (1.19) and suppose f : E > R is an L?-Carathéodory function that satisfies the 
Nagumo condition (1.16) (with @ = y and yy =). Assume there exists N € L'(a,b), 
N > 0 such that, for a.e. t € A (respectively for a.e. t € B), 


f(t,a(t),a'(t)) >—N(t) (respectively f(t, B(t), B'(t)) < N@). 
Then the problem (1.23) has at least one solution u € W:P (a, b) such that for all t € [a, b] 


a(t) <u(t) < P(t). 
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PRooF. The proof of this result follows the lines of the proof of Theorem 1.12 and is left 
to the reader as an exercise. 


Notice that a similar result using one-sided Nagumo conditions can be worked out pro- 
vided some a priori bound on the derivative of solutions is known at the points a and b 
(see Proposition 1.7). These a priori bounds are valid, for example, in case the lower or the 
upper solution satisfies the boundary conditions. 

1.5. A derivative independent Dirichlet problem 
Dirichlet boundary value problems 


u’ = f(t,u), u(a)=0, u(b)=0, (1.24) 


can be studied for more general nonlinearities than L!-Carathéodory functions. For exam- 
ple, the problem 


t(1—nu”=1, u(0)=0, u(1)=0, 


has the solution u(t) =f Int + (1 —t) In(1 — 1) which is in Co({0, 1]) NW, 0, 1D but not 
even in C!({0, 1]). This generalizes to the linear problem 


u”=h(t), u(a)=0, u(b) =0. (1.25) 
In case 

he A:={h|(s—a)(b—s)h(s) € L'(a,b)}, 
problem (1.25) has one and only one solution in 

WA (a,b) := {ue W' (a,b) | u"” € A} CC([a,b]) NC! (la, bl), 


which reads 
b 
u(t) = / G(t, s)h(s) ds, 
a 
where G(t, s) is the corresponding Green’s function. Further, we have 


1 
< lhl, 
Iltlloo | IA 
where ||/||_4 = Ls —a)(b—s)|h(s)| ds (see [53,33]). 
In order to deal with nonlinear problems, we consider A-Carathéodory functions 
f:£ C [a,b] x R > R. These are Carathéodory functions such that for any r > 0 
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there exists h € A so that for a.e. t € [a, b] and all u € R with (t,u) € E and |u| <r, 
|f(t,w)| < h(t). 


Notice that if g: IR — R is continuous, the function 


glu) 
t(1—f) 


f(t,w)= 


is an A-Carathéodory function. Observe also that L'(a,b) C A, so that this definition 
generalizes the classical L'-Carathéodory conditions on f. 
We can now state the main result for (1.24). 


THEOREM 1.14. Assume that a and B are lower and upper solutions of (1.24) such that 
a < B. Let E be defined from (1.2) and f : E > R be an A-Carathéodory function. Then 
the problem (1.24) has at least one solution u € w2 (a, b) such that for allt € [a, b] 


a(t) <u(t) < Bt). 
PROOF. We consider the modified problem 

uu" —u= f(t, y(t, u)) —y(t,u), u(a)=0, u(b)=0, (1.26) 
where y is defined by (1.4). 


Claim 1. The problem (1.26) has at least one solution u € w2 (a, b). Define the oper- 
ator T :C([a, b]) > C({a, b]) given by 


b 
(Tu)(t) = i, G(t, s)[ f(s, y(s, u(s))) - y(s, u(s))] ds, 
where G(t, s) is the Green’s function associated with 
u”—u=f(t), u(a)=0, u(b)=0. 


We can prove that JT is completely continuous and bounded (see [53,33]). Hence by 
Schauder Fixed Point theorem, T has a fixed point u which is a solution of (1.26) 
in W2-A (a,b). 
Claim 2. Any solution u of (1.26) satisfies a <u < B. Observe first that w(a) < u(a) < 
B(a) and a(b) < u(b) < B(b). Next, we argue as in Theorem 1.1 to obtain the result. 
Conclusion. From Claim 2, the function u, solution of (1.26), solves (1.24). 


In the definition of A-Carathéodory functions, the condition h € A is used to insure 


b 
<+oo and i h(s) ds € L\(a,b). 


b 
/ G(-,s)h(s) ds es 
ot 


a 


ee) 
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EXAMPLE 1.9. Consider the boundary value problem 
” 1/2 1 
u + |u| Sad u(0)=0, u(a) = 0. 


It is easy to see that B(t) = 0 is an upper solution and a(t) = tIn Lt — tis a lower solution. 
Hence we have a solution u such that for all ¢ € [0, 7] 


t 
tin——t<u(t) <0. 
as 


Notice that, in this example, the function f(t, w) is not L!-Carathéodory. 


If we want more regularity, we need more restrictive conditions on f. For example, we 
have the following theorem. 


THEOREM 1.15. Assume that « and B are lower and upper solutions of (1.24) such that 
a < Bp. Let E be defined from (1.2) and let f : E > R satisfy a Carathéodory condition. 
Assume that there exists a measurable function h such that p (s — a)h(s) ds < 06 and for 
a.e.t €[a, b] and allu € R with (t,u) € E, 

|Ft,w)| <a. 


Then the problem (1.24) has at least one solution u € w2A(a, b) NC! (Ja, b]) such that for 
allt € [a, b] 


a(t) <u(t) < BC). 
PROOF. Existence of a solution u € w2Aca, b) follows from Theorem 1.14. Further 
b 
u(t) = / G(t, Shes u(s)) ds, 
a 


where G(t, 5) is the Green’s function corresponding to (1.25). It is now standard to see that 
u€C! (Ja, b)). 


1.6. Historical and bibliographical notes 
The method of lower and upper solutions applied to boundary value problems is due to 
Scorza Dragoni in 1931. In a first paper [94], this author considers the boundary value 


problem 


yu’ = f(t,u,w’), u(a) = A, u(b) = B, 
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where f is bounded for u in bounded sets. The basic assumption is the existence of func- 
tions a, B € C?({a, b]) such that 


a” = f(t,a,a’), ala 


A, a(b) < B, 
B'= ft. BB), Bla 2B 


A, B(b) 2 B. 
The same year [95], he improves his result assuming that the functions a and 8 satisfy 
differential inequalities. In these papers, the method of proof already uses an auxiliary 
problem, modified for u ¢ [a(t), B(t)], whose solution is proved, from a maximum princi- 
ple type argument, to be such that a < u < B. The basic ideas are already set. 

The introduction of angles in lower and upper solutions has been used by Picard [80] 
in 1893. This idea was rediscovered by Nagumo [74] in 1954 who worked with maximum 
of lower solutions. A first order condition, similar to D_a(to) < Dta(to), was used by 
Knobloch [64] in 1963. 

In 1938, Scorza Dragoni [96,97] already considers L!-Carathéodory functions f. Such 
an assumption is also made by Epheser [40] in 1955. More recently, we can quote Jack- 
son [58], Kiguradze [62] (see also [63]), Gudkov and Lepin [46], Habets and Laloy [47], 
Hess [55] (see also Stampacchia [99]), Fabry and Habets [41], Adje [1], Habets and 
Sanchez [51], De Coster and Habets [31,32]. These papers present a variety of definitions 
of lower and upper solutions which are strongly related and there is no obvious reason to 
choose one rather than the other. Our choice, Definitions 1.1 and 1.2 (see [29,31,32]), tends 
to be general enough for applications and simple enough to model the geometric intuition 
built into the concept. 

Theorems 1.1 and 1.2 are variants of the basic results of the theory. This last result can 
be found in [35] for the parabolic problem. 

Theorem 1.3 deals with extremal solutions. Existence of extremal solutions for the 
Cauchy problem associated with first order ODEs were already studied by Peano [77] 
in 1885 and Perron [78] in 1915. Using a monotonicity assumption, Sato [89] worked 
in 1954 elliptic PDEs in relation with lower and upper solutions. The monotonicity as- 
sumption was deleted in 1960 for parabolic problems by Mlak [71] and in 1961 for elliptic 
PDEs by Ak6 [2]. The proof used here is inspired by the recent paper of Angel Cid [22]. 
For a classical proof, we refer to Ak6 [2] or Schmitt [92] in case of C?-solutions. Such 
proofs use maxima of lower solutions and minima of upper ones as in Theorem 1.2. 

As far as the structure of the solution set is concerned, 1.e., Theorem 1.4, we refer to [90] 
and [2]. 

A priori bounds on the derivative of solutions were already worked out by Bernstein [11] 
in 1904. Nagumo [73], in 1937, generalized these ideas introducing the so-called Nagumo 
condition which is both simple and very general. This is why it has been widely used since 
then. Basically, it is our Proposition 1.6. In 1967, Kiguradze [61] (see also Epheser [40] 
in 1955) observed that, for some boundary value problems, the Nagumo condition can be 
restricted to be one-sided conditions. Proposition 1.7 introduced such a condition. In the 
same paper, Kiguradze extended the Nagumo condition so as to deal with W*!-solutions as 
we did in Propositions 1.8 and 1.9. It seems that we have to wait for Knobloch [64] in 1963 
to consider the periodic problem. In 1954, Nagumo [74] pointed out that the existence of 
well ordered lower and upper solutions is not sufficient to ensure existence of solutions of 
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a Dirichlet problem. Example 1.5 presented here for the periodic problem is adapted from 
Habets and Pouso [50]. 

Theorem 1.10 extends a result of Habets and Torres [52] avoiding the assumption a, 
B € W!-©(a, b). Theorem 1.11 is due to Mawhin [70] and Theorem 1.12 is the counterpart 
for the periodic problem of a result of De Coster [28]. 

Rosenblatt [88] already noticed in 1933 that Dirichlet problems can be studied for more 
singular nonlinearities than L?-Carathéodory functions. In 1953, Prodi [86] used lower 
and upper solutions for such singular problems. Theorems 1.14 and 1.15 follow Habets 
and Zanolin [53] and [54], where the Dirichlet boundary value problem is investigated 
with another definition of lower and upper solutions. 


2. Relation with degree theory 
2.1. The periodic problem 
In order to use degree theory, we need to reinforce the notion of lower and upper solution. 
DEFINITIONS 2.1. A lower solution a of 
u"= f(t,u,w’), u(a)=u(b), u'(a) =u'(d), (2.1) 

is said to be a strict lower solution if every solution u of (2.1) with u >a is such that 
u(t) > a(t) on [a, Dd]. 

Similarly, an upper solution 6 of (2.1) is said to be a strict upper solution if every 


solution u of (2.1) with u < 6 is such that u(t) < B(t) on [a, b]. 


The classical way to obtain lower and upper solutions in the case of a continuous func- 
tion f is described in the following propositions. 


PROPOSITION 2.1. Let f :[a,b] x R* > R be continuous and a € C*({a, b]) be such that 
(a) for allt €[a, b], w(t) > f(t, a(t), a(t); 
(b) a(a) =a(b), a'(a) > a'(b). 

Then a is a strict lower solution of (2.1). 

PROOF. Let u be a solution of (2.1) such that u > a and assume, by contradiction, that 


min(u(t) — a(t)) = u(to) — a(to) = 0. 


We have u’ (to) — a’ (to) = 0; in case to =a or b, this follows from assumption (b). Hence, 
we obtain the contradiction 


0 <u" (to) — a" (to) = f (to, w(to), a’ (to)) — a” (to) < 0. 


Using the same argument we obtain the corresponding result for upper solutions. 
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PROPOSITION 2.2. Let f :[a,b] x R? > R be continuous and B € C?([a, b]) be such that 
(a) for allt € [a,b], B'(t) < f(t, BM), BO); 
(b) B(a) = B(b), B'(a) < B'(b). 

Then B is a strict upper solution of (2.1). 


If f is not continuous but L!-Carathéodory, these last results do not hold anymore. Even 
the stronger condition 


forae.té€[a,b], a(t) > f(t,at),a"(@)) +1 


does not prevent solutions u of (2.1) to be tangent to the curve u = a(t) from above. This 
is, for example, the case for the bounded function 


—l, u<-l, 
— u2+sint : 
ft,w = Sig errr —-Il<ucsint, 
—sint, sint <u, 
if we consider a(t) = —1, u(t) = sint, a= 0 and b = 27. This remark motivates the 


following proposition. 


PROPOSITION 2.3. Let f :[a,b] x R? > R be an L!-Carathéodory function. Let a € 
C([a, b]) be such that a(a) = a(b) and consider its periodic extension on R. Assume that 
a is not a solution of (2.1) and for any to € R, either 
(a) D_a(to) < Dt a(tg) or 
(b) there exist an open interval Ig and an €9 > 0 such that to € Ip, a € W2! (I) and for 
a.e.t € Io, allu € [a(t), a(t) + eg] and all v € [a’ (t) — €0, a(t) + €0], 


a(t) > f(t, u,v). 
Then a is a strict lower solution of (2.1). 
PROOF. The function @ is a lower solution since clearly it satisfies Definition 1.2. Let u 
be a solution of (2.1) such that u >a. As q@ is not a solution, there exists t* such that 
u(t*) > a(t*). Extend u and @ by periodicity and assume, by contradiction, that 

to = inf{t > t* | u(t) =a(t)} 
exists. As @ — u is maximum at fg, we have D_a:(tg) — u' (to) > Dt a(to) — u' (to). Hence, 
assumption (b) applies. This implies that a’ (to) — u’(to) = 0 and there exist Jp and <9 > 0 
according to (b). It follows we can choose ft; € Jp with ft, < to such that a’ (t)) — u'(t,) > 0 


and for every ft € Jf, tol 


u(t)<a(t)+eo,  |a’(t)—u'(t)| <e0. 
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Hence, for almost every ft € ]f1, fo[, we can write 
a(t) > f(t.u(t).u'@), 


which leads to the contradiction 


to 
0 > (a’ —u')(to) — (a — u’)(t) = if [a (t) _ f(t, u(t), u'(t))| dt >0. 


t 


In the same way we can prove the following result on strict upper solutions. 


PROPOSITION 2.4. Let f :[a,b] x R? > R be an L'-Carathéodory function. Let B € 
C([a, b]) be such that B(a) = B(b) and consider its periodic extension on R. Assume that 
B is not a solution of (2.1) and for any to € R, either 
(a) D™ B(to) > DB (to) or 
(b) there exist an open interval Ip and an €9 > 0 such that to € Ip, B € W! (Ip) and for 
ae.t € Io, allu €[B(t) — «0, B(t)] and all v € [B'(t) — €&, B’(t) +0], 


B'(t) < ft, u,v). 
Then B is a strict upper solution of (2.1). 


REMARK. Notice that Propositions 2.3 and 2.4 apply with nonstrict inequalities a” (t) > 
f(t, a(t), w(t) and B’(t) < f(t, Bt), B’(D). Hence, even if f is continuous, these propo- 
sitions generalize Propositions 2.1 and 2.2. 


The relation between degree theory and lower and upper solutions is described in the 
following result which completes Theorem 1.12. 


THEOREM 2.5. Let a and B € C({a, b]) be strict lower and upper solutions of (2.1) such 
that a < B. Define A C [a, b] (respectively B C [a, b]) to be the set of points where a 
(respectively B) is differentiable. Let p, q € [1, co] with ‘ + 7 =1, py € L?(a,b) and 
g €C(R*, Rj) be such that (1.15) holds (with 9 = y). Let E be defined from (1.19) and 
suppose f :E — R is an L?-Carathéodory function that satisfies the one-sided Nagumo 
condition (1.17) (with @ = y and Wy =). Assume there exists N € L'(a,b), N > 0, such 
that for a.e. t € A (respectively for a.e. t € B) (1.21) is satisfied. Then 


deg(I — T, 2)=1, (2.2) 


where T :C!([a, b]) > C!({a, b]) is defined by 


b 
(Tu)(t):= / G(t, s)[ f(s, u(s), u'(s)) _ u(s)] ds, (2.3) 
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G(t, s) is the Green’s function corresponding to (1.5) and Q is given by 


2 ={ueC!([a, b]) | Ve € [a,b], a(t) < ut) < BO), 


u'(t)| < R}, (2.4) 


with R > 0 large enough. In particular, the problem (2.1) has at least one solution u € 
WP (a, b) such that for all t € [a, b] 


a(t) <u(t) < Bit). 


PROOF. Define R > 0 as in the proof of Theorem 1.12 and consider the modified prob- 
lem (1.22). This problem is equivalent to the fixed point problem 


u=Tu, 


where T :C!({a, b]) > C!\({a, b]) is defined by 
b 
(Tu)(t) = / G(t, s)[ f(s, y(s, u(s)), u'(s)) — w(s, u(s))] ds. 


Observe that fr is completely continuous. Further there exists R large enough so that 2 C 
B(O, R) and T(C! ({a, b])) C B(O, R). Hence we have, by the properties of the degree, 


deg(I —T, B(O, R)) =1. 

We know that every fixed point of T is a solution of (1.22). Arguing as in the proof of 
Theorem 1.12, we see that a < u < B and ||u'||oo < R. As a and f are strict, a <u < B. 
Hence, every fixed point of T is in §2 and by the excision property we obtain 

deg(I — T, 2) = deg(I — T, 2) = deg(I —T, B(O, R)) = 1. 


Existence of a solution u such that for all t € [a, b], 


a(t) <u(t) < Bt) 


follows now from the properties of the degree. 


In case we consider a derivative independent problem 
u" = f(t,u), u(a)=u(b), u'(a) =u'(d), (2.5) 
we can simplify this theorem defining T on C([a, b]) rather than on C l({a, b]). 
THEOREM 2.6. Leta and B € C((a, b]) be strict lower and upper solutions of (2.5) such 
that a < B. Let E be defined from (1.2) and suppose f : E — R is an L'-Carathéodory 


function. Then 


deg —T, 2) =1, 
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where T :C([a, b]) > C({a, b)) is defined by 


b 
(Tu)(t) = G(t, s)[ f(s, u(s)) _ u(s)] ds, 


a 


G(t, s) is the Green’s function corresponding to (1.5) and Q is given by 
Q= {u € C([a, b]) | Vt € [a,b], a(t) < u(t) < Bi(t)}. 


In particular, the problem (2.5) has at least one solution u € W*!(a, b) such that for all 
t¢[a,b] 


a(t) < u(t) < B(t). 


The proof of this theorem repeats the argument used in the proof of Theorem 2.5. 

These theorems can be used to obtain multiplicity results. We present here such a the- 
orem where, for simplicity, we assume the nonlinearity not to depend on the derivative. 
Such a restriction is by no means essential. 


THEOREM 2.7 (The Three Solutions theorem). Let a1, 6, and az, B2 € C([a, b]) be two 
pairs of lower and upper solutions of (2.5) such that for all t € [a, b], 


a(t) < Bi), a2 (t) < Bott), a(t) < Bo(t) 
and for some to € [a, b], 
a2 (to) > Bi (to). 


Assume further B, and a2 are strict upper and lower solutions. Let E be defined 
from (1.2) (with a = min{a, a2} and B = max{B}, B2}) and suppose f : E > R is an L!- 
Carathéodory function. Then, the problem (2.5) has at least three solutions u,,u2, U3 € 
W*! (a, b) such that for all t € [a, b], 


ay(t) <ui(t) < Bi(t), a2(t) <u2(t) < B2(t), u(t) <u3(t) < u2(t) 
and for some ty, ty € {a, b], 

u3(t1) > Bi(t1), U3(t2) < a2 (t2). 
PROOF. Consider the modified problem 

uw" —u=f(.vtw)—y@wu), ula) =u(b), w'(a) =u'(), (2.6) 


where y(t, w) = max{min{f2(t), u}, a1 (t)}. Let us choose k so that 6; < 62 +k and a; — 
k < a2, and define T :C([a, b]) > C([a, b]) by 


b 
(Tu)(t) -| G(t, s)[ f(s, y(s, u(s))) _ y(s, u(s))] ds, 
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where G(t, 5) is the Green’s function corresponding to (1.5). 
Step 1. Computation of dU — T, §21,1), where 


21,1 = {u €C([a, b]) | Wt € [a,b], a(t) —k < u(t) < Bi}. 
Define the alternative modified problem 

u”—u=f(t,u)—P(t,u), u(a)=u(b), u'(a) =u'(b), 
where 7(t, u) = max{min{ Bj (f), B2(t), w}, 01 ()} and 


f (t,01(0)), ifu<ay(t), 
f(tu)=4 ftw), ifoy(t) <u <min{Bi(t), Bo())}, 
maxj=1,2{ f(t, min{6;(t),u})},  ifmin{ 1 (1), Bo(t)} <u. 


Define next T :C({a, b]) > C({a, b]) by 


b 
Twn = | Git, s)[ f(s, 7(s, u(s))) — 7(s, u(s)) ] ds. 


For any A € [0, 1], we consider then the homotopy J, = AT +(1—-A)T. 

Claim 1. If € [0, 1] and u is a fixed point of Th, we have u > a. This follows from the 
usual maximum principle argument as in Claim 2 of the proof of Theorem 1.1. 

Claim 2. If. € [0, 1] and u is a fixed point of T,, we have u < Bz. Notice that u solves 


u” —u=alf(t,w—yaw]+d-A[f(.vGw) -rv@w)], 
u(a) =u(b), u'(a) =u'(b). 


Assume now that for some fo € [a, b], u(to) — B2(to) > 0. Hence for t near enough fo, we 
can write 


u(t) — u(t) > f(t, Bo(t)) — Bot) > BY (1) — Pot), 


i.e., 
u(t) — By (t) > u(t) — Bo(t) > 0, 


which contradicts the fact that fg maximizes u — B2. 

Claim 3. If i € [0, 1] and u € 2); is a fixed point of T,, we have u < fp. Assume there 
exists tg € [a, b] such that u(to) = B1 (to). We deduce from Claims 1| and 2 that a1(t) < 
u(t) < Bo(t) for all t € [a, b] so that u solves (2.5). As further 6, is a strict upper solution, 
the claim follows. 

Claim 4. deg(I — T, 21,1) = 1. Observe that T is completely continuous. Further there 
exists R large enough so that 2;,; C B(0, R) and T(C!({a, b])) C B(O, R). On the other 
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hand, we know from the usual maximum principle argument (see the proof of Theorem 1.2) 
that fixed points u of T are such that aj <u < min{f) (ft), B2(t)}. Hence we deduce from 
Claim 3 that u < B;. Now we can deduce from the properties of the degree, 
deg(I — T, 21,1) =deg(I — T, BO, R)) = 1 
and using the above claims 
deg(I — T, 21,1) = deg(I — Th, 21,1) = deg — T, 21,1) =1. 
Step 2. deg — T, $22.2) = 1, where 


22,2 = {u € C([a, b]) | Vt € la, b], a(t) < u(t) < Bolt) +k}. 


The proof of this result parallels the proof of Step 1. 
Step 3. There exist three solutions uj (i = 1, 2,3) of (2.6) such that 


ay; —k <i < Bi, a2 <u < Pot+k, a, —k <u3 < Bo tk 
and there exist t,, t2 € [a, b] with 

u3(t1) > Bi (ti), U3(t2) < a2 (12). 
The two first solutions are obtained from the fact that 

deg —7T,82,;1)=1 and deg(J—T, 8222)=1. 
Define 

212 = {uw €C(a, b]) | Vt € [a,b], ai (t) —k <ul) < Bolt) +k}. 
We have 


1=deg(/ —T, 21,2) 
= deg(I — T, 21,1) + deg(I — T, 22,2) + deg(I — T, 21,2\(Qi,1 U 22,2) 


which implies 
deg(I —T,9212\ (21,1 U 23,2) =-l 


and the existence of u3 € §21,2 \ (21.1 U 29.2) follows. 
Step 4. There exist solutions uj (i = 1, 2,3), of (2.5) such that 


ay <u, < Bi, a2 <u2 < fr, uy [u3 <u2 
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and there exist t,, t2 € [a, b], with 
u3(t1) > Bilt), u3(t2) < a2(t2). 
We know that solutions u of (2.6) are such that 
a1 <u po, 
i.e., they are solutions of (2.5). Next, from Theorem 1.3, we know there exist extremal 


solutions Umin and Umax of (2.5) in [a@1, Bo]. The claim follows then with uw; = umin, u2 = 
Umax and u3 = U3. 


Observe that in this theorem u; < min{6, 62} and u2 > max{a1, a2}. 
EXAMPLE 2.1. Consider the problem 
u”+sinu=hA(t), u(O0)=u(2m), u’(0) =u' (27). (2.7) 


Let h € C({0, 27}) and write h = + f°" h(s) ds and h =h —h. Assume ||Al|,1 <3 and 
|h| < cos(Z |[Al| 1). Let w be the solution of 


S 
ll 
mm 


20 
(t), w(0)=w(2m), w’(0)=w’' (2m), / w(s) ds = 0, 
0 


and 


om B Te i ey. B ae 
a) =—-—+ wu, =—-—+yw, a2=—+u, =—+w. 
: 2 te a) a) 


Using Theorem 2.7 and the estimate ||wlloo < ZWAll i! (see [44] or [33]) we find three 
solutions of (2.7) 


uy € jay, Pil, u2€]a2, Pol and u3€ Ja, Pol, 
with u3(t}) > Bi (t) and u3(t2) < a@2(t2) for some ft and fz € [0, 277]. Notice then that wu; 
might be uz — 27 but u3 ~ uy, mod 27. Hence, this problem has at least two geometrically 
different solutions. 
2.2. The Dirichlet problem 


In this section, we consider the Dirichlet problem 


u" = f(t,u), u(a)=0, u(b) =0, (2.8) 
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where f is an L?-Carathéodory function. To focus on the main ideas and avoid technical 
difficulties we restrict our analysis to derivative independent nonlinearities. Problem (2.8) 
is equivalent to the fixed point problem 


b 
u(t) = (Tu)(t) = G(t, s) f(s, u(s)) ds, (2.9) 


a 


where G(t, s) is the Green’s function corresponding to (1.25). 

In this section, we consider the degree of J — T for an open set 92 of functions u that lie 
between the lower and upper solutions a and 8. If we allow @ and £ to satisfy the boundary 
conditions, the set 


Q= {u € Co(la, b)) | Wt € Ja, b[, a(t) < u(t) < B(t)}, 
might not be open in Co({a, b]). A way out is to impose some additional conditions on the 
functions u at these boundary points. To this end, for u, v € C([a, b]), we write u > v or 


v < u if there exists « > 0 such that for any t € [a, b] 


u(t) — v(t) 2 €e(t), 


where e(f) := sin( — ). We can then work with the space Cr ([a, b]) and use the set 
2={ueCy([a, bl) |a <u <p}. (2.10) 


This set is open in C}([a, b]). 
A possible alternative used by Amann (see [6]) is to work with the space 


Ce = {u €C([a, b]) | 3A > 0, Vt € [a,b], 


u(t)| <Ae(t)}. 


In our case, this approach does not seem to be simpler and as the solutions are anyhow 
in cy (La, b]), we choose to work in the more usual space cs ({a, b]). 


DEFINITIONS 2.2. A lower solution a of (2.8) is said to be a strict lower solution if every 
solution u of (2.8) with a < u is such that aw ~ u. 

An upper solution § of (2.8) is said to be a strict upper solution if every solution u 
of (2.8) with u < 6 is such that u < B. 


A first result concerns lower and upper solutions which are C?. 


PROPOSITION 2.8. Let f:[a,b] x R= R be continuous and a € C([a, b])N C2 (Ja, bf) 
be such that 
(a) for allt € a, bi, a(t) > f(t, a(t); 
(b) for to € {a, b}, either a(to) <0 
or a(to) = 0, a €C?(Ja, bE U {to}) and a’ (to) > f (to, a(to)). 
Then a is a strict lower solution of (2.8). 
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PROOF. From the assumptions, @ is a lower solution of (2.8). Let then u be a solution 
of (2.8) such that a < u and assume, by contradiction, that for any n € No, there exists 
tn € [a, b] such that 


U(ty) — O(ty) < ssin( i =“). (2.11) 
n b-a 


It follows there exists a subsequence of (t,), that converges to a point fg such that u(to) = 
a(to). If to € Ja, b[, we have u’(to) = a’ (to). On the other hand, if to = a, we know that 
a € C*([a, bf) and we deduce from (2.11) that 


u(t) — ula) — Un) + + sin( 4=*) — a(a) 


See 
th —a th —a 


This implies u/(a) < a'(a). As further u — a is minimum at t = a, we also have 
u'(a) > a'(a). Hence, u’(a) = a’ (a). A similar reasoning applies if t9 = b so that in 
all cases u'(to) — a’ (to) = 0. Finally, we obtain the contradiction 0 < u” (to) — a” (to) = 
f (to, a(to)) — a” (to) < 0. 


In a similar way, we can write 


PROPOSITION 2.9. Let f :[a,b] x R > R be continuous and B € C({a, b]) NC? (Ja, bf) 
be such that 
(a) for allt € Ja, bl, B'(t) < f(t, BO); 
(b) for to € {a, b}, either B(to) > 0 
or B(to) =0, B €C*(Ja, bl U {to}) and B'(to) < f (to, B(to)). 
Then B is a strict upper solution of (2.8). 


Notice that an upper solution 8 such that 
B'(t) < f(t, BM) on da, bf, B(a) 2 0, B(b) 20 


is not necessarily strict. Consider for example the problem (2.8) defined on [a, b] = [0, 277] 
with 


0, ifu <0, 
f@we=tta/r, f0<a<r, 
Tt, ifu>t?. 


The function u(t) = 0 is a solution and B(t) = t? is an upper solution that satisfies B’(t) < 
f(t, B(t)) on JO, 277], B(O) = u(0) and B’(0) = u'(0). 


In the Carathéodory case, we can use the following propositions. 


PROPOSITION 2.10. Let f :[a,b] x R > R be an L!-Carathéodory function. Assume 
that a € C([a, b]) is not a solution of (2.8) and that 
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(a) for any to € Ja, bl, either D_a(to) < Dt a(to) 
or there exist an open interval Ig C [a, b] and €9 > 0 such that to € Ip, a € W2! (Io) 
and for a.e. t € Ip and all u € [a(t), a(t) + €9 sin(t —)I, 


a(t) > f(t,u); 


(b) either a(a) <0 
or a(a) = 0 and there exists €y > 0 such that a € W*'(a,a + €) and for a.e. 
t €[a,a+ 0] and all u € [a(t), w(t) + €o sin(a =*)], 


a(t) > f(t,u); 


(c) either a(b) <0 
or a(b) = 0 and there exists €y > 0 such that a € W2!(b — e©, b) and for a.e. t € 
[b — €0, b] and all u € [a(t), a(t) + €9 sin(w =*)], 


a(t) > f(t.u). 
Then a is a strict lower solution of (2.8). 


PROOF. Notice first that @ satisfies Definition 1.3 and therefore is a lower solution. 

Let u be a solution of (2.8) such that u > a. Arguing by contradiction as in Proposi- 
tion 2.8 there exists a sequence (f,), that satisfies (2.11) and converges to a point fo such 
that u(to) = a(to) and u’(to) = a’ (to). 

As a is not a solution, we can find t* such that u(t*) > a(t*). Assume fo < ¢* and define 
ty =max{t < f* | u(t) =a(t)}. Notice then that u(t) = a(t)) and u’(t,) = a(t) and fix 
€9 > 0 according to the assumptions. Next, for t > t; near enough fy 


5 t-—a 
u(t) € ja a(t) +€ sin(x = =) 


b 


and we compute 


t 


u'(t) — a(t) = / [f(s u(s)) _ a (s)| ds <0, 
t 


which contradicts the definition of t;. A similar argument holds if to > t*. 


Strict upper solutions can be obtained from a similar proposition. 


PROPOSITION 2.11. Let f:[a,b] x R— R be an L!-Carathéodory function. Assume 
that B € C({a, b]) is not a solution of (2.8) and that 
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(a) for any to € Ja, bl, either D™ B(to) > D+ B (to) 
or there exist an open interval Ig C [a,b] and €y > 0 such that to € Ip, B € W*'! (Io) 
and for a.e. t € Ip and all u € [B(t) — €0 sin(a =), B(t)], 


B'(t) < f(t, w); 


(b 


wm 


either B(a) > 0 
or B(a) = 0 and there exists €9 > 0 such that B € W2!(a,a + &) and for a.e. 
t €[a,a+ €9] and all u € [B(t) — €o sin(t <=“), B(t)], 


B'(t) < f(t.w); 


(c 


ma 


either B(b) > 0 
or B(b) = 0 and there exists €9 > 0 such that B € W*'(b — €o,b) and for a.e. 
t €[b—€0, b] andallu € [B(t) — eo sin(a i), B(t)I, 


B'(t) < ft, u). 
Then B is a strict upper solution of (2.8). 
We can study cases where f satisfies a one-sided Lipschitz condition in uw. 


PROPOSITION 2.12. Let f :[a,b] x R— R be an L!-Carathéodory function such that, 
for some k € L\(a, b; R*), for a.e. t € [a,b], all uy, uz €R, 


uy Sur => f(t,u2) — f(t,ui1) <k@)(u2 — 1); 


Let a (respectively B) be a lower (respectively upper) solution of (2.8) which is not a 
solution and assume 
(a) either a(a) <0 (respectively B(a) > 0) 
or a(a) = 0 (respectively B(a) = 0) and there exists an interval Ip = [a, c[ C [a, b] 
such that a € W*:! (Ig) (respectively B € W*:!(Ip)) and, for a.e. t € Ip, 


a(t) > f(t, a(t)) (respectively BI < Fe B(t))); 
(b) either a(b) < 0 (respectively B(b) > 0) 


or a(b) = 0 (respectively B(b) = 0) and there exists an interval Ip = |c, b] C [a, b] 
such that a € W*! (Ig) (respectively B € W*:! (I)) and, for a.e. t € Io, 


a(t) > f(t, a(t)) (respectively BUI < iG B(t))). 


Then a (respectively B) is a strict lower solution (respectively a strict upper solution) 


of (2.8). 
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PROOF. We prove the proposition for a lower solution a. 

Let uw be a solution of (2.8) such that u >a and assume by contradiction, as in 
Proposition 2.8, that for all n € No there exists ft, € [a,b] such that (2.11) holds and 
that the sequence (t,), converges to some ¢* € [a,b] which satisfies u(t*) = a(t*) and 
u'(t*) =a’ (t*). Define to = min{t € [a, b] | u(t) = a(t) andu’(t) =a’ (t)}. If 9 4a, we 
can find an interval Jo such that for a.e. t € Ip 


a” (t) > f(t,e(t)) 


and t, € Jo with t,; < to. Notice that u(t) > a(t,). On [f1, fo[ the function w =u —a 
verifies 


—w" +k(t)w > —f(t,u() + f(t,a@) +kO(uH — a) > 0, 
w(t) > 0, w(to) =0, w’ (to) = 0. 


Define then v to be the solution of 
v'=k(t)v, v(t))=0, v'(t)) = 1. 


As v is positive on Jf1, fo[, we have the contradiction 


t 
0< w(t) = (w’(t)u(t) _ w(t)v'(t)) i = / (ws) _ k(s)w(s))v(s) ds <0. 


ty 


If t) =a we define ¢° to be the maximum of the points t € [a, b] such that for all s € 
fa, t], u(s) = a(s) and u'(s) =a’ (s). As @ is nota solution, f° < b anda similar argument 
applies to the right of 7°. 


As in the periodic case, we associate with lower and upper solutions some sets $2 which 
are such that if T is defined from (2.9), the degree of J — T on sucha set is 1. 


THEOREM 2.13. Let a and B € C((a,b]) be strict lower and upper solutions of the 
problem (2.8) such that a < B. Define E from (1.2) and assume f :E — R is an L!- 
Carathéodory function. Then, for R > 0 large enough, 

deg —T,2)=1, 
where 2 = {u € Ch ([a, b]) | a <u < B, |lulle: < R} and T :Cj({a, b]) > Ch (fa, b)) is 
defined by (2.9). In particular, the problem (2.8) has at least one solution u € W"!(a, b) 


such that 


a~<u~<fB. 
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PROOF. We consider the modified problem 
u" = f(t, y(t,u)), u(a) =0, u(b) =0, (2.12) 
with y(t, w) defined from (1.4). This problem is equivalent to the fixed point problem 
u=Tu, 


where T :C}({a, b]) > C4 ([a, b}) is defined by 


b 
(Tu)(t) a Git, s) f(s, y(s, u(s))) ds 


and G(t,s) is the Green’s function corresponding to (1.25). Notice that T is completely 
continuous and for R large enough, T (Cj (la, b])) c B(O, R). Hence by the properties of 
the degree 


deg(J — T, BO, R)) =1. 
We know that any fixed point u of T is a solution of (2.12). Arguing as in the proof of 
Theorem 1.1 we prove that a <u < 6 and as @ and £ are strict a < u < f. Hence, every 


fixed point of T is in 2 C B(O, R) and using the excision property we obtain 


deg(I — T, 2) = deg(I — T, 2) =1. 


Existence of the solution u follows now from the properties of the degree. 


It is easy to deal with A-Carathéodory functions if we reinforce the notion of strict lower 
and upper solutions imposing that these functions do not satisfy the boundary conditions. 


THEOREM 2.14. Leta and B €C([a, b]) be strict lower and upper solutions of the prob- 
lem (2.8) such that 


a(a)<0<Bf(a), a(b)<0<B(b) and VteEja,DI, a(t) < B(). 
Define E from (1.2) and assume f : E > R is an A-Carathéodory function. Then, 
deg(I — T, 2) =1, 
where 
Q = {u €Co([a, b]) | Vt € [a,b], a(t) < u(t) < BO} 


and T :Co([a, b]) > Co({a, b]) is defined by (2.9). In particular, the problem (2.8) has at 
least one solution u € wea, b) such that, for all t € [a, b], 
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a(t) <u(t) < Bit). 


The proof of this result is similar to the proof of Theorem 2.13. 


2.3. Non well-ordered lower and upper solutions 


We already noticed in Example 1.3 that the method of lower and upper solutions depends 
strongly on the ordering a < f. On the other hand, lower and upper solutions a, f satis- 
fying the reversed ordering condition 6 < q arise naturally in situations where the corre- 
sponding problem has a solution. As a very simple example, we can consider the linear 
problem 


2 
ul" + a0 sint, u(0)=u(2z), u’(0) =u’ (27). 


The functions a = 3 and B = —3 are lower and upper solutions such that a > £. Notice, 
however, that the unique solution u(t) = —3 sint does not lie between the lower and the 
upper solution. As we shall see, the reason for this example to work is that the “nonlin- 
earity” f(t, u) = sint — zu “lies” between the two first eigenvalues of the problem. As a 
first approach we consider the following result which concerns a nonresonance problem 
using a bounded perturbation of the linear problem at the first eigenvalue. To simplify, we 
consider a derivative independent problem. 


THEOREM 2.15. Let a and B € C({a,b]) be lower and upper solutions of (2.5) such 
that a £ B. Assume f :[a,b] x R= R is an L!-Carathéodory function and for some 
he L!(a, b) either 

f@,u)<h(t) on[a,b]xR 
or 

fit,u) >h(t) on[a,b] xR. 
Then, there exists a solution u of (2.5) in 

S := {u €C([a, b]) | 3t1, 2 € [a,b], u(t) > BCH), ult) <a(t)}. (2.13) 


PROOF. For each r > 0, we define 


f(t, u), if |u| <r, 
fftw= (1 +r- Jul) f(t, uw) + (u| —r)4, ifr <|u|<rt+l, 
= ifr+1<|ul, 


and consider the problem 


u" = fr(t,u), u(a)=u(d), u'(a) =u'(d). (2.14) 
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Claim. There exists k > 0 such that for any r > 2(b — a)’, solutions u of (2.14), which 
are in S, are such that ||u||o. < k. Consider the case f(t, u) < A(t) on [a,b] x R. Let 
u € S bea solution of (2.14) and let fo, t; and fo € [a, b] be such that 


u'(to) =0, ulti) > BC) > —IIBlloo and u(t2) < @(t2) < |latlloo- 
Extending u by periodicity, we can write for t € [to, t9 + b — a], and therefore for all t € R, 


wo=- fr" s (s u(s)) ds > —|lAl|;1 — _ll#tlloo_ 
' oe OEY, 


It follows that for t € [t,t + b-— a] 


— [ltlllec 


t 
un =n f u'(s) ds > —IBlloe ~ Hl, — a) — 


ty 


and for t € [tp —b+a, tp] 


Ili lloo 


12 
u(t) =u(o) -{ u'(s) ds < latloo + Nl, (@ — a) + 
t 
Hence, we have 


lle lloo < 2(lloelloo + IIBlloo + Ilhll,1(@ — a)) =k. 


A similar argument holds if f(t, u) > h(t). 

Conclusion. Consider the problem (2.14), with r > max{k, 2(b — a)’}. It is easy to see 
that a; = —r — 2 and B2 =r +2 are lower and upper solutions. Recall that r > ||alloo + 
|Blloo so that a] <a < Bo anda; < B < fp. 

Assume f is not a strict upper solution. There exists then a solution u of (2.14) such 
that u < B and for some f; € [a, Db], u(t,) = B(t). As further a - B, there exists t2 € [a, b] 
such that a(t2) > B(t2). It follows that w(t2) > u(t2), u € S, and we deduce from the claim 
that ||u|loo < k. Hence, u is a solution of (2.5) in S. 

We come to the same conclusion if @ is not a strict lower solution. 

Suppose now that 6; = 6 and a2 = @ are strict upper and lower solutions. We deduce 
then from Theorem 2.7 the existence of three solutions of (2.14) one of them, u, being such 
that for some t, t2 € [a, b], u(t}) > B(t)) and u(t2) < a(t2). Hence, u € S and from the 
claim ||u||oo < k. This implies that u solves (2.5) and proves the theorem. 


Such a result can be used if we assume some asymptotic control on the quotient 
f(t, u)/u as |u| goes to infinity. We can generalize further assuming different behaviours 
as u goes to plus or minus infinity. This is worked out in the following theorem. 
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THEOREM 2.16. Let a and B € C({a,b]) be lower and upper solutions of (2.5) such 
that a < B. Let f :[a,b] x R— R be an L!-Carathéodory function such that for some 
functions ax <0, be > 0 in L'a, b), 


+(t) < lim inp LOY 


u—=xc00 Uu 


f(t, u) 2% 


g 


< lim sup 
u—> X00 


-(t), 


uniformly in t € [a, b]. Assume further that for any p, q € L'(a,b), with ay < p< bs and 
a— <q <b_, the nontrivial solutions of 


ul = p(t)u* —q(t)u-, u(a)=u(bd), u'(a) =u'(b), (2.15) 


where u* (t) = max{u(t), 0} and u~ (t) = max{—u(t), 0}, do not have zeros. Then the prob- 
lem (2.5) has at least one solution u € S, where S is defined from (2.13). 


PROOF. Step 1. Claim. There exists € > 0 so that for any p, q € L\(a,b), with ay —€ < 
Pp <by4+eanda_—€ <q <b_+e, thenontrivial solutions of (2.15) do not have zeros. If 
the claim were wrong, there would exist sequences (pn)n, (Gn)n C L'(a, b), (tn)n C [a, B] 
and (un)n C W*! (a, b) so thatay—1/n < pp < by 4+1/n,a_—1/n < qn <b_+1/nand 
Un is a solution of (2.15) (with p = py and g = qn) such that ||uy\|c1 = 1 and un(t,) = 0. 
Going to subsequences we can assume, using the Dunford—Pettis theorem (see [12]), 


Pn — P, gn—q_ inL'(a,b), Un —> U inC'([a, b]), th > to. 
It follows that a; < p< bi, a_ <q < b_, uw isa solution of (2.15) and u(to) = 0, which 


contradicts the assumptions. 
Step 2. The modified problem. Let us choose R > 0 large enough so that 


t,u 

Rae Hene— Sie foru > R, 
u 
t,u 

pete pind ep die foru<—R 
u 


and extend these functions on [a,b] x R so that these inequalities remain valid. As f is 
L!-Carathéodory, there exists £ € L!(a, b) such that 


f(t,u) = 84(,wut — g(t, wu" + h(t, u) 
and 

|n(t,u)| < €(@). 
Next, for each r > 1, we define 


g+(t,u), if |u| are 
g (tuy=4 (14+r—lul)ge(t,w), ifr <ul <r+l, 
0, ifr+1< |u|, 
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h(t,u), if |u| <r, 
hy(t,u)= 4 (l+r—lul)h(t,u), ifr <|ul<r+, 
0, ifr+1<|ul, 


and consider the modified problem 


u” +g (t,u)ut —g, (t,uw)u” +hy(t,u) =0, 


(2.16) 
u(a) = u(b), u'(a) =u'(b). 

Step 3. Claim. There exists k > 0 such that, for any r > k, solutions u of (2.16), which 
are in S, are such that ||u||oo < k. Assume by contradiction, there exist sequences (7,), and 
(Un)n C S, where r, > n and uy 1s a solution of (2.16) (with r = ry) such that ||up loo Sn. 

AS un € S, there exist sequences (f1))) and (fan)n C [a, b] such that uy(tin) > B(tin) 
and un (t2n) < a(t2n). 

Consider now the functions vy, = uUn/||Un||oo which solve the problems 


hy, (t, Un) 


lun lloo : 


Uh = 8 (t, Un) Uy ~ Sry (t, Un) Vy oF 
Un (a) = vn(b), vi, (a) = vi, (b). 
Going to subsequence, we can assume as above 


gt (+,tn)— DP, 8, (tn) —q inL'(a@,b), 


hy, (t, / 
TEM og. aa il ahy. 
In lloo 
Un > V in C'([a, b]), tn > th, tn > 12. 


It follows that v satisfies (2.15) and by assumption has no zeros. Hence, we come to a 
contradiction since u(t;) > 0 and v(t2) < 0 which implies v has a zero. 

Conclusion, We deduce from Theorem 2.15 that (2.16) with r > max{k, ||@|loo, ||Blloo} 
has a solution u € S and conclude from Step 3 that u solves (2.5). 


In the previous theorem we control asymptotically the nonlinearity using the func- 
tions at, bi. Next we impose some admissibility condition on the box [a+, b+] x [a_, b_] 
which is to assume that for any functions (p,q) € [a+, b+] x [a_, b_], the nontrivial so- 
lutions of problem (2.15) do not have zeros. Such a condition implies the nonlinearity 
does not interfere with the second eigenvalue A2 = 4( - z )* of the periodic problem, i.e., 
(—Az, —A2) ¢ [a+, b+] x [a_, b_]. This remark can be made up considering the second 
curve of the Fuéik spectrum. The Fu¢ik spectrum is the set F of points (w, v) € R? such 
that the problem 


ul” + put —vu- =0, 


u(a) =u(b), u'(a) =u'(b), 
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has nontrivial solutions. From explicit computations of the solution it is easy to see that 


[o@) 
Fa ee: 
n=1 
where 
F; = {(u, 0) | we R}U{O, v) | veR} 
and 


Ch Ng Ne 
Ji fv x(n—1) 


The following proposition relates the admissibility of the box [a+, b+] x [a_, b_] with the 
Fucik spectrum. 


Fy = {uv) 


| WH 2333 soe% 


PROPOSITION 2.17. Let (u,v) € F2 and p,q é€ L! (a, b). Assume that for some set IC 
La, b] of positive measure 


pit)>-—u, g(t)>-v, forae.teé [a,b], 
pit)>—-pw, g(t)>-v, foraetel. 


Then, the nontrivial solutions of problem (2.15) have no zeros. 


PROOF. Assume there exists a nontrivial solution u which has a zero. Extend u by pe- 
riodicity and let fo and ft; be consecutive zeros such that u is positive on Jfo, t1[. Define 
v(t) = sin(,/W(t — to)) and compute 


ty 
(uv! — vu!)|) = -| (p(t) + w)u(t)v(t) de. 
1 


If t; —to < Ti we come to a contradiction 


0 <—v(t))u'(t) <0. 


Hence ft — to > Ti and we only have equality in case p(t) = —y on [fo, f)]. Similarly, 
we prove the distance between two consecutive zeros ft; and ft with u negative on Jf), to[ 
is such that t2 — ft; > a with equality if and only if g(t) = —v on [f, fa]. It follows that 


This implies ft) — to = b —a, p(t) = —p on [fo, t)] and g(t) = —v on [t), fo] which contra- 
dicts the assumptions. 
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Existence of several solutions can be obtained using non-well-ordered lower and upper 
solutions. The following result complements Theorem 2.16. 


THEOREM 2.18. Let a, and a2 € C([a, b]) be lower solutions of (2.5) and B € C([a, b]) 

be a strict upper solution such that a2 - B, a, <a anda, < B. Assume f :[a,b]x R> 

R is an L'-Carathéodory function such that for some function b. € L'(a, b), 

f(t, u) 
u 


lim sup 
u—-+o00 


<by(0), 


uniformly in t € [a,b]. Then the problem (2.5) has at least two solutions u, and u2 such 
that 


a,<u,<fB, uw2ES and u,<u, 
where S is defined in (2.13) with a = a2. 
PROOF. For any r > max{||@1 |loo, ||@2|loo; ||Blloo}, we consider the modified problem 

u" = f,(t,u), u(a)=u(b), u'(a) =u'(b), (7) 
where 


f(t,ai()) +u-a(t), ifu<ai(), 


eine f,u), ifaj(t)<uc<r, 
oe. (l+r—u)f(t,u), ifr<u<r+l, 
0, ifr+1 <u. 


Claim 1. Every solution of (2.17) is such that u > a. This follows from the usual 
maximum principle argument as it is used, for example, in the proof of Theorem 1.1. 

Claim 2. There exists k > 0 so that for any r > max{||@1|loo, ||@2Ilo0, I|Blloo} and any 
solution u € S of (2.17), we have |\ul||oo < k. Asu €S, there exist fo and t, such that 


u(to) = min u(t) < u(t) < a2(t1) < lla2|loo. 
tela,b] 


Further, we deduce from the asymptotic character of f that there exists by andh € L!(a,b) 
such that, for a.e. t € [a, b] and all u > a) (t), 


Sr (tu) < b(t)u + h(t). 


Hence, we have for t € [f9,t9 +: b — a] 


t 
u(t) =ulto) +f fr(s,u))(0~5)ds 


i) 


t 
< llorlloo + ll ,1 —a) + @— a) | Bs.(s)u(s) ds 
to 
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and the claim follows from Gronwall’s lemma. 
Conclusion. Consider the problem (2.17) for 


r > max{||@1 Iloo, llo2 loo, IIBlloo, kK}, 


where k is given in Claim 2. 

It follows from Theorem 1.3 that there exists a solution uw; of (2.17) which is minimal in 
[a1, 6]. Hence, a; (t) < u,(t) <r which implies this solution solves also (2.5). 

Next, we can apply Theorem 2.15 to obtain a solution uz € S of (2.17). From Claim 1, 
uz > a1, and from Claim 2, uz < k <r. Therefore uz is a solution of (2.5). 

Finally, notice that if wz 2 wi, u; and uz are upper solutions of (2.17) and we deduce 
from Theorem 1.2 the existence of a solution u3 with a, < u3 < min{u), v2} which con- 
tradicts u; to be minimal. 


REMARK. We can drop the assumption a < a2, but this needs additional work as in the 
proof of Theorem 1.2. 


Dirichlet problem (1.24) can be investigated along the same lines. For example, we 
can consider the problem of interaction with Fucik spectrum and write a result similar to 
Theorem 2.16. 


THEOREM 2.19. Assume a and B € C'({a,b]) are lower and upper solutions of (1.24) 
such that a < B. Let f:[a,b] x R= R be an L'-Carathéodory function such that for 
some functions a4 < —h1, b4 > —dy in L! (a, b), where A, = CS 2 


ft 


t 
fGw < lim sup fw) < bu(t), 
u u—> x00 u 


a+(t) < lim inf 
u—> x00 


uniformly in t € [a, b]. Assume further that for any p, q € L'(a,b), with ay < p< bs and 
a—~<q<b-_, the nontrivial solutions of 


u" = p(t)ut —q(t)u-, u(a)=0, u(b) =0, 


where u* (t) = max{u(t), 0} and u~ (t) = max{—u(t), 0}, do not have interior zeros. Then 
the problem (1.24) has at least one solution u € S, where S C Ch ([a, b]) is the closure in 
the C!-topology of the set 


{u €Ch([a, b]) | An, € [a,b], ult) > BU), uh) <a(n)}. 


2.4. Historical and bibliographical notes 


In 1972, Amann [5] proved a degree result for boundary value problems with strict lower 
and upper solutions. He considered the associated fixed point problem u = Tu together 
with the set 2 of functions u that lie between strict lower and upper solutions and proved 
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deg(J — T, 2) = 1. Until recently, such results were only obtained for continuous nonlin- 
earities. 

A study of the Carathéodory case for a Dirichlet problem with f independent of u’ can 
be found in De Coster [27], De Coster, Grossinho and Habets [29], Habets and Omari [48] 
and De Coster and Habets [30]. The derivative dependent case for a Rayleigh equation 
is worked out in [52]. Our approach follows these papers. Theorem 2.14 which considers 
A-Carathéodory functions can be found in [42]. 

For the periodic problem we present here the counterpart of similar results for the Dirich- 
let problem. Theorem 2.5 extends [87], avoiding the assumption a, B € W!(a, b). 

The abstract idea used in the Three Solutions theorem (Theorem 2.7), goes back to 
Kolesov [66] in 1970 and Amann [4] in 1971. The first one who proved such a result with 
degree theory seems to be Amann [5] in 1972 (see also [6]). Extensions were also given 
by Shivaji [98] and Bongsoo Ko [65]. Our result, Theorem 2.7, improves all these in the 
special case of ODE and extends them to the Carathéodory case. It extends [32] by relaxing 
the order relations between a; and §;. 

In 1972, Sattinger [91] presented as an open problem the question of existence of a 
solution for the problem 


—Au= f(x,u), inQ, u=0, ondQ, (2.18) 


in presence of lower and upper solutions which does not satisfy the ordering relation 
a < B.A first important contribution to this question was given by Amann, Ambrosetti and 
Mancini [8] in 1978. They consider (2.18) assuming the nonlinearity f(x, u) is a bounded 
pertubation of A;u, where i, is the first eigenvalue of the Laplacian. In 1994, Gossez and 
Omari [45] assumed some asymptotic control on the nonlinearity so that fin) remains, 
within small perturbations, between the two first eigenvalues of the linearized problem. 
They prove then existence of a solution in presence of a lower and an upper solution with- 
out any order relation. More recently, Habets and Omari [48] extended this work providing 
a general nonresonance condition with respect to the second curve of the Fucik spectrum 
as in Theorems 2.16 and 2.19. They obtain an existence and localization result in presence 
of a lower and an upper solution satisfying the reversed order a > 6. Such a condition 
did not appear in previous works. In [34], this last result was extended by cancelling the 
reversed order condition as in Theorem 2.19. In [34] the results were obtained for a general 
elliptic problem. The parabolic case can be found in [35] and the results for the periodic 
ODE in [36]. 


3. Variational methods 


3.1. The minimization method 


Another approach in working with lower and upper solutions is to relate them with varia- 
tional methods. Consider for example the problem 


u’ = f(t,u), u(a)=0, u(b)=0, (3.1) 
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where f is an L'-Carathéodory function. It is well known that the related functional 


br 2 
¢: Hi(a,b) > R, us [ “ 3 + F.uo)| dt, 


with F(t, u) = ie f(t, s) ds, is of class C! and its critical points are the solutions of (3.1). 
A first link between the two methods is that existence of a well ordered pair of lower 
and upper solutions a and #, implies the functional ¢ has a minimum on the convex but 
noncompact set [a, 6]. This minimum solves (3.1). 


THEOREM 3.1. Let a and B be lower and upper solutions of (3.1) with a < B on [a, b] 
and E be defined from (1.2). Assume f : E > R is an L'-Carathéodory function. Then the 
functional ¢ is minimum on [a, B], i.e., there exists u witha <u < B so that 


o(u)= min ov). 
veH{ (a,b) 
acgv<p 


Further, u is a solution of (3.1). 


PROOF. Consider the modified problem 


u"= f(t,y(t,u)), u(a)=0, u(b) =0, (3.2) 


where y(t, u) is defined from (1.4), and define the functional 


= ; W*O |, 
$: Hy (a,b) > R, wf = F(e.u(o) far 


where F(t, v) = fo f(t.y@.s)) ds. 

Claim 1. ¢ has a global minimum u which is a solution of (3.2). It is easy to verify that 
¢ is of class C! and its critical points are precisely the solutions of (3.2). Moreover ¢ is 
weakly lower semicontinuous and coercive. Hence the claim follows. 

Claim 2. a <u < B. Assume min; (u(t) — a(t)) < 0 and define to = max{t € [a, b] | 
u(t) — a(t) = min; (u(s) — a(s))}. We proceed now as in the proof of Theorem 1.1 and 
obtain that for any t > fo, near enough fo, 


t 


t 
u'(t) — a(t) = i (u(s) _ a’(s)) ds = / (f(s, a(s)) _ a’ (s)) ds <0. 
to 


to 


This contradicts the definition of fo. 

Conclusion. Notice that if u is such that a <u < B, the difference plu) — o(u) isa 
constant independent of u. Hence, both functionals are minimized together between a 
and 6 so that the theorem follows from the previous claims. 
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EXAMPLE 3.1. Consider the problem 
u” =Af(t,u), u(a)=0, u(b) =0, (3.3) 


where f:[a,b] x R — R is an L!-Carathéodory function such that f(t,0) = 0, 
f(t, R) > 0 for some R > 0 and there exists w € Hh (a,b),0<u<R that satisfies 
i F(t, u(t)) dt < 0 with F(t,u) = fj f(t,s)ds. Then, we can prove the existence of 
A > 0 such that for all A > A, (3.3) has, beside the trivial solution, at least one nontrivial 
nonnegative solution. 

We just have to observe that wa = 0 is a lower solution, 6 = R is an upper solution and 
¢(u) < 0 for A large enough. Hence, for such values of 2, there exists u € [0, R] which 
solves (3.3) and minimizes ¢ on [0, R], i.e., 


ou)= min $(v) <¢(u) <0=6(0). 
veH{ (a,b) 
O<v<R 


This last inequality implies u 4 0. 
The method applies to other boundary value problems such as the periodic problem 
u" = f(t,u), u(a)=u(b), u'(a) =u'(d). (3.4) 


Here, the associated functional reads 


ul2 


b 
 : Hyer(a,b) > R, ur f + F(e.uo) fat, (3.5) 


2 


with F(t,u) = fj) f(t,s) ds and Ho (a; b) = {u € H'(a, b) | u(a) = u(b)}. For this prob- 
lem, we can write an equivalent of Theorem 3.1. 


THEOREM 3.2. Let a and B be lower and upper solutions of (3.4) with a < B on [a, b] 
and E be defined from (1.2). Assume f : E > R is an L'-Carathéodory function. Then the 
functional ¢ defined by (3.5) is minimum on [a, B], i.e., there exists u with a <u < B so 
that 


gtu)= min ¢(v). 
VE Hpey (a,b) 
axu<p 


Further, u is a solution of (3.4). 


PROOF. The proof of this result follows the argument of the proof of Theorem 3.1. 
As an application of Theorem 3.1, consider the problem 


u” + u(t)e(u) +A(t)=0, u(0)=0, u(r) =0. (3.6) 
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THEOREM 3.3. Let uw, h € L*(0, 2) and suppose (oy = essinf u(t) > 0. Assume g:R—> 
R is a continuous function, G(u) = Vee g(s) ds, 


G G 
» <0 and limsup one = +00. 
ur u—> oo u2 


—oo < liminf 
u—->roo 


Then the problem (3.6) has two infinite sequences of solutions (un)n and (Un) Satisfying 
es DS Unt1 VUp Vr VU LU Vr GU Lup Ses 

and 
im (max Un (t)) = +00, jim, (min Un (t)) = —O0O. 


PROOF. Step 1. Claim. For every M > 0 there exists B, an upper solution of (3.6), with 
B(t) > M on (0, x]. First observe that, if g is unbounded from below on [0, +0c0[, we have 
a sequence of constant upper solutions 6, — ++oo. In the opposite case, we can assume 
there exists K > 0 such that g(u) > —K foru >0. 

Given M > 0, we can choose d so that 


G(d K h 
oo ‘ 4 7) 4 te and d>2M. 


1 
da d d 8x? 
We define then f to be the solution of the Cauchy problem 
u" + |ILlloo(g@) + K)+lhlloo =0, u(0)=d, u'(0) =0. (3.7) 


Assume there exists fo € ]0, 2] such that 6(t) > M on (0, fo[ and B(to) = M. Notice that 
on [0, fo], B’(t) < 0 and || WIlog (G(B(t)) + KB(t)) + ||A||-0B(t) > 0. From the conservation 
of energy for (3.7), we have 


12 12 
ae S co + I[Hlloo(G(B(1) + KB(1) + WllooBO) 
a 
= Il Hlloo(G(d) ae Kd) + |lhllood < Bn2” 


0<—pin< tt. 
Qn 


It follows that for any t € [0, fo], 


wt 


d 
d—B(th<—tw< 
20 


’ 


which leads to the contradiction B (to) > $ > M. Hence, the claim follows. 
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In a similar way, we prove the following. 

Claim. For every M > 0 there exists a lower solution a of (3.6) such that a(t) << —M 
on [0, x]. 

Step 2. Claim. There exist a sequence of positive real numbers (Syj)n with s, — +00 
and z > 0 such that $(snz) > —oo. Define z to be a C!-function such that 0 < z(t) <1 
on [0, x], z(0) = 0, z(z) = 0, z’(0) > 0, z/(x) < 0 and z(t) = 1 on [e, m — €] for some 


€ > 0. Choose (5;,)n a sequence of positive real numbers with s, — +-oo and Cn) > +0. 


Recall that the assumptions imply G(u) > —K (u* + 1), for some K > 0. We compute then 


a4 2,12 
$(Snz) = i [2 — mene (oneto) — hosnc00 | dt 


212 t ME 
= Snk Oar = G(s») | y(t) dt 
[O.7]\len—e] 2 : 


-[ L(t)G(snz(t)) ar—s, f h(t)z(t) dt 
[0,7 ]\[e,a7—€] 0 


< sallz’llZ€ — G(sn) mole — 2€) + K(s? + [elles + SnllAll p1 llzlloo- 


It follows that @(s,z) > —oo. 

Step 3. Claim. There exist a sequence of negative real numbers (tn) n with th — —oo and 
z > 0 such that $(tyz) — —oo. The argument is similar to Step 2. 

Step 4. Conclusion. By Step 1, we have a, 6; lower and upper solutions of (3.6) with 
a, < B,. Hence, we obtain from Theorem 3.1 a solution uw; of (3.6) such that a} <u, < B). 

From Step 2, we have z and s; such that s;z > uw, and $(s1z) < ¢(u1). Moreover, Step | 
provides the existence of an upper solution 62 with u; < 51z < Bo. Now, by Theorem 3.1, 
we have a solution u2 of (3.6) satisfying 


uy Sur < po 


and 


o(uz)= min (v) <(s1z) < b(u)). 
veH} (a,b) 
uj gvu<py 


It follows that uz # uy. 
Iterating this argument and reproducing it in the negative part, we prove the result. 


REMARK 3.1. The condition on G(u)/u? cannot be replaced by analogous conditions 
on g(u)/u (see [39]). 


As a next problem consider the following prescribed mean curvature problem 


wu’ ‘ 
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This equation is equivalent to 
_ 12)3/2 = = 
u"=A(1+u'*)" f(t,u), u(0)=0, u(1) =0. 
As in Example 3.1, the following result provides a nontrivial nonnegative solution. No- 
tice however that the equation does not satisfy a Nagumo condition which will force us to 


modify not only the dependence in u but also in the derivative u’. 


PROPOSITION 3.4. Let f :[0, 1] x R— R be a continuous function such that f (t,0) <0 
and define F(t, u) = Ie f(t, s) ds. Assume that for some [a,b] Cc ]0, |L a #4}, 


fim ES a eh (3.9) 


u—>0+| tée[a,b] u2 


Then there exists * > 0 such that, for each X € }0, *[, problem (3.8) has a nontrivial, 
nonnegative solution. 


PROOF. The modified problem. Define 


+5), if0<s <1, 
p(s)=4 qyl@-2° +7), ifl<s <2, 
Ww if2<s, 


a(t) = 0 and 6(t) =t(1 — 1). Consider then the functional ¢: Hy (0, 1) > R, defined by 


1 
ow= | [5 PW2) +aF.wo) | dr, 
0 


where P(v) = J) p(s) ds, F(t,u) = fo f(t, y(t, s)) ds and y is defined from (1.4). Criti- 
cal points of @ solve 


(p(u’?)u’)’ =Af (t,y(t,u)), u(0)=0, u(1) =0, 
which can also be written 
a" =A(p(w?) +2p'(w’?)u?) | F(t, v(t,u)), (0) =0, uA) =0. (3.10) 


Notice at last that p(s) + 2p’(s)s > rE 
Claim |. Existence for small values of X of a solution umin € [0, B] of (3.10) such that 


PUmin)= min P(v). 
veHt 0,1) 
0<v<p 
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Notice that a = 0 is a lower solution. Further, for 4 > 0 small enough, 6 is an upper 
solution of (3.10). The claim follows now from an argument similar to the proof of Theo- 
rem 3.1. 

Claim 2. 6(umin) < @(0). Let f € CHO; 1]) be such that ¢(t) = 0 on [0, a] U [b, 1] and 
c(t) € ]0, 1] on Ja, b[. From (3.9), we deduce the existence of a sequence (cy)n C Rt such 
that 


F(t, x) F(t, cn) 
max < max —~—. 
te{a,b] x? tela,b] C2 


lim c,=0 and forall x €J0, cp], 
noo 


Hence, for n large enough 


1 b 
olonty= ffir etierPart fo nFC.ent)dr—1 
0 a 
Vy F(t,cn) ? 
- aes By 2 erj2— Been. 2 
<a(f al 14+ c2|¢’| I)dr+A max 2 ie cr) 


<0=¢(0). 


The claim follows. 
Claim 3. For 4 > 0 small enough, umin is a solution of (3.8). There exists K > 0 
so that solutions of (3.10) are such that ||” |loo < KA. Hence for A > 0 small enough, 


I|u\ sin lloo < 1 and the claim follows. 


3.2. The minimax method 


The minus gradient flow 
One of the main techniques in variational methods uses the deformation of paths or surfaces 
along the minus gradient (or pseudo-gradient) flow. In this section, we study the dynamical 
system associated with such a flow. 
We shall define the minus gradient flow using the following assumptions: 
(H) Let f:[a,b] x R> R, (t,u) f(t,u) be an L!-Carathéodory function, locally 
Lipschitz in u. Let also m € L!(a, b) be such that m > 0 a.e. in [a, b] and f(t,uw)—- 
m(t) u is decreasing in uv. 
Now, let us define on Hy (a, b) the scalar product 


b 
(u, v) a! = / [u’(t)v'(t) + m(t)u(t)v(t)| dt 
and let 


Faw= fo f(s) ds. 
0 
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It is then easy to see that the functional 
bp 72 
t 
o: Hj(a,b) > R, ur / = + F(t, wo) | dt 
a 


is of class C! and 
Vo(u) =u— KN(u), (3.11) 
where 


N:H{ (a,b) > L'(a,b), ur f(-,u)—m(-)u, 
(3.12) 
K:L'(a,b) > H{(,b), hte Kh 


and Kh is defined to be the unique solution of 
u’ —m(t)hu=h(t), u(a)=0, u(b)=0. 

Let us notice at last that if assumptions (H) are satisfied, the function 
Vo: Cy (la, b]) > Ch (La, bI), 


defined from (3.11), is a locally Lipschitzian function. Next, we define for any r € Ra 
C!-function w, :R — [0, 1] such that w,(s) = lifs >r and W,(s) =0ifs<r—1. 
We consider then the Cauchy problem 


d 
a ea ($(u)) Vou) = —Wr (PC) (u-— KNW), u0) = 40, (3.13) 


where uo € re (La, b]). From the theory of ordinary differential equations, we know that the 
solution u(-; uo) of (3.13) exists, is unique and is defined in the future on a maximal inter- 
val [0, w(uo)[. We also know that for any ¢ € [0, w(uo)[, the function u(t; - ) Cra b|)> 
Ch (La, b]) is continuous. We call the minus gradient flow the local semi-dynamical system 
defined on Ch (La, b]) by u(t; uo). 

We could have defined the minus gradient flow in X = Co([a, b]) or He (a, b). However, 
such choices are not suitable in our context. We have to work with sets such as {u € X | 
u < 6} and {u € X | u > a}, where a and 6 are lower and upper solutions that satisfy the 
boundary conditions. With the Co([a, b]) or the Hy (a, b)-topology, these sets have empty 
interior which creates major difficulties. 

A first result shows that the solutions of (3.13) are defined for all t > 0. 


PROPOSITION 3.5. Let assumptions (H) be satisfied and u(t; uo) be the minus gradient 
flow defined for some r € R. Then for any uo € c (La, b]), we have w(uo) = +00. 
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PROOF. Notice that 


d d 
rr (u(t; uo) = (vo (ue uo), qt «)) 
t HE 


= —Wr(0(w(e: u0))) || Vo(wles wo)) | 
which implies that for all t € [0, w(uo)[ 
(u(t; uo)) < o(uo). (3.14) 


Observe also that @(u(t; uo)) > min{r — 1, d(ug)} =: C. Finally we have for any 0 < t) < 
tp < w(ug) 


|| w(t2; uo) — u(t; uo)| He 


<[ Yr (P(uCs; uo))) || Vo(us; u0)) | 2 ds 


1 


<| hw Wr (b(u(s; uo))) || Vo(uCs; u0)) Is es] | i yl o(uls: w))) 45) 


<[-[ #(u(s; u0)) d ] Jah < [6 (uo) —C]Va=A, 


1 
Hence, if w(uo) < +00, there exists u* € He (a, b) such that u(t; ug) Me u* ast > w(ug). 
It follows that the function u(-; uo): [0, @(uo)] > C([a, b]), where u(w(ug); uo) = u*, is 
continuous and K Nu(-; uo) € C((0, w(uo)],C4 (La, b])). Let a(t) = W-(@ (u(t; ug))). For 
all t € [0, w(ug)], we can write 


t t t 
u(t; Uo) = uge bo ate yse +f en Ss a) dra(s)K Nu(s; uo) ds € Ca (La, b)). 


0 


Hence, u(-; uo): [0, w(ug)] > nas b]) is continuous, which implies 


Cc} 
u(t; uo) > u* ast —> (uo). 


This contradicts the maximality of w(uo). 


Invariant sets 
An important property of the cones 


Cy = {uw € Co (fa, b]) |u >a} (3.15) 
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and 
C’ = {ue Ci (la, b]) |u <p}, (3.16) 


which are associated to lower and upper solutions a and § for (3.1), is that they are posi- 
tively invariant. To make this precise, let us introduce the following definitions. 


DEFINITION 3.1. Let u(t; uo) be the minus gradient flow defined for some r € R. A non- 
empty set MC Ci ([a, b]) is called a positively invariant set if 


VugEe M, Vt>0, u(t;u9)EeM. 
As a first example, notice that (3.14) implies that the set 
o° = {ue Ci(la, b}) | ou) <c} 
is positively invariant. Also, unions and intersections of positively invariant sets are posi- 
tively invariant. 
To investigate the positive invariance of the cones Cy and CP? defined by (3.15) 


and (3.16), we need the following lemma. 


LEMMA 3.6. Let assumptions (H) be satisfied. Assume a € W*! (a, b) is a lower solution 
of (3.1). Then for all u > a, we have K Nu > a, where K and N are defined by (3.12). 


PROOF. Let u >a, set w= K Nu — a and observe that w satisfies 


w” — m(t)w = (K Nu)" (t) — m(t)(K Nu)(t) — (a(t) — m(t)a(t)) 


< f(t, u(t) — m@u(t) — (f(t,a(t)) — m@e(t)) <0, 
w(a) > 0, w(b) > 0. 


It follows that w > 0. 


PROPOSITION 3.7. Let assumptions (H) be satisfied and u(t; uo) be the minus gradient 
flow defined for some r € R. If a € W*'(a,b) is a lower solution of (3.1), the set Cy 
defined by (3.15) is positively invariant. Similarly, if B € W7:'(a, b) is an upper solution 
of (3.1), the set C? defined by (3.16) is positively invariant. 


PROOF. If the claim is wrong, we can find ug € Cy and t; > 0 so that for all t € [0, “1, 
u(t; uo) € Cy and u(t}; uo) € 0Cy. 
Let w(t) = u(t; ug) — a, define a(t) = W;(¢(u(t; uo))) and observe that for all t € [0, ty[ 


d d 
Ge = Ge uo) = —a(t)(u(t, uo) — K N(u(t; uo))) = —a(t)w(t) + h(a), 
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where from Lemma 3.6 and for t € [0, t)[, h(t) = a(t)(K N (u(t; ugo)) —a) > 0. As w(0) = 
ug — a > 0 we have 


t t t 
w(t) = wO)e7 Jo a) ar +f e Is! Arps) ds > 0, 
0 


which contradicts u(t); uo) € dCy. 


Non-well-ordered lower and upper solutions 

The first result of this section provides Palais—Smale type sequences from non-well-ordered 
lower and upper solutions. As usual, this gives a solution of (3.1) with the help of a Palais— 
Smale type condition. 


PROPOSITION 3.8. Let assumptions (H) be satisfied. Suppose a and B € W*’!(a, b) are 
lower and upper solutions of (3.1) and a £ B. Define Cy and CP from (3.15) and (3.16), 


r={y €C((0, 1],C4([a, 51) ly) € CF, ye Ca}, 


(3.17) 
T, = {s €[0, 1] | y(s) € Cp (a, b}) \ (CP? UCa)}, 


and assume 


c:= inf max $(y(s)) ER. 


yet sel, 


Finally, let u(t; uo) be the minus gradient flow defined with r = c — |. Then, for any 6 € 
]0, 1[ there exists ug € Ch(la, b]) such that 


Vt>0, u(t; uo) € | ([e—8,c+4]) \ (CP? UCa) 


and there exists an increasing unbounded sequence (ty)n C R* such that 


Hy 
Vo(u(tn; u0)) +0 asn— oo. 


PROOF. Let us fix 5 € ]0, I[ and define E = °~* UCy UCF#. Observe that E is positively 
invariant. Define A(E) = {uo € Co (la, b]) | At > 0, u(t; uo) € E}. Obviously, this set is 
open and positively invariant. 

Consider a path y € I” so that c < maxse7, O(y(5)) < c+ 4. 

Claim. There exists ug € y(T,) \ ACE). Assume by contradiction that for every s € T,, 
y(s) € A(E), Le., that for every s € [0, 1], y(s) € A(E). 

Let us prove first that in such a case there exists T > 0 such that for all s € [0, 1], 
u(T; y(s)) € E. For any s € [0,1], we can find t, > 0 such that u(ts; y(s)) € E. As- 
sume next that for every n € N, there exists s, € [0, 1] such that u(n, y(s,)) ¢ E. Go- 
ing to a subsequence, we can assume s, — s* € [0,1] and, using the contradiction as- 
sumption, there exists t,x > 0 such that u(t,«; y(s*)) € E. As E is open, for all n large 
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enough u(t;*; y(S,)) € E which leads to a contradiction as E is positively invariant and 
u(n; y(Sn)) € E. 

Notice now that u(T; y(-)) is in I and such that @(u(T; y(-))) <e — 6 on T, which 
contradicts the definition of c. 

Conclusion. By construction of A(E) and as ¢(u(-; uo)) is decreasing, we have for all 
t>0, u(t; uo) €o !([e —6,c + 6]) \ (C8 UC,). Hence, u satisfies 


d 
—u=—-—V 
a o(u) 
and there exists an increasing unbounded sequence (fy), which verifies 


d 
Go (ulin uo) = =| Vb(wGn; u0)) li > 0. 


In order to obtain existence of solutions of (3.1), we need to prove that the sequence 
(u(tn; Uo))n converges towards such a solution. This holds true in case we assume a Palais— 
Smale condition. 


THE PALAIS—SMALE CONDITION. For every (un)n C Hy (a, b) such that 


H} 
P(un) is bounded and Vd (un) ei 


there exists a subsequence that converges in Hy (a,b) to some function u such that 
Vo(u) = 0. 


It is known that, under our assumptions, the Palais-Smale condition is easy to verify 
if @(u) is coercive or more generally if the Palais-Smale sequences (uy)y are bounded 
in Hy (a,b). 

Our next result is an existence result that uses the Palais—Smale condition. 


THEOREM 3.9. Let assumptions (H) be satisfied. Suppose a and B € W*'!(a, b) are lower 
and upper solutions of (3.1) and a & B. Define I and T,, as in (3.17) and assume 


= inf R. 
ee ees 


Finally, assume that the Palais-Smale condition is satisfied. Then there exists v € 
Cp (La, b]) \ (C8 U Cy) a solution of (3.1) such that $(v) = c. 


PROOF. Let u(t; uo) be the minus gradient flow defined with r = c — 1. 
Part |. For any k €N, there exists vz € Hy (a, b) such that 


1 1 
CSS OU SOs and Vo(ux) = 0. 


The lower and upper solutions method for boundary value problems 127 


Let us fix k € N. From Proposition 3.8, there exists uz € Cs ({a, b]) such that 


Vr>0, u(t; ux) eo'([c - : c+ :]) (CF UC), 


and there exists an increasing unbounded sequence (t,), C R* such that 


Ag 
Vd(u(tn; uk)) +0 asn— ov. 


Notice that @ (u(t; ux)) > c — 1 so that u(t; uz) solves 


d 
FT =-Vo¢(u), u(O)=ug. 


Using the Palais-Smale condition, we can find a subsequence that we still write 
(U(tn; UK))n and vz € Hy (a, b) such that 


Hy 
U(tn; Uk) > Ve AS no, 


1 1 
oo k <hb(vg) Ket k and Vd@(uz,) =0. 


Part 2. ve € C}\(La, by) \ (C8 UCg). 
Claim 1. There exists R > 0 such that for all s € [0, +o0[, 


1 
|| w(s; wx) | ui 2 R implies || Vo(u(s; ue)) | We? 
If not, there exists a sequence (sm)m C [0, +co[ such that 
[Css we) || ys > (3.18) 


and || Vd (u(sm; ux))| Hi < 5. As @(u(t; ux)) is bounded, by the Palais—Smale condition, 


there exists a subsequence (s,)j; So that w(S;; ux) converges in ise (a, b) which contra- 
dicts (3.18). 
Claim 2. ||u(t; ux)|| 1 is bounded on Rt. Assume that for some t > 0, ||u(t; Uk)Il at > 


Ro= max{||Wel z1. R}. Then there exists t; € [0, t] so that ||u(t1; we pa! = Ro and for any 
s €[t, ¢], llucs; Uk) Ml > Ro = R. It follows that 


t 
Id (w(t: ux) — b(u(1s ad) |= f ]VO(ws; aad) Fy ds > Spe). 
‘ 0 R2 
1 
On the other hand, we have 


| w(t; we) — u(t; ux) | HE 
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1 
t 2 
<|/ | Vo(u6s: ua) [is as| (@—1)3 
t 


t 
/ Vo(u(s; uk)) ds 
t Hi 


= |6(u(ts ux) — (urs we) [2-192 
< |b (us ue) — O(uti; ux) [R- 


As @(u(t; ux)) is bounded, the claim follows. 
Claim 3. ve € Cola, b]) \ (C8 UC,). To prove this claim let us show that for some 


c} 
subsequence u (ty; ux) -$ up. Consider the sequence (Wy )n C Co (la, b]), defined by 


tn 
War) = / e 9) (K Nu(s; ux))(r) ds, 
0 


with K and N defined from (3.12). As ||u(¢; Welt is bounded, there exists h € L!(a, b) 
so that 


tn 
| wy (r)| = if e 9) F(., us; Uk) - m(-)(u(s; ug) — KNu(s; uk)) |(r) ds 
tn 
<|f e "I h(r) ds <h(r). 
0 


Using the Arzela—Ascoli theorem, we can find a subsequence (w,;); converging in 
Ca ({a, b]). The same holds true for 


th 
U(tn; UR) =upe” +f e "—) K Nu(s: ux) ds, 
0 


Co 
U(tn;; Uk) > UK 


and the claim follows. 

Conclusion. From the Palais-Smale condition, a subsequence of (vz), converges in 
Hy (a,b) to some function v. As ug = K Nuvx, the convergence also holds in Cola, bj), 
L.€., 


vECo([a,b])\(CPUCe), ov)=c and Vo(v)=0. 
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A four solutions theorem 
This section deals with a problem (3.1) which has the trivial solution u = 0. We consider 
assumptions which imply existence of lower and upper solutions a;, 8; so that 


a < fi <0< ay < fy. 


The Three Solution theorem (see Theorem 2.7 for the periodic case) will provide three 

solutions, two one-sign ones u; € [a 1, 6)] and wz € [@2, 62] and a third one that can be the 

zero solution. The difficulty is to obtain a third nontrivial solution. Here such a result is 
f(t.) 


obtained assuming the slope -~— crosses the two first eigenvalues. 


THEOREM 3.10. Let assumptions (H) be satisfied and assume: 
(i) there existX} > 2 = = and 6 > 0 such that for a.e. t € [a, b] andallu € [—6, 6], 


b—a)? 
t, 
fw) 4. 
u 
(ii) there exist w<dy = SS and R > 0 such that for a.e. t € [a,b] andallue R 
with |u| > R, 
f(t, u) 
—— 2-H 
u 


Then the problem (3.1) has at least three nontrivial solutions uj such that u, < 0, uz > 0 
and u3 changes sign. 


PROOF. Claim. There exists a <0 which is a lower solution of (3.1). Leth € L'(a, b) be 
such that h > 0 and for a.e. t € [a, b] and all u <0, 


f(t,u) <—wu + h(t). 
Define then a to be the solution of 
u’=—put+h(t), u(a)=0, u(b)=0. 
As pt <A; andh > 0 we have q, < 0 and 
ay (t)=—par(t) +h(t) > f(t,a1@), a1(a)=0, a1(b) =0, 
1.€., a, is a lower solution. 
Claim. There exists Bz > 0 which is an upper solution of (3.1). We construct 62 as we 
did for a. 
The modified problem. Consider the modified problem 


u” = f(t,u), u(a)=0, u(b) =0, (3.19) 
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where 


f(t,ai(t)), ifu<ai(t), 
f(t,w =} ft,u), if y(t) <u < folt), 
f(t, 62), ifu> B2(t), 


and the corresponding functional 
= bp 2 t a 
bu) = |“ : dy F(t, wo) | dt, 


with F(t, u) = te f(t, s) ds. As usual, it is easy to see that every solution of (3.19) satisfies 
a1 <u < f2 and is a solution of (3.1). 

Existence of the solutions u, and uz. Define g(t) = sin(z p*) and let us fix « > 0 
small enough so that « < min{6/4, A — A2}, —4eg, > a, and 4€qQ) < fp. It is easy to see 
that 6; = —eqg and a2 = €g) are respectively upper and lower solutions of (3.1) but are 
not solutions. This follows from 


BY (t) =e gi) < f(t, evi) = f(t, Bi), 
w(t) = —erigi(t) > f(t, e910) = f(t,02(0). 


Using Assumption (H) and Proposition 2.12, they are strict upper and lower solutions. 
Theorem 3.1 applies then with a = a; and 6 = f;, which implies the existence of solutions 
ure CA and uz € Cy. 

Existence of a third nontrivial solution. Observe that as ¢ is coercive, it satisfies the 
Palais-Smale condition. Hence we can apply Theorem 3.9 with a = a and B = #1. This 
proves the existence of a solution u3 € CG ([a, b]) \ (C81 U Cay), 1.€. U3 A uy and u3 Au. 
The main problem is to prove that w3 is not the trivial solution. To this aim, we prove that 
c= $(u3) <0= (0). 

Define y € I” (with a = a2, 6 = B)) in the following way 


2e((2s — 1)y1 + 2892), ifs €[0, 5], 


ee 2e((2s —1)g1 +2(1—)g2), ifs €[5, 1], 


where @2(f) = sin(27 i), Observe that 


y (0) = —2€9) < Bi, y (1) = 2€@] > a2, 
a, ~ —4eg) < v(s) < 4eg, ~ Bo forall s €[0, 1]. 


Moreover, for s € [0, 5], 


b 
ay) = i [2<2((28 — 1)2(9))201) +.452(G1)2) 
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+ F(t, 2e((2s — 1)1(t) + 2sga(t)))] de 
b 
= i. [2€7((2s — 1)?Ar pz (t) + 457A293(0)) 
a 


— A267 (2s — Igri (t) + 2syr(t))7] de 
< (b—a)[Qs — 11 — A) +4572 —0)] 


< €*(b—a)[(2s — 1)? + 457] (A2 — A) 
3 
< ->@ =a). 


In the same way, we compute for s € [5. 1], 


3 
Hy(s)) < -(b-a). 


Hence c < -Sb —a) <0. This implies the third solution w3 is nontrivial. 
Claim. The function u3 changes sign. Assume u3 > 0 and define 7 = max{t > 0 | u3 — 
TQ > O}. Observe first that 


uz —m(t)u3 = f(tu3) —m(t)u3 < f(t,0) =9, 
u3(a) = 0, u3(b) = 0. 
As u3 #0, we deduce from the maximum principle that v3 > 0 which implies that 7 > 0. 


Let us assume now that 7 < 6. We can find then fo € [a, b] such that u3(to) — ng, (to) = 0, 
u’(to) — ng} (to) = 0 and for t close enough to fo 


t 
(t — to)(u3 — ng)’ (t) = (t — mf (f(s, u3(s)) + Aingi(s)) ds 
1 


t 
<-A-A¢t =n0yn f gi(s)ds <0. 


to 


This contradicts the minimality of u3 — ng, for t = fo. It follows that u3 > 6g, > a2 which 
contradicts the localization of v3. 
We prove in a similar way that w3 cannot be negative. Therefore u3 changes sign. 


A five solutions theorem 

An additional solution can be obtained by combining variational methods and degree the- 
ory. Here we impose that the slope — Lew) lies between two consecutive eigenvalues for 
small values of wu. 


THEOREM 3.11. Assume that f € C'({a, b] x R) satisfies assumption (H) together with 
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(1) there exist p, q, k >2 (k €N) and 6 > 0 such that for a.e. t € [a,b] and allueé 


[8,0]; 
ken? f(t,u) (k + 1)*x? 
A= =a < -——< $$ =! Aes 1; 
k (b—ay <p 7 Gane k+1 
(1) there exist w <1 = JS and R > 0 such that for a.e. t € [a,b] and allue R 
with |u| > R, 
f(t, u) 
——2-p 
u 


Then the problem (3.1) has at least four nontrivial solutions uj such that u, < 0, u2 > 0 
and u3, u4 change sign. 


PROOF. As in the proof of Theorem 3.10, we choose strict lower solutions a; and strict 
upper solutions 6; such that 


a} < —d9 < Bj =—€y, and a2=Eg| < dQ) < fo, 
where ¢ € ]0, 6[. As in Theorem 1.3, we can prove the problem (3.1) has two solutions u; < 
B, and uz > a2 such that uv; is the maximum solution in [a, 6;] and uz is the minimum 
solution in [@2, 62]. Moreover we can prove as in the proof of Theorem 3.10 that 

uj ~<~—dg, and u2> dg}. 

Consider now the modified problem 

u”=f(t,u), u(a)=0, u(b) =0, (3.20) 

where 


f(t,ui@)), ifu<ui(d), 
f(t,w =} f(t,u), if ui(t) <u <up(t), 
f(t,u2@)), ifu2(t)<u, 


and the corresponding functional 
12 


2 b Uu — 
bw= | E + Fr, 7) dr, 


with F(t, u(t)) = Jy f(t,s) ds. As usual, it is easy to see that every solution of (3.20) 
satisfies wu; <u < uz and is a solution of (3.1). As in the proof of Theorem 3.10, we see 
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that the problem (3.20) and hence (3.1) has a third solution u3 4 0, which changes sign 
and is such that 


o(u3) = inf max 9 (y (5) <0, 


where I” and 7, are defined in (3.17) with @ replaced by @. Assume by contradiction 
that the only delutons of (3.20) are uj, u2, u3 and 0. As uv; — | is a strict lower solution 
of (3. oY) and uy is the only solution in C,,-1 9 C*!, by Theorem 3.1, uw; minimizes ¢ 
ona C ([a, b])-neighbourhood of this point. It is also a minimizer on some ee (a, b)- 
iaiehbentined as follows from Theorem 8 in [38]. Similarly, u2 is a local sah: of ¢ 
in teh (a, b). By [7], there exists r > 0 such that 


deg(J — KN, B(u1,r))=1 and deg(J — KN, B(w2,r)) = 
where K, N are defined from (3.12) with f replaced by f and m = 0. 
Suppose (ui) > P(u2); a similar argument holds if (uz) > d(u,). We can prove 
(see [37]) that there exists y > 0 such that 


inf{d(u) | || — Milly = vy} >). 


Hence, by the Mountain Pass theorem [57], u3 is of mountain pass type and there exists 
r > 0 such that 


deg(I — KN, B(u3,r)) =— 
Moreover, as K N(Hj (a, b)) C B(O, R) for some R > 0, 
deg(I — KN, B(O, R)) =1. 
Let us prove next that for r > 0 small enough 
|deg(J — KN, BQO,r))| =1. 


Consider the homotopy 


pew O oi. HOSS WSO: (3.21) 


Notice that for a.e. t € [a, b] and all u € [max(—64, u1(ft)), min(w2(f), 5)] 


(t, u) 
<p <—sfeo so PF <q < dust, 


Hence, for every « > 0, we can find r > 0 small enough such that if u € dB(0,r) is a 
solution of (3.21), we have 


—u"=A(t)u, u(a)=0, u(b)= 
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with 


A(t) = sf 2P 4 -yPit El[p.q] Cae Anil fort e[at+e,b—€] 


and A(t) € [0, g] for t € [a, b]. By eigenvalue comparison, we conclude that u = 0. Hence, 
using properties of the degree, we can write 


dea( 1 = x(2547), B(O, n) =e 


|deg(I — KN, B(O,r))| = 


We come to the contradiction 


deg(I — KN, B(O, R)) 
= deg(J — KN, B(uy,r)) + deg(I — KN, B(u2,r)) 
+ deg(J — KN, B(u3,r)) + deg(I — KN, B(0,r)) 
=2-141¥41. 


This proves existence of an additional nontrivial solution u4 of (3.20). Recall that such a 
solution lies in [v,, v2] and from the definition of u; and u2, u4 ¢ cA U Cy,. Arguing as 
in Theorem 3.10, we prove then that this solution changes sign. 


3.3. Historical and bibliographical notes 


As we mentioned in the introduction, existence of a minimum of the related functional 
between a lower and an upper solution was noticed independently by Chang [17,18] and 
de Figueiredo and Solimini [38]. Theorems 3.1 and 3.2 provide such a result respectively 
for the Dirichlet and the periodic problem. 

De Figueiredo and Solimini [38] noticed that under certain conditions, the minimum 
obtained between the lower and the upper solution is valid in the Hy -topology. More re- 
cently Brezis and Nirenberg [13] pointed out the interest of this result and extended it to 
nonlinearities with critical growth. 

Application to the existence of sequences of solutions as in Theorem 3.3 is due to Omari 
and Zanolin [76]. Proposition 3.4, which considers a prescribed mean curvature problem, 
is adapted from Habets and Omari [49]. 

The idea to combine invariant sets in C! with variational methods is worked out in Sec- 
tion 3.2. This gives a new point of view on the relation with variational methods. This 
goes back to Chang [17,18]. Developments of this idea can be found in [10,19,26,56,67, 
68]. The study of the Dirichlet problem with nonordered lower and upper solutions as in 
Theorem 3.9 presents an alternative to the result of [24]. The Four Solutions theorem and 
the Five Solutions theorem (Theorems 3.10 and 3.11) are known results and can be found, 
with another proof, in [56]. 
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4. Monotone methods 
4.1. Abstract results 
Let Z be a Banach space. An order cone K C Z isa closed set such that 


foralluandve K, u+veK, 
forallte R* andue K, tue K, 
ifue K and—ue K thenu =0. 
Such a cone K induces an order on Z: 
u<v ifandonlyif v—uwek. 
We write equivalently u < v or v > u. The cone is said to be normal if there exists c > 0 
such that 0 < u < v implies ||u|| < cllv|l. 
The following theorem gives conditions for an increasing sequence (a), to converge to 


a fixed point of an operator T. 


THEOREM 4.1. Let X C Z be continuously included Banach spaces so that Z has a nor- 
mal order cone. Let a and B € X,a < B, 


E={ueXl|la<uK< Bp} (4.1) 
and let T :€ — X be completely continuous in X. Assume the sequence (ay)n defined by 
aj=a, A, = Tan_1, (4.2) 


is bounded in X and for alln e N 


Then the sequence (Qn)n converges monotonically in X to a fixed point u of T such that 
acucf. 


PROOF. Claim. The sequence (an)n converges in X. The sequence (a), is increasing and 
included in €. As the set A = {a,, | n € N} is bounded in X, T(A) is relatively compact 
in X. Hence, any sequence (an, )x C (G@n)n has a converging subsequence in X and there- 
fore in Z. As the order cone is normal and the sequence is monotone, the sequence itself 
converges in Z, i.e., there exists u € Z so that 


Z 
ac<u<p and anu. 
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It follows that all such subsequences converging in X have the same limit u, which implies 


XxX 
An > U. 


Next, we deduce from the continuity of T that u is a fixed point of T. 


A similar result holds to prove the convergence of decreasing sequences (Bn )n. 
THEOREM 4.2. Let X C Z be continuously included Banach spaces so that Z has a nor- 


mal order cone. Let a and B € X, a < B, E be defined by (4.1) and T:E —> X be com- 
pletely continuous in X. Assume the sequence (By)n defined by 


Bo = B, Bn =TBn-1, (4.3) 
is bounded in X and for alln EN 
Bn > Bnti 2a. 
Then the sequence (Bn)n converges monotonically in X to a fixed point v of T such that 
acvu<p. 


As a corollary we can write the following result which deals with maps 7 that are 
monotone increasing, 1.e., u < v implies Tu < Tv. 


THEOREM 4.3. Let X C Z be continuously included Banach spaces so that Z has a nor- 
mal order cone. Let a and B € X, a < B, E be defined by (4.1) and let T:E > X be 
continuous and monotone increasing. Assume T(E) is relatively compact in X and 


a<Ta and TB<B. 


Then, the sequence (ay)n and (Bn)n defined by (4.2) and (4.3) converge monotonically 
in X to fixed points Umin and Umax of T such that 


@ <Umin < Umax < B. 
Further, any fixed point u € € of T verifies 

Umin < U < Umax. 
PROOF. Claim 1. The sequence (an)n converges in X to a fixed point Umin of T such that 
a < Umin < B. As T is monotone increasing, we prove by induction that for any n € N, 
An < Ans+1 < B. Hence, (@p)n C E and since T(E) is relatively compact in X the sequence 


(Qn)n is bounded in X. The claim follows now from Theorem 4.1. Recall that T is com- 
pletely continuous as T(E) is relatively compact. 
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Claim 2. The sequence (Bn) converges in X to a fixed point Umax of T such that umin < 
Umax < 6. Using Theorem 4.2 with a = umin, we prove, as for Claim 1, existence of a fixed 
point Umax such that umin < Umax < B. 

Claim 3. Any fixed point u € € of T verifies Umin < U < Umax. Since a <u < B, we 
deduce by induction a, = Tanj_) < Tu =u < TByn—-1 = Bn. The claim follows now by 
going to the limit. 


4.2. Well-ordered lower and upper solutions 


The periodic problem 
Consider the periodic boundary value problem 


u” = f(t,u), u(a) = u(b), u'(a) =u'(b), (4.4) 


where f is a continuous function. 

Our aim is to build an approximation scheme, easy to compute, that converges to solu- 
tions of (4.4). To this end, given continuous functions a and f, and M > 0, we consider 
the sequences (ay) and (By) defined by 


aj =a, 
a” — Mon = f(t, An—1) — Mani, (4.5) 


Qn (a) = ay (b), O(a) = or, (D) 


and 
Bo = B, 
Bn — MBn = f(t, Bn—1) — MBn-1, (4.6) 


Bn(a) = Bn(b), By (a) = B, (0). 


The approximations a, and B, are “easy to compute”, in the sense that for every n, the 
problems (4.5) and (4.6) are linear and have unique solutions which read explicitly 


b 
tn (t) = / Git, s)(f (8, %n-1(s)) — Mam—1(s)) ds, 


b 
Ba(t) = / Git, s)(F(s, Bn-1(3)) — MBn1(s)) ds, 


where G(t, s) is the Green’s function of the problem 


u” —-Mu= ff), 


(4.7) 
u(a) =u(b), u'(a) =u' (db). 
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Clearly this does not avoid numerical difficulties such as those related to stiff systems. This 
will be the case if we have to pick M very large. 
The following theorem proves the convergence of the a, and Bn. 


THEOREM 4.4. Let a and B € C?({a, b]), a < B and E be defined from (1.2). Assume 
f:£ — Ris acontinuous function, there exists M > 0 such that for all (t, u1), (t,u2) € E, 


uj <uy implies f(t,u2)— f(t,u1) <M(w2 — 1) 
and for all t € {a, b] 

a(t) > f(t,a(t)), a(a)=a(b), a’ (a) > a'(b), 

Bt) < f(t.BO), Bia) =f), Ba) < B'(d). 


Then the sequences (Qn)n and (Bn)n defined by (4.5) and (4.6) converge monotonically in 
C}([a, b]) to solutions Umin and Umax of (4.4) such that 


a < Umin < Umax < B. 
Further, any solution u of (4.4) with graph in E verifies 

Umin < U & Umax. 
Proor. Let X =C!({a,b]), Z=C({a,b]), K = {u € Z| u(t) > 0 on [a, b]} be the order 
cone in Z and € be defined from (4.1). Define the operator T:€ — X by 


b 
Tu(t)= | Git, s)(f(s,u(s)) — Mu(s)) ds, 


where G(t,s) is the Green’s function of (4.7). This operator is continuous in X and 
monotone increasing. Further, T(€) is relatively compact in X, a < Ta and 6B > TB. The 
proof follows now from Theorem 4.3. 


REMARK. Notice that the assumption w and B € C*({a, b]) is not restrictive. If these func- 
tions are lower and upper solutions with angles, the first iterates a; and 6; satisfy the 
assumptions of the theorem and are such that a < a; < B; < B. 

Next, we consider a derivative dependent problem 


u"=f(t,u,u’), u(a)=u(d), u'(a) =u'(d). (4.8) 


As above, given a, 6 € C!({a, b]) and L > 0, we consider the approximation schemes 


ao =a, 
a” — Lay, = ft, On—1, 1) — Lan-1, (4.9) 


Qn (a) = On(b), %, (a) = a, (b) 
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and 
bo = B, 
Bn — LBn = f(t, Bn—1, By_1) — LBn-1, (4.10) 


Bn(a) = Bn(b), By (a) = B, (0). 


Such problems lead to a major difficulty. A straightforward application of the previous 
ideas would be to assume that for any u 1, v2, v1 and v2, 


uj <uz implies f(t,u2,v2)— f(t,u1,v1) < L(u2 — v1). 
This would mean that f does not depend on derivatives. 
The next theorem works out the difficulty. It is however weaker than Theorem 4.4 since 
it does not give maximal and minimal solutions. Its proof relies on the following maximum 


principle (see [6] or [85]). 


PROPOSITION 4.5 (Maximum Principle). Let p, q € L'(a,b) be such that the first eigen- 
value h, of 


—u" + pu'+qu+au=0, u(a)=u(b), u’(a) =u'(b), 
satisfies 4, <0. Assume u € w2! (a, b) is a nontrivial function such that 
—u" + pu’ +qu>0, u(a)=u(b), u'(a) <u'(b). 

Then u > 0 on [a, Db]. 
In general, we shall use the case where p = 0 and qg > 0 are constants. 


THEOREM 4.6. Leta and B € C*([a, b]) and E be defined from (1.19). Assume f :E > R 
is a continuous function, there exists M > 0 such that for all (t, u,, v), (t,u2, v) € E, 


uy <u2 implies f(t,u2,v) — f(t,u1,v) < M(u2 — 4), (4.11) 
there exists N > 0 such that for all (t, u, v1), (t, u, v2) € E, 

| f(t, u, v2) — f(t,u,v1)| < Nlv2 — v1 (4.12) 
and for all t € [a, b] 


a(t 


f(t,a(t),a"(), ala) =a(b), a'(a) > a'(b), 
BN <f 


)2 > 
)< f(t BO, BO), Bla) = Bb), Ba) < B'(b). 
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Finally, let L > 0 be such that 


Ne N 
L>M+—+—VN*+4M (4.13) 


2 2 
and for all t € [a, b] 


f(t,a(t), a(t) — f(t, BO, BD) + L(BO — a(t)) > 0. 


Then, the sequences (an)n and (Bn)n defined by (4.9) and (4.10) converge monotonically 
in C!({a, b]) to solutions u and v of (4.8) such that 


acucv<B. 
REMARKS. (a) The function w = 6B — a > 0 satisfies 
—w"+Nlw'|+(M+lw=h(t)>0, wla)=w(d), w'(b) > w'(a). 


Hence, using the maximum principle we can prove that, if a ~ 6, our assumptions imply 
a < B on[a, b]. Also if u is a solution of (4.8) such that aw Su S B, we havea <u < p. 

(b) It is clear from Remark (a) that the assumptions on L are satisfied if L is large enough 
so that the theorem applies for any values of M and N which satisfy the assumptions (4.11) 
and (4.12). 

(c) The conditions on L are immediately satisfied with L = M if the function f does 
not depend on the derivative wu’ (i.e., N = 0). 

(d) If @ or 6 is a solution of (4.8), we have a, = a for alln € N or 6, = B forallne N. 


PROOF OF THEOREM 4.6. The proof uses Theorems 4.1 and 4.2 with X = C!({a, b]), 
Z =C([a, b]) and K = {u € Z | u(t) > 0 on [a, b]} as the order cone in Z. Let € be defined 
from (4.1). The operator T :€ — X, defined by 


b 
Tu(t)= / G(t, s\(f(s, u(s), u'(s)) _ Lu(s)) ds, 


where G(t, s:) is the Green’s function of (4.7) with M = L, is completely continuous in X. 
With these notations, the approximation schemes (4.9) and (4.10) are equivalent to (4.2) 
and (4.3). 

A: Claim. Let L > 0 satisfy (4.13). Then the functions ay defined recursively by (4.9) 
are such that for alln €N, 

(a) @, is a lower solution, i.e., 


a(t) > f(t, on (t), of, (t)), 


(4.14) 
On (a) = Otn(b), oF, (a) > of, (b), 


(b) An+1 = An. 
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The proof is by induction. 
Initial step: n = 0. The condition (4.14) for n = 0 is an assumption. Next, w = a1 — a 
is a solution of 


—w" 4+ Lw=ag(t) — f(t, ao(t), a(t) > 0, 
w(a) = wb), w'(a) < w'(b). 


Hence, we deduce (b) from the maximum principle. 
Inductive step — Ist part: assume (a) and (b) hold for some n and let us prove that 


HO > f(t,anr1 0, 04410), 


On41(4) = On41(d), O41 (a) > a, 4 1 (6). 


Let w = an41 — Q,. We have 


= SC, On41, Ona) = f(t, Qn, a’) — L(Qn41 — On) 


< M(on41 — On) + N\ah 41 = ar), | — L(Qn41 — On) 


=(M—L)w+N{u’ |. 
On the other hand, w satisfies 
—w"+Lw=h(t), w(a)=w(d), w'(b)—w'(a)=A, (4.15) 


with A(t) := al (t) — f(t, an(t), a), (t)) > 0 and A > 0. Its solution w reads 


‘ b-a 
w(t) = d | h(s) cosh VE(“=* +s—- ) ds 


a 


? b- b 
+f his) cosh VE( "=" + 1~s) ds-+ Acosh VE(1 ~ ) 
t 


where 


—1 
= (2vEsinh VE" : *) 


Hence, to prove a,+1 is a lower solution, we only have to verify 
t b a 
i jim —L) cos VE(2=* +s—- ) 
a 


hee 
+NVL sinh VE( 25 +s— r)| Jr) ds <0, 
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b = 
i [om = LycosnvE(25* 5 i +1-5) 
t 


+NVL 


b-— 
sinh VE( "= +t -s) io ds <0, 


and 


(M = Lycos VT “s*) +NVL 


b 
sinh VE(1 _ — ) <0. 
Since h is non-positive and 


(M — L)coshx + NVL|sinhx| <(M —L+NV/L)|sinhx| 


for all x € R, we obtain (M — L)w + N|w'| <0 if M—-L+NVJ/L < 0, which follows 
from (4.13). 

Inductive step — 2nd part: assume (a) and (b) hold for some n and let us prove that 
An+2 > +1. The function w = an+42 — ay+1 satisfies (4.15), where 


A(t) =o", (1) — f(t,0n41(9,0%,4;@)) and A=0. 


From the previous step h(t) > 0 and the claim follows from the maximum principle. 

B: Claim. Let L > 0 satisfy (4.13). Then the functions By defined recursively by (4.10) 
are such that for alln €N, 

(a) By is an upper solution, i.e., 


Brit) < f(t, Bn(t), BO), 
Bn(a) = Bn(b), Bi (a) < Bi (b), 
(b) Bn+1 < Bn. 


The proof of this claim parallels the proof of Claim A. 
C: Claim. ayn < By. Define, for all i e N, w; = 6; — a; and 


hi(t):= f(t, a(t), a;()) — f(t, BO, B}O) + L(Bi() — a (0). 


The proof of the claim is by induction. 

Initial step: a, < B,. The function w 1s a solution of (4.15) with h = hp > 0 and A= 0. 
Using the maximum principle, we deduce that w; > 0, 1.e., a1 < B1. 

Inductive step: Let n > 2. If hn-2 > 0 and ay—1 < Bn—1, then hn > 0 and an < Bn. 
First, let us prove that, for all t € [a, b], the function h,_; 1s nonnegative. Indeed, we have 


hn-1 = f (+, Qn-1, a4) — fC » Bn—1, By_1) + L(Bn-1 — Qy-1) 


=> —M(Bn-1 — Gn—-1) — N\B,-1 = oy | + L(Bn-1 — @n-1) 
= (L— M)un-1 — N|w,_||. 
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Recall that w,_1 is a solution of (4.15) with h(t) = hn_2(t) > 0 and A = 0. Hence, we 
can proceed as in the proof of Claim A to show that h,_, > 0. It follows then from the 
maximum principle that w, is nonnegative, 1.e., an < Bn. 

D: Claim. There exists R > 0 such that any solution u of 


u"<f(t,u,u’), u(a)=u(d), u'(a) =u'(b), 
with a <u < B satisfies ||u' \loo < R. We deduce from the assumptions that 
u” = f(t,u,u’) + h(t) 


where h(t) < O and f(t, u,u’) + h(t) < maxg | f(t, u, 0)| + N|w’|. The proof follows now 
using Proposition 1.7. 
E: Claim. There exists R > 0 such that any solution u of 


u"> f(t,u,u'), u(a)=u(b), u'(a) =u'(b), 


with a <u < B satisfies ||u'||oo < R. The proof repeats the argument of Claim D (See the 
remark that follows Proposition 1.7). 

F: Conclusion. We deduce from Theorems 4.1 and 4.2 that the sequences (a7), and 
(Bn)n Converge monotonically in C!({a, b]) to functions u and v which are solutions 
of (4.8) such thata <u < 6B anda <u < B. Further, as a, < B, for any n, we have 
uu. 


REMARK. Notice that with a little additional work we can reduce problems to cases where 
Theorem 4.6 applies. For example, it does not apply to problem 


u” —u+(u')? =sint, 


u(0) =u(2z), u’(0) =u’ (27), 


as (4.12) is not satisfied. However, we can work it out as follows. Notice first that this 
problem satisfies a Nagumo condition. Next, we know that lower and upper solutions, 
a and 6 € [—1, 1], of problems that satisfy such a Nagumo condition have a priori bounded 
derivatives: ||@' ||. and |B’ |loo < R. We can modify then the equation for |u’| > R so that 
the same Nagumo condition is satisfied for the modified problem together with (4.12). It 
follows then that the approximations defined from (4.9) and (4.10) satisfy the same bounds 
and that convergence of the approximations holds. 


The Dirichlet problem 
As in the periodic case, we can work with the Dirichlet problem 


u" = f(t,u), u(a)=0, u(b)=0, (4.16) 


where f is a continuous function. 
The following result paraphrases Theorem 4.4. 
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THEOREM 4.7. Let a and B € C*({a, b]), a < B and let E be defined from (1.2). Assume 
f:£ — Ris acontinuous function, there exists M > 0 such that for all (t, uy), (t, u2) € E, 


uj <u2 implies f(t,u2)— f(t,ui) < M(u2 — 11) 
and for all t € [a, b] 


a(t 


Bt 


0, a(b) 
0, B(d) 


0, 


f(t,a@)), (a) 
) 0. 


= 
<f(t.BO), Bla 


Then the sequences (an)n and (Byn)n defined by 


) < 
) 2 


VW WN 


ao = a, 
a” — May — f(t, @n—1) — Matn_1, 
On (a) =0, an (b) =0, 


and 


fo = B, 
Bn — MBn = f(t, Bn—1) — MBn-1, 
Bn(a) =0, Bn(b) = 0, 


converge uniformly and monotonically to solutions Umin and Umax Of (4.16) such that 
a <Umin < Umax < B. 
Further, any solution u of (4.16) with graph in E verifies 


Umin < U < Umax: 


PROOF. The proof of this theorem repeats the argument of Theorem 4.4. 


In case of derivative dependent equations 


uv =f Gu, ); 


(4.17) 
u(a) = 0, u(b) = 0, 
approximation schemes similar to (4.9), (4.10) do not work. Here we have to work out a 
generalization as in the following theorem. Notice that we use lower and upper solutions 
that verify the boundary conditions. 


THEOREM 4.8. Let a and B € C*({a,b]), a < B and let E be defined from (1.19). As- 
sume f :E — R is a continuous function, there exists M > 0 such that for all (t, uy, v), 
(t,u2,v) € E, 
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uy <u2 implies f(t,u2,v)— f(t, u,v) < M(u2 — 4), 
there exists N > 0 such that for all (t, u, v1), (t, u, v2) € E, 
| fu, v2) — fu, v1)| < Nlv2 — v1] 
and for all t € [a, b] 


a(t f(t, a(t), @'(t)), a(a) =0, a(b) =0, 
BO < f(t BO, BO), Ba =0, B(b)=0. 


Finally, let Ko € C([{a, b]) be such that Ko(a) > 0 and for all t € [a, b], Ko(t) = —Ko(b+ 
a-—t). Then, for L large enough, the sequences (Qn)n and (Bn)n defined by 


O41 a VL Ko(t)at 4 — Lone1 = ft, en, a, = VL Ko(t)ai, — Lan, 
On+1(a) =0, On+1(b) = 0, 
Bi, — VL Ko(t) Bry, — LBnvi = f(t. Bn. By) — VL Ko(t) By — LBn. 


Bn+i(a) =90, Bn4i(b) = 0, 


converge monotonically in C'({a, b]) to solutions u and v of (4.17) such that, for all t € 
[a, b], we have 


a(t) <u(t) < v(t) < Bo). 


PROOF. The above result can be proved adapting the proof of Theorem 4.6. 


4.3. Lower and upper solutions in reversed order 
Consider the periodic boundary value problem 


u" = f(t,u), 


(4.18) 
u(a) =u(b), u'(a)=u'(b), 
where f is a continuous function. 

In Section 4.2, we have built an approximation scheme for solutions of (4.18) based on 
the maximum principle. Here, we consider a similar approach based on the antimaximum 
principle. Given continuous functions a and 6, and M > 0, we consider the sequences 
(Q@n)n and (By)y defined by 


ap =a, 
an + May = f (t,%n—1) + Man-1, (4.19) 


On (a) = Otn(b), of, (a) = a, (b) 
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and 
Bo=B, 
By + MBn = f(t, Bn—1) + MBn-1, (4.20) 


Bn(a) = Bn(b), By (a) = Bn (0). 


2n 


If M is not an eigenvalue of the periodic problem, i.e., M A (72 )? with n € N, the func- 
tions a, and B,, solutions of (4.19) and (4.20), can be written explicitly 


b 

a(t) = i G(t,s)(f (8, an-1 (5) + Maty1(s)) ds, 
b 

Balt) =f G0.3)(F(5. B16) + MBna63)) ds 


where G(t, s) is the Green’s function of the problem 


u” + Mu= f(t), 


(4.21) 
u(a) =u(b), u'(a) =u'(b). 
The next theorem indicates a framework to obtain convergence of the a, and 8, to 
extremal solutions of (4.18). To prove this result we need the following antimaximum 
principle. 


. Suppose u € C?({a, b]) 


PROPOSITION 4.9 (Antimaximum Principle). Let q € ]0, Zs ] 


is a solution of 
u”+qu= f(t), u(a)—u(b)=0, u'(a)—u'(b) =A, (4.22) 
where A>Oand f €C({a,b]), f(t) > 0. Then u > 0 on [a, ]. 


PROOF. Claim 1. If f 40, solutions u of (4.22) are one-signed. Let to be a zero of u. 
Extend u by periodicity, define v(t) = sin ,/q(t — to) and compute 


uw’ (to) sin. /q(b — a) > (u'v — v'u)|b + (u'v — v'wy |r 


to+b—a 
-/ f(s) sin./q(s — to) ds > 0. 


1 


Ifq= = — , this is contradictory. If g # a: this implies u’(to) > 0 and u cannot be a 


periodic function. 
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Claim 2. If f #0, any one-signed solution of (4.22) is positive. Direct integration of 
(4.22) gives 


b b 
af us)ds= f f(s)ds+A>0. 


Hence, we have u(t) > 0. 
Claim 3. If f (t) =0, u(t) > 0. We deduce from a direct integration that 


a+b 
it 
cos /q(S ) 54 


u(t)=A : boa. 2 
2./q sin ./q( 5 ) 


THEOREM 4.10. Let a and B € C*({a, b]), B <a and 


E:={(t,u)€ [a,b] x R| BO <u<a(}. 


2 
Assume f : E — R is a continuous function, there exists M € ]0, rome such that for all 
(t,u1), (t,u2) € E, 


uy <u2 implies f(t,u2)— f(t,u1) >-M(u2 — 1) 
and for all t € [a, b] 


a(t 


pt 


f(t,a(t)), aa) =a(b), a'(a) > a'(b), 


) 
<f(4BO), B@=B), Ba) <p’). 


IN. NW 


Then the sequences (Qn)n and (Byn)n defined by (4.19) and (4.20) converge monotonically 
in C!([a, b]) to solutions Umax and Umin of (4.18) such that 


B < Umin < Umax < @. 
Further, any solution u of (4.18) with graph in E verifies 
Umin < U < Umax. 


PRoor. Let X =C!({a,b]), Z =C({a, b]), K = {u € Z | u(t) > 0 on [a, b]} be the order 
cone in Z and 


E={ueX|Bcuca}. (4.23) 


The operator T:€ — X, defined by 


b 
tu) = [ Git, s)(f(s,u(s)) + Mu(s)) ds, 


148 C. De Coster and P. Habets 


where G(t, 5) is the Green’s function of (4.21), is continuous in X and monotone increasing 
(see Proposition 4.9). Further, T (€) is relatively compact in X, 6B < TB anda > Ta. The 
proof follows now from Theorem 4.3, where a and £ have to be interchanged. 


Next, we consider the derivative dependent problem 


we FG); 


(4.24) 
u(a) =u(b), u'(a) =u' (db). 


As above, given a, B € C!({a, b]) and L > 0, we consider the approximation schemes 


ay = a, 
Oy + Lon = f(t, On—1, 01) + Loni, (4.25) 


Qn (a) = an (b), a, (a) = oF, (b) 


and 
bo = 8, 
By + LBn = ft, Bn—1, By—1) + LBn-1; (4.26) 


Bn(@) = Bn(b), B, (a) = B,,(b). 
The following result is a counterpart of Theorem 4.6. 
THEOREM 4.11. Leta and B €C*({a, b]), B <a and 


= {(t,u, v) € [a,b] x R? | B(t) <u <a(n)}. 


Assume f : E — R is a continuous function, there exists M € \0, ——s|[ such that for all 


(t, u,v), (t,u2,v) € E, 


uj <u2 implies f(t,u2,v) — f(t,u1,v) > -M(u2 — u1), 
there exists N > 0 such that for all (t,u, v1), (t, u, v2) € E, 

| f(t, u, v2) — f(t,u,v1)| < Nlv2 — v1| 
and for all t € [a, b] 


(t,a(t),a/(@)), aa) =a(b), a!(a) > a'(b), 


a 
f(t BO,B'O), Bia) =B), B'@ < B'(b). 


iS 
BN < 
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Finally, let Le |M, [ be such that 


wateees 
(b—ay? 


(L~ Myeos VE( 75") — wyTsinvE(2>*) 20 (4.27) 


and 


f(t,a(), a) — f(t, BO, BO) + L(w@) — BM) > 0. 


Then, the sequences (Qn)n and (By)n defined by (4.25) and (4.26) converge monotonically 
in C!({a, b]) to solutions u and v of (4.24) such that 


BevcuKca. 


PROOF. The proof uses Theorems 4.1 and 4.2 with X =C!({a,b]), Z =C({a, b]) and 
K = {u € Z | u(t) > 0 on [a, b]} as the order cone in Z. Let € be defined from (4.23). The 
operator T:€ — X, defined by 


b 
Tu(t) = / Git, s)(f(s, u(s), u’(s)) + Lu(s)) ds, 


where G(t,s) is the Green’s function of (4.21) with M replaced by L, is completely con- 
tinuous in X. With these notations, the approximation schemes (4.25) and (4.26) are equiv- 
alent to (4.3) and (4.2). 

A: Claim. Let L > 0 satisfy (4.27). Then the functions ay, defined recursively by (4.25) 
are such that for alln € N, 

(a) @p is a lower solution, 1.e., 


a(t) > f(t,an(t), 07, (0), 


(4.28) 
On (a) = an (b), a, (a) > a), (b), 


(b) An+1 < An. 
The proof is by induction. 
Initial step: n = 0. The condition (4.28) for n = 0 is an assumption. Next, w = ag — a 
is a solution of 
w" + Lw =ag(t) — f(t, c0(t), ag (1)) > 0, 
w(a) = w(b), w'(a) > w'(d). 
Hence, we deduce (b) from the antimaximum principle (Proposition 4.9). 
Inductive step — Ist part: assume (a) and (b) hold for some n and let us prove that 
oy (t) z f(t, An+1 (t), Ont (t)) ’ 


An+1(@) = Ong1(), Oy 4.1 (4) > O41 (). 
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Let w = ap — On+1 > 0. We have 


—al + f(t, An+1; Ona) 
=—f(t, On, OL, ) + f(t, On41, 41) — L(Qy — On+1) 
< May — Ons) + N\a@h 41 _ a, | — L(Qn — On41) 


=(M—-L)w+N|w". 
On the other hand, w satisfies 
w’+Lw=h(t), w(a)=w(d), w'(a)—w'(b)=C 


with h(t) := a(t) — f(t, on(t), a, (t)) > 0 and C > 0. Observe that 


1 
hs ia esl 


t —, 
+f its) cos VE( "=" +51) ds 


b - 
+f its) cos VE(2=* +1 ~s) as] 
t 


Hence, using (4.27) and denoting D = 2/L sin V/L(2 =“), we compute 


(M — L)w(t) + Niw'()| 


<s|¢ ce Lycos E(*2" 1) 4NVE 
+ [not 1) cos VE(7=* +51) 
+NVTpinVE(*>* +5—1)]]a 


+f nos) - L)cosVL 
t 


(ser) 
an 


+ NVL)si 


<0. 


Hence a+; is a lower solution. 


b 
sin VE(“2* ” 


(4.29) 


| 
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Inductive step — 2nd part: assume (a) and (b) hold for some n and let us prove that 
On+2 < Ay+1. The function w = a+) — an+2 satisfies (4.29), where 


h(t) := a.) (t) — f(t,ongi),a,4,() and C=0. 


From the previous step h(t) > 0 and the claim follows from the antimaximum principle 
(Proposition 4.9). 

B: Claim. Let L > 0 satisfy (4.27). Then the functions By, defined recursively by (4.26) 
are such that for alln € N, 

(a) By is an upper solution, i.e., 


Bult) < f(t, Bn(t), BO), 
Bn(a) = Bn(b), B, (a) < B,(b), 
(b) Bn+1 2 Bn. 


The proof of this claim parallels the proof of Claim A. 
C: Claim. ay > By. Define, for all i e N, w; = a; — 6; and 


hj(t) := f(t, a(t), a(t) — f(t, Bi), B/ (OD) + L(ai) — Bi). 


The proof of the claim is by induction. 
Initial step: a, > B,. The function w is a solution of (4.29) with h = ho > 0 andC = 0. 
Using the antimaximum principle (Proposition 4.9), we deduce that w; > 0, i.e., a1 > fi. 
Inductive step: Let n > 2. If hyn-2 > 0 and an, > Bn—1, then hn; > 0 and ay > Bn. 
First, let us prove that, for all t € [a, b], the function h,_; is nonnegative. Indeed, we have 


hn-1 = fC »An—-1, ot, -1) _ fC: » Bn—1, Bn—1) + L(en—1 — Bn—1) 
> —-M(an—-1 — Bn—-1) — N\o,_, _ Bi + L(an—1 — Bn—-1) 
= (L—M)wy-1— Nlw)_y|. 
Recall that w,_1 1s a solution of (4.29) with h(t) = hn_2(t) > 0 and C = 0. Hence, we 
can proceed as in the proof of Claim A to show that h,_, > 0. It follows then from the 
antimaximum principle (Proposition 4.9) that wy, is nonnegative, 1.e., ay < Bn. 
D: Claim. There exists R > 0 such that any solution u of 
u"’< ftt,u,u’), u(a)=u(d), u'(a)=u'(b), 
with B <u <a satisfies ||u' \loo < R. We deduce from the assumptions that 


ul" = f(t,usw) + h(t), 


where h(t) < O and f(t, u,u’)+hA(t) < maxg | f(t, u, 0)| + N|u'|. The proof follows now 
using Proposition 1.7. 
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E: Claim. There exists R > 0 such that any solution u of 
u" > f(t,u,u’), u(a)=u(b), u'(a)=u'(b), 


with B <u <a satisfies \|u'|loo < R. The proof repeats the argument of Claim D but uses 
the remark following Proposition 1.7. 

F: Conclusion. We deduce from Theorems 4.2 and 4.1, where a and f have to be in- 
terchanged, that the sequences (@)n and (Bn)n converge monotonically in C!({a, b]) to 
functions u and v such that 6B <v <a@ and B <u <a. Further Claim C implies v < u. 


4.4. A mixed approximation scheme 
In this section, we consider a derivative independent Dirichlet problem 
u” = f(t,u,u), u(a)=0, u(b)=0. (4.30) 


Here we write the nonlinearity so that f(t, u, v) is nonincreasing in u and nondecreasing 
in v. We work out an approximation scheme which provides only bounds on the solutions. 
However, we shall give assumptions which imply these bounds to be equal, so that they are 
solutions. 

Let us introduce the following definition. 


DEFINITION 4.1. Functions a and 6 € C([a,b]) are coupled lower and upper quasi- 
solutions of (4.30) if 
(a) for any t € [a, b], a(t) < B(d); 
(b) for any fo € Ja, b[, either D_a(to) < D* a(to) or there exists an open interval Ip C 
Ja, b[ such that to € Ip, « € W2:! (Ip), and for a.e. t € Ip 


a" (t) > f(t, 0(t), BY): 


(c) for any fo € Ja, b[, either D™ B(to) > DA (to) or there exists an open interval Ig C 
Ja, b[ such that to € Ip, B € W*! (Io), and for a.e. t € Ip 


B'O) < f(t, BW), a); 
(d) a(a) <0< Ba), a(b) <0< Bd). 
Consider the following auxiliary problem 


u” = f(t,u,v), u(a)=0, u(b)=0, 


(4.31) 
v" = f(t,v,u), v(a)=0, v(b) = 0. 
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PROPOSITION 4.12. Let ao, Bo € C([a, b]), 
E:={(t,u,v)|t€[a,b], u,v € [ao(t), Bo)]} 


and f : E — R be an L!-Carathéodory function such that f (t, u, v) is nonincreasing in u 
and nondecreasing in v. Assume ag and Bo are coupled lower and upper quasi-solutions 
of (4.30). Then, the sequences (an)n and (Bn)n, defined for n > 1 by 


ay =f (t,@n—1,Bn-1), (a) = 0, on(b) = 0, 
Br = f(t, Bn-1,%n-1), Bn(a)=0, Bn(b) = 0, 


converge in C!({a, b]) to functions Umin and Umax. The pair (Umin, Umax) is a solution 


of (4.31) such that 

a0 < Umin < Umax < Bo. 
Moreover, any solution (u, v) of (4.31) with a9 <u < Bo, &o <u < Bo is such that 

Umin < US Umax, Umin < V < Umax- 
Proor. Let X =C!({a, b]) x C!({a,b]), Z = C({a, b]) x C({a, b]), K = {(u, v) € Z | 
u>0,v <0} and € = {(u,v) € X |an <u < Bo, ao <u < Bo}. We define T:E€ > X, 
(u,v) T(u, v), where T(u, v) is the solution (x, y) of 

x” = f(t,u,v), x(a)=0, x(b)=0, 

y"=f(t,v,u), y(a)=0, y(b) =0. 


Next, we verify that T is continuous, monotone increasing, T(E) is relatively compact in X 
and 


(a, B) <T(a, B), (B,a) > T(B, a). 


Now, Theorem 4.3 applies with a = (ao, 89) and 6 = (Bo, ao), and the claims follow. 


Notice that if u is a solution of the given problem (4.30), then (u, u) is a solution of the 
auxiliary problem (4.31), whence umin and Umax are bounds on solutions of (4.30). The fol- 
lowing proposition proves, under appropriate assumptions, convergence of the sequences 
defined in Proposition 4.12 to the unique solution of the given problem (4.30). 


THEOREM 4.13. Suppose the assumptions of Proposition 4.12 hold. Assume moreover 
(i) there exists € > 0 such that ao > €o; 
(ii) for every s € [e, lL, almost every t € [a,b] and every u, v € [ao, Bo] with su < 
u<ov, 


f(t “.sv) > f(t,u,v). 
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Then, the functions Umin and Umax defined in Proposition 4.12 are equal, i.e., are solutions 
of (4.30). 


PROOF. From assumption (i), we deduce 


€Umax < Umin < Umax- 


Let so = sup{s | Sumax < Umin}. It is obvious that so € [e, 1] and that soumax < Umin. From 
the definition of so, we deduce the existence of fo € [a, b] such that 


Umin(t0) — Soumax(to) = 0, U'nin (tO) = S0U max (tO) =0. 


/ / = 
If to 4 b, we also have t; > to such that Umin (21) — SOU max (t1) = 0. 
Assume now that so < 1. Hence, we can write 


1 
" 
SOUmax = sof ( +, Umax, Umin) = vo a eons SQUmax 
0 


> f (+, Umin, Umax) = Unin 


which leads to the contradiction 


t 


0= iin — SOUtmax)|74 = / (ulin (t) _ SOU max (t)) dt <0. 


to 


A similar argument holds if t9 = b. Hence sp = 1 and umax = Umin- 


4.5. Historical and bibliographical notes 
The idea of associating to a pair of well-ordered lower and upper solutions, monotone 
sequences of lower and upper solutions converging to solutions is far older than the theory 
presented here. It goes back at least to Picard whose contribution can be found in two 
“mémoires”, the first one [79] in 1890 and the second one [80] in 1893. In [80], the author 
considers the problem 

“+ f(t,0)=0, u(a)=0, u)=0, (4.32) 
in case f(t,-) is increasing. He exhibits then a function ao such that 

ag + f(t,ao)>0, ona, Dd, ao(a) = 0, ag(b) = 0, 


i.e., a lower solution, and considers the iterations 


a + f(t, @—1) =0, a,(a) = 0, a,(b) = 0. 
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At last he observes that the sequence (a7), is increasing and converges to a solution u 
of (4.32) greater than ag. This gives an approximation process to compute the solutions 
of (4.32) that we will call the first monotone approximation scheme. Theorems 4.4 and 4.7 
are very close to this approach. 

In [79], Picard introduces a second monotone approximation scheme. He studies an el- 
liptic Dirichlet problem in the opposite situation where f(t,-) is decreasing. His main 
result gives bounds on the solutions of (4.32). Under appropriate assumptions on f, he 
defines a = 0 and considers, for n > 1, the solutions a, and B, of the following problems 


BY + f(t,an-1)=0, Bn(a)=0, Bn(b) =0, 
a + f(t, Bn) =0, ap(a)=0, an (b) = 0. 


Here a < Bn, (@n)n Is increasing and (B,), is decreasing. Hence the sequences (a), and 
(Bn)n Converge pointwise respectively to functions u and v with u < v. The author proves 
in 1898 in case of ODE [83] and in 1900 for the PDE [84], that the convergence is uniform 
and that the limit functions wu and v satisfy 


u” + f(t,v)=0, u(a)=0, u(b)=0, 
v’ + f(t,u)=0, v(a)=0, v(b) =0. 


Moreover the solution z of (4.32), which is unique under the given assumptions, is such 
that 


At last, Picard provides in 1894 [81] (see also [82]) an example of a problem (4.32) 
such that u 4 v which shows that this second approximation scheme does not necessar- 
ily converge to a solution of (4.32). This method is described in Proposition 4.12 and 
Theorem 4.13 which come from [20]. 

Following Chaplygin [16], the Russian school studies the monotone iterative methods 
extensively. In 1954, Babkin [9] considers the problem (4.32) under assumptions on f(t, u) 
which imply the uniqueness of the solutions of (4.32). In his approach, he considers two 
approximation sequences. Starting from lower and upper solutions ao and fo > ao, these 
approximations are obtained (for n > 1) as solutions of the linear problem 


—a) + Kon = f(t, Qn—1) + Kotn-1, On (a) = 0, An (b) = 0, 
—B) + KBn = f(t, Bn—1) + KBn—-1,  Bn(a)=0, Bn(b) =0. 


The main assumption to prove that the sequences (a), and (8,), are monotone and con- 
vergent is to choose K > 0 such that the function f(t, w)+ Ku is increasing in u so that the 
corresponding differential operator satisfies a maximum principle such as Proposition 4.5 
(see [6] or [85]). The observation that the limits of the sequences (@,)y and (By), are 
extremal solutions was noticed in 1962 by Courant and Hilbert [25]. 
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One important step is due to Kantorovich [59] in 1939. He observes that the first ap- 
proximation scheme, used for the Cauchy problem associated with ODE as well as for 
other boundary value problem, has a common structure related to positive operators. He 
then develops an abstract formulation of the method. In 1959, Collatz and Schréder [23] 
give an abstract formulation of the second monotone approximation scheme. These two 
abstract formulations have been unified in 1960 by Schréder [93] who shows that the sec- 
ond scheme can be reduced to the first one. Our first section takes into account such an 
abstract formulation. 

The study of the monotone iterative methods for nonlinearities depending on the deriv- 
ative was initiated in 1964 by Gendzhoyan [43] who considers the problem 


u" + f(t,u,u’)=0, u(a)=0, u(b)=0. 


Starting from lower and upper solutions ag and Bo > ao, he defines sequences of approxi- 
mations (@n)n, (Bn)n as solutions of 


<a +1 (that, + k(t)otn = f(t, on—1, 0,1) FL or,_| + kant, 
On (a) =0, an(b) = 0, 
—Br +1O)B, +KOBn = f(t, Bn—1, Br) FIO) By + KO Bn-1, 
Bn(a) =9, Bn(b) =9, 


where k(t) and /(t) are functions related to the assumptions on f. Here also, the con- 
vergence is monotone and gives approximations of the solution together with some error 
bounds. Our Theorems 4.6 and 4.8 simplify considerably this approach. These can be found 
in [21]. 

All the above-quoted papers consider the usual order a < 6 for the lower and upper 
solutions. The monotone iterative method was also developed in case lower and upper 
solutions appear in the reversed order, i.e., « > 8. We can first quote the paper of Omari 
and Trombetta [75] in 1992. They consider problems such as 


—u"+cu'+ f(t,u)=0, u(a)=u(d), u'(a) =u'(d). 


The key assumptions are that the function f(t,u) — Au is nondecreasing in u for some 
A <0 and that this A is such that the operator —u” + cu’ + Au is inverse negative on the 
space of periodic functions, i.e., that an antimaximum principle holds (see Proposition 4.9 
[75]). Theorem 4.10 is a particular case of the results in [75]. The Neumann problem 
was considered by Cabada and Sanchez [15]. We also refer to [14] for other results in 
this direction. Recently Cherpion, De Coster and Habets [21] worked out an approach of 
derivative dependent problems very much along the lines of Theorems 4.6 and 4.8. This 
result is Theorem 4.11. 
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Preface 


In this part of the book we deal with the half-linear second order differential equation 
(r(t)®(x'))’ +e(t)O(x)=0, B(x) = |x|?! sgnx, p> 1, (HL) 


where r,c are continuous functions and r(t) > 0. The investigation of solutions of (HL) 
has attracted considerable attention in the last two decades, and it was shown that solutions 
of this equation behave in many aspects like those of the Sturm—Liouville equation 


(r()x’)’ +ce@)x =0 (SL) 


which is the special case of (HL) when p = 2. The aim of this part is to present the substan- 
tial results of this investigation. We show similarities in qualitative behavior of solutions 
of (HL) and (SL), we also point out phenomena where properties of solutions of (HL) 
and (SL) (considerably) differ. Note that the term half-linear equations is motivated by the 
fact that the solution space of (HL) has just one half of the properties which characterize 
linearity, namely homogeneity (but not additivity). 

The investigation of qualitative properties of nonlinear second order differential equa- 
tions has a long history. Recall here only the papers of Emden [95], Fowler [102], Thomas 
[211], and the book of Sansone [206] containing the survey of the results achieved in the 
first half of the last century. In the fifties and the later decades the number of papers devoted 
to nonlinear second order differential equations increased rapidly, so we mention here only 
treatments directly associated with (HL). Even if some ideas concerning the properties of 
solutions of (HL) can already be found in the papers of Bihari [20,21], Elbert and Mirzov 
with their papers [85,176] are the ones usually regarded as pioneers of the qualitative theory 
of (HL). In later years, in particular in the nineties, the striking similarity between oscil- 
latory properties of (HL) and (SL) was revealed. On the other hand, in some aspects, e.g., 
the Fredholm-type alternative for solutions of boundary value problems associated with 
(HL), it turned out that the situation is completely different in the linear and half-linear 
case, and that the absence of additivity of the solution space of (HL) brings completely 
new phenomena. 

This part of the book is divided into four chapters. In the first one we present a brief 
survey of the basic properties of solutions of (HL). A particular attention is devoted to 
the existence, uniqueness, Sturmian theory and to some elementary half-linear differential 
equations. Then we turn our attention to the oscillation theory of half-linear equations. 
First we deal with nonoscillatory equations and nonoscillation criteria (Chapter 3B), and 
in Chapter 3C we deal with their oscillation counterparts. We also present some related 
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results concerning asymptotic behavior of nonoscillatory solutions and properties of some 
distinguished solutions of (HL). In the last chapter we deal with boundary value prob- 
lems associated with (HL) (in this part of the qualitative theory of (HL) we can see the 
biggest difference between linear and half-linear second order differential equations), and 
with equations related to (HL), in particular, with partial differential equations with p- 
Laplacian, quasilinear equations and half-linear difference equations. 

Comparing our treatment of half-linear differential equations with Chapter 3C of the 
recent book [3] (this chapter is devoted to the oscillation theory of (HL), there are some 
common points, but the most part of our presentation differ from that of [3]. More precisely, 
the treatment analogous to Sections 1.3, 1.4, 2.2, 2.3, 3.3, 3.4 and the whole Chapter 3D 
are missing in [3]. On the other hand, [3] devotes more space to particular (non)oscillation 
criteria, to forced half-linear equations and to equations with deviated argument. Moreover, 
the parts which overlap here and in [3] are presented from a different point of view. 
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CHAPTER 3A 


Basic Theory 


In this chapter we deal with the basic properties of solutions of the half-linear second order 
differential equation 


(r(t)B(x’))’ +cHO(x)=0, O(x):= |x|?! sgnx, p>. (0.1) 


We suppose that the functions r, c are continuous and r(t) > 0 in the interval under consid- 
eration. In the first section we deal with the existence and the unique solvability of (0.1). 
Then we present the basic oscillatory properties of (0.1), in particular, we show that the 
linear Sturmian oscillation theory extends almost verbatim to half-linear equations. In Sec- 
tion 3 we show basic differences between second order linear and half-linear equations. 
The last section of this chapter deals with some special half-linear equations. 


1. Existence and uniqueness 
1.1. First order half-linear system 
Consider the Sturm—Liouville /inear differential equation 

(r(t)x’)' + e(t)x =0 (1.1) 
which is a special case p = 2 in (0.1). Then, given fo, x9, x1 € R, there exists the unique 
solution of (1.1) satisfying the initial conditions x (to) = xo, x’ (to) = x1, which is extensible 
over the whole interval where the functions r, c are continuous and r(t) > 0. This follows, 


e.g., from the fact that (1.1) can be written as the 2-dimensional first order linear system 


1 


= ——l4, 
r(t) 


/ / 


ue =—c(t)x 


and the linearity (hence Lipschitz property) of this system implies the above mentioned 
statement concerning the existence and unique solvability of (1.1). On the other hand, if 
we rewrite (0.1) into the first order system (substituting u = r®(x’)), we get the system 


x=r4ao lu), uu’ =—c(1) O(n), (1.2) 


where q is the conjugate number of p, i.e., 4 + ; = 1, and @~! is the inverse function 
of ®. The right hand-side of (1.2) is no longer Lipschitzian in x,u, hence the standard 
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existence and uniqueness theorems do not apply directly to this system. Moreover, it is 
known that the so-called Emden—Fowler differential equation 


x" + p(t)|x[* 7x =0, a>, (1.3) 
(which looks similarly to (0.1)) admits the so-called singular solutions (see Section 14.2 
and, e.g., the books [127,178]), i.e., solutions which violate uniqueness and continuability 
of solutions of (1.3). 
1.2. Half-linear trigonometric functions 
In proving the existence and uniqueness result for (0.1), the fundamental role is played 
by the generalized Priifer transformation introduced in [85]. Consider a special half-linear 
equation of the form (0.1) 

(®(x'))' + (p— 1) G(x) =0 (1.4) 
and denote by S = S(t) its solution given by the initial conditions 5(0) = 0, S’(0) = 1. 
We will show that the behavior of this solution is very similar to that of the classical sine 
function. Multiplying (1.4) (with x replaced by S) by S’ and using the fact that (@(S’))’ = 
(p — 1)|S’|?-* 8”, we get the identity [|S’|? + |S|?]’ = 0. Substituting here ¢ = 0 and using 
the initial condition for S we have the generalized Pythagorian identity 

|s@|? +|8’@|? =1. (1.5) 
The function S is positive in some right neighborhood of t = 0 and using (1.5) S’ = 


Y/1— SP, ie., we = dt in this neighborhood, hence 


Sit) oe 
=f (1—s?) ? ds. (1.6) 
0 


Following the analogy with the case p = 2, we denote 


where 


1 
Bex.y= f fate Sods 
0 


is the Euler beta function. Using the formulas 


=D Tera a= 


Bix, y)= f , 
(9) l(x+y) sin wx 
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with the Euler gamma function (x) = in t*—!e-' dt, we have 


20 
a 
sin 2 
Np 


Tp (1.7) 
The formula (1.6) defines uniquely the function $ = S(t) on [0, 7)/2] with S(zp/2) = 1 
and hence by (1.5) S’(2p)/2) = 0. Now we define the generalized sine function S,, on the 
whole real line as the odd 27: periodic continuation of the function 


St) S(t), 0<t<¥%, 
t)= 
4 S@tp—t), Bx<t<ap 


The function S, reduces to the classical function sin in case p = 2 and in some literature 
(e.g., [73]) this function is denoted by sin, t. We will skip the index p by S, ifno ambiguity 
may occur. 

In addition, we introduce the half-linear tangent and cotangent functions tan, and cot, 
by 


_ Spt) _ 5,0) 
= Sh)" cotpt = Spa) 


tan p t 


The function tan, is periodic with the period zp and has discontinuities at 7)/2 + k7p, 
k € Z. The function cot, is also 7» periodic, with discontinuities at t = kp, k € Z. By 
(1.4) and (1.5) we have 


(tan, t)’ = =1+|tan,?|?, (1.8) 


1 
oli 
(cotp t)’ = —| cot, t|?-P (1 +| coty t|”). 


Hence (tanp t)’ > 0, (cot p t)’ < 0 on their definition domains and there exists the inverse 
functions arctan,, arccot, which are defined as inverse functions of tan, and cot, in the 
domains (—zp/2, tp/2) and (0, zp), respectively. From (1.8) we have 


1 


arctan, t)’ = ———_,, 
( pt) T+? 


1.3. Half-linear Priifer transformation 
Using the above defined generalized trigonometric functions and their inverse functions, 


we can introduce the generalized Priifer transformation as follows. Let x be a nontrivial 
solution of (0.1). Put 


p= Vx? +raO|x’7@O|? 
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and let g be a continuous function defined at all points where x(t) 4 0 by the formula 


rl (t)x'(t) 
x(t) 


y(t) =arccot, 


’ 


where q is the conjugate number of p, i.e., — + — = 1. Hence 


b+ 
x(t) =p()S(y)), rt "(Ox = pOS'(e@). (1.9) 
Differentiating the first equality in (1.9) and comparing it with the second one we get 
r! 41) pS’ (PO) = p'WS(9) + EOS (GM) 9". (1.10) 


Similarly, applying the function @ to both sides of the second equation in (1.9), differenti- 
ating the obtained identity and substituting from (0.1) we get 


—c(t)p?"()®(S(~M)) = (p— I)[o? *Mp' (HP (S'(@)) 
— p? "(t)6(S(e))¢'@)]. (1.11) 


Now, multiplying (1.10) by ®(S’)/p, (1.11) by S/p?~! and combining the obtained equa- 
tions we get the first order system for g and p 


,_ c(t) 
g= 
oe 


ls@|? +r! 48" (1.12) 


p' = @(s(v0))s"(o1n) |r '~4(t) — 1 


1.4. Existence and uniqueness 


Since the right-hand side of the last system is Lipschitzian in p, ¢, the initial value problem 
for this system is uniquely solvable and its solution exists on the whole interval where r, c 
are continuous and r(t) > 0. Hence, the same holds for (0.1). This statement is summarized 
in the next theorem. 


THEOREM 1.1. Suppose that the functions r,c are continuous in an interval I CR and 
r(t) > 0 for t € I. Given to € I and A, B ER, there exists a unique solution of (0.1) 
satisfying x (to) = A, x’ (to) = B which is extensible over the whole interval I. This solution 
depends continuously on the initial values A, B. 


REMARK 1.1. The half-linear Priifer transformation and the resulting existence and 
uniqueness theorem are presented in [85]. Another pioneering work in the theory of half- 


linear equations is the paper of Mirzov [176]. In that paper, the first order system 


uy =ay(t)|u2|*! sgnu2, us = a(t) |u|"? sgnuy (1.13) 
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is considered, where A1,A2 > 0 and A,Az2 = 1. Comparing with (1.2), system (1.13) is 
slightly more general since the function a; (in contrast to the function r!~¢ in (1.2)) can 
attain zero values. First, using Bellman’s lemma [17, p. 46], Mirzov proves that the trivial 
solution (u;, u2) = (0, 0) is the only solution satisfying the zero initial condition uw (to) = 
0 = u2(fo), and that under the assumption of local integrability of the functions a), az every 
solution of (1.13) is extensible over the whole interval where the integrability assumption 
is satisfied. Then, under the assumption that the functions a), a2 do not change their signs, 
the Sturmian type theorem with respect to both components is proved using essentially the 
same method as described in the next section. 


2. Sturmian theory 
In this section we establish the basic oscillatory properties of half-linear equation (0.1). 
In particular, we show that the methods of the half-linear oscillation theory are similar 


to those of the oscillation theory of Sturm—Liouville linear equations (1.1), and that the 
Sturmian theory extends verbatim to (0.1). 


2.1. Riccati equation 


Let x be a solution of (0.1) such that x(t) 4 0 in an interval J. Then w(t) = a aeae isa 
solution of the Riccati-type differential equation 


w’ +e(t)+ (p— Ir! 4) |wlt = 0, (2.1) 


where q is the conjugate number of p, i.e., g = = 7: Indeed, in view of (0.1) we have 


,  (FB(x')) B(x) = (p= Vr ®(X’) |x]? x" r|x’|P 
v3 = ea |x|? 


=-c—(p—1r!-4wi?. 


REMARK 2.1. (i) Using the above Riccati equation (2.1) one can derive the first equation 
in (1.12) as follows. From (1.9) we have 


—rOPQ'D)  G(S'@M) _. 


= EGO = e6UO) ee 


The function v = ®(S’)/®(S) satisfies the Riccati equation corresponding to (1.4). This 
implies 

&(S'(y(t))) |4 

g'(t) 


[v(e@)] =v (eO)¢'O= |- pla (p= i — 


S'(e@) |? 


o | + S(oto)) 


Jeo. 
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Substituting from (2.1) 


S'(g) |? 
w= —0(1) = (p= D-H) wen|! =e) = (p= Dr] ZF 
and hence 
~g7.| SO) |? S'(p(t)) i ' 
= 1 1 q — _ 1 1 . 
c(t) + (p— Ir *(t) So) (p— VD} 1+ Sip) gy (t) 
Multiplying this equation by |S(g(t))|? and using (1.5) we get really the first equation in 
(1.12). 
(11) Sometimes it is convenient to use a more general Riccati substitution 
— fOrMOe@'@) 
= OGM)” 


where f is a differentiable function. By a direct computation one can verify that v satisfies 
the first order Riccati-type equation 


yf 
f(t) 
The application of this more general Riccati substitution in the oscillation theory of (0.1) 


will be shown in Chapter 3C. 
(11) If we consider a slightly more general half-linear equation 


vt fe) +(p— Dri 4H fF O|vit =0. (2.2) 


(r(t)B(x'))' + BW) P(x’) + c(t) O(x) =0, (2.3) 
the Riccati substitution w = r®(x')/®(x) leads to the equation 


bit 
w! be) w+ (p= Del 4H |wlt =0. (2.4) 
r 
Multiplying this equation by exp{ [ : rt ds} =: g(t) and denoting v = gw, Equation (2.4) 
can be written in the same form as (2.1) 


v' + (g(t) + (p= Dr! 4 (Hg! (Hult = 0. 
The same effect we achieve if we multiply the original equation (2.3) by g since then this 
equation can be again written in the form (0.1). 
2.2. Picone’s identity 


The original Picone’s identity [190] for the linear second order equation (1.1) was estab- 
lished in 1910. Since that time, this identity has been extended in various directions and 
the half-linear version of this identity (proved in [115]) reads as follows. 
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THEOREM 2.1. Consider a pair of half-linear differential operators 
a) =(TOOO)) +eOP@), — LO) =(ROS(’))' + CHS) 


and let x, y be continuously differentiable functions such that r®(x'), R®(y’) are also 
continuously differentiable and y(t) 4 0 in an interval I C R. Then in this interval 


x / / ’ 
{aaleoren )— B(a)ROY i} 


= (r — R)|x'|+(C —c)|x|? + pR' 4 P(R97! x, R®(xy'/y)) 


x 
+ Bo) PON@ — &(x)L(y)], (2.5) 
where 
|u|? |u|? 
P(u, v) := — —uv+ — 20 (2.6) 
Pp q 


with equality if and only if v = ®(u). 


PROOF. The identity (2.5) can be verified by a direct computation, inequality (2.6) is the 
classical Young inequality, see, e.g., [105]. 


In the particular case when r = R, C =c, y is a nonzero solution of the equation 
L(y) = 0 and w = R®(y’)/®(y), then (2.5) reduces to the identity 


r(t)lx'|P — c(t) |x|? = (wal?) + pr! 4) P(r7- 1x’, B(x) w(t). (2.7) 
This reduced Picone’s identity will be used frequently in the sequel. 
We will also need the following auxiliary statement which compares the function P with 


a certain quadratic function. 


LEMMA 2.1. The function P(u, v) defined in (2.6) satisfies the following inequalities 
1 2p 2 
Plu, v) 2 slul "(PW —v)", ps2, Pu) Fv, uF (2.8) 


and 


1 
PUY) S lal (PW) — vy, PS2, 


P(u)| > |v|, uu >0. 
(2.9) 
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More generally, for every T > 0 there exists a constant K = K(T) such that 


v 


Plu, v) = K(T)\uP-?(@W —v),  p=2, G(u) #0, ye 


<T. (2.10) 


PROOF. We present an outline of the proof only, for details we refer to [66,72]. We have 


v 


P(u,v) = wir a) 
q|@(u) 


‘-g5+s 
Plu) p 


and 


2 
a VU 
lu? "v- Ww) =u" s 1) : 


Denote F(t) = iu Sr a G(t) = 4(t — 1)?. The function H = F — G satisfies 


H(-1) =0= AH (1), H(0)=1- 5 2 0 for p $2 and a closer investigation of the graph 


of this function shows that (2.8) and (2.10) really hold. 


2.3. Energy functional 


The p-degree functional 
b 
Fy: a.b)= | [r@ly'l? —e(lyl?] dr (2.11) 
a 


considered over the Sobolev space wy? (a, b) is usually called the energy functional of 
(0.1). Recall that the Sobolev space W, ’P (a, b) consists of absolutely continuous functions 
x whose derivative is in L?(a, b) and x(a) = 0 = x(b), with the norm ||x || = Cf? Cx’? + 
|x|?] dt)!/?. Equation (0.1) is the Euler-Lagrange equation of the first variation of the 
functional F. Moreover, if x is a solution of (0.1) satisfying x(a) = 0 = x(b), then using 
integration by parts we have 


b 
F(x; a,b) =[rx(O(x')]? -| x(t)[(r@(x’)) + c(t) O(x)] dt = 0. 
: (2.12) 
2.4. Roundabout theorem 


This theorem relates Riccati equation (2.1), the energy functional (2.11) and the basic oscil- 
latory properties of solutions of (0.1). The terminology Roundabout theorem is motivated 
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by the fact that the proof of this theorem consists of the “roundabout” proof of several 
equivalent statements. 

Equation (0.1) is said to be disconjugate on the closed interval [a, b] if the solution x 
given by the initial condition x(a) = 0, r(a)®(x'(a)) = 1 has no zero in (a, b], in the 
opposite case (0.1) is said to be conjugate on [a, b]. 


THEOREM 2.2. The following statements are equivalent. 
(1) Equation (0.1) is disconjugate on the interval I = [a, b]. (0.1) has at most one. 
(11) There exists a solution of (0.1) having no zero in [a, b]. 
(iii) There exists a solution w of the generalized Riccati equation (2.1) which is defined 
on the whole interval [a, b]. 
(iv) The energy functional F (y; a, b) is positive for every 0# y € Wy? (a, b). 


PROOF. (i) => (ii): Consider the solution x of (0.1) given by the initial condition x(a) = «, 
r(a)®(X'(a)) = 1, where ¢ > 0 is sufficiently small. Then, according to the continuous 
dependence of solutions of (0.1) on the initial condition, disconjugacy of (0.1) on [a, b] 
implies that this solution is positive on this interval. 

(11) = (111): This implication is the immediate consequence of the Riccati substitution 
from Section 2.1. 

(iii) > (iv): If there exists a solution w of (2.1) defined in the whole interval [a, b], then 
by integrating the reduced Picone identity (2.7) with x € Wo Pa, b) we get 


b 
Fab) = rf r!~4(t) P(r?! ()x’, B(x) w(t) dr > 0 


with equality only if and only if ®(r9~! (t)x’) = O(x) w(t), Le., x’ = ®-!(w(t)/r(t))x in 
[a, b], thus 


t 
x(t) = x(a) exp} [ o- (2) as| 


since x(a) = 0. This means that F(x; a,b) > 0 over Wo (a,b) with equality only if 
x(t) =0. 

(iv) => (i): Suppose that F > 0 over nontrivial y € Wy (a,b) and (0.1) is not dis- 
conjugate in [a, b], i.e., the solution x of (0.1) given by the initial condition x(a) = 0, 
r(a)®(x'(a)) = 1 has a zero c € [a, b]. Define the function y € Wy? (a, b) as follows 


0 


_fx@, tela,cl, 
vi={F té€[c, BI. 


Then by (2.12) 


F(y; a,b) =F (y3 a,c) = F(x; a,c) =0 


which contradicts the positivity of F. 
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REMARK 2.2. Similarly to the linear case, two points t), tf € R are said to be conjugate 
relative to (0.1) if there exists a nontrivial solution x of this equation such that x(t)) = 
0 = x(t). Due to Theorem 2.2, disconjugacy and conjugacy of (0.1) on a bounded interval 
I CR can be equivalently defined as follows. Equation (0.1) is said to be disconjugate 
on an interval J if this interval contains no pair of points conjugate relative to (0.1) (i.e., 
every nontrivial solution has at most one zero in /), in the opposite case (0.1) is said to 
be conjugate on I (i.e., there exists a nontrivial solution with at least two zeros in /). 
In Section 7 we will show that using the concept of the principal solution of (0.1), this 
equivalent definition applies also to unbounded intervals. 


2.5. Sturmian separation and comparison theorems 


The Roundabout theorem shows that the linear Sturmian theorems extend verbatim to half- 
linear equation (0.1). Indeed, the following theorem follows from the equivalence of (i) and 
(11) in Theorem 2.2. We will prove it by using an alternative method. 


THEOREM 2.3. Let t) < tz be two consecutive zeros of a nontrivial solution x of (0.1). 
Then any other solution of this equation which is not proportional to x has exactly one 
zero on (ty, t2). 


PROOF. Among several possible methods of the proof we choose that one based on the 
Riccati substitution and the resulting equation (2.1). Let w = r@®(x’)/®(x), then w is a 
solution of (2.1) which is defined on (t;, t2) and satisfies w(t)+) = 00, w(f,—) = —oo. 
Suppose that there exists a solution x of (0.1), linearly independent of x, which has no 
zero in (t, t2) and let Ww = r@®(x'/X). Since X(t1) 40, X(t2) £0 (otherwise X would be a 
multiple of x), we have w(t,) < 00, wW(t2) > —oo. Hence the graph of w has to intersect 
the graph of w at some point in (ft, f2), but this contradicts the unique solvability of (2.1) 
(which follows from the fact that the function c + (p — 1)r!~4|w/? is Lipschitzian with 
respect to w). 


The Sturmian separation theorem also justifies the following definition of oscillation 
and nonoscillation of (0.1) which is the same as in the linear case. Equation (0.1) is said 
to be nonoscillatory (more precisely, nonoscillatory at oo), if there exists To € IR such that 
(0.1) is disconjugate on [T7o, T;] for every T; > To, in the opposite case (0.1) is said to be 
oscillatory. 

According to Theorem 2.3, the above definition is correct, in the sense that oscillation 
of (0.1) means oscillation of its every nontrivial solution (i.e., the existence of a sequence 
of zeros of this solution tending to oo). Note also that similarly to the linear case, if the 
functions r,c are continuous and r(t) > 0 in an interval [T, 00), then according to the 
unique solvability of the initial value problem associated with (0.1), the sequence of zeros 
of any nontrivial solution of (0.1) cannot a have a finite cluster point. 

Along with (0.1) consider another equation of the same form 


(RI) P(y’))’ + CH P(y) =O, (2.13) 


where the functions R, C satisfy the same assumptions as r, c, respectively, in (0.1). 
The next statement is an extension of well-known Sturm comparison theorem to (0.1). 
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THEOREM 2.4. Let t, < t be consecutive zeros of a nontrivial solution x of (0.1) and 
suppose that 


C(t) > c(t), r(t)> R(t) >0 (2.14) 


for t € [t1, t2]. Then any solution of (2.13) has a zero in (t, tz) or it is a multiple of the 
solution x. The last possibility is excluded if one of the inequalities in (2.14) is strict on a 
set of positive measure. 


PROOF. Let x be a solution of (0.1) having zeros at t = t) and t = fy. Then by (2.12) we 
have F(x; t), fo) = 0 and according to (2.14) 


t 


Frc(x: th, 1) =f [R(t)|x’|? — C(H|x|?] de <0. (2.15) 


t 


This implies, by Theorem 2.2, that the solution y of (2.13) given by the initial condi- 
tion y(t}) = 0, y’(t1) > 0 has a zero in (t1,f2] and by Theorem 2.3 any linearly inde- 
pendent solution of (2.13) has a zero in (¢1, f2). Finally, suppose that the first zero of y 
to the right of ft, is just at t, ie., y(t)) =0 = y(t). Let v = R®(y’)/P(y) be the so- 
lution of the Riccati equation associated with (2.13). Then, since lim,_,;,+[x(1)/y(t)] = 
lim; 7,41’ (t)/y’(1)] = x(t) /y’ (tf) exists finite, we have 


P(x(t)) 

P_ / = 
jim, v(t) |x|? = jim, R(t)x(t)®(y'(0)) 260) 7 0 
Similarly lim,_,,,— v(t) |x(t)|? = 0. This implies Frc (x; t1, t2) > 0 (in view of (2.7) with 
R, C, v instead of r, c, w respectively), but this contradicts to (2.15) since Frc (x; th, t2) < 
0 if one of inequalities in (2.14) is strict on an interval of positive length. 


We will employ the same terminology as in the linear case. If (2.14) are satisfied in a 
given interval J, then (2.13) is said to be the majorant equation of (0.1) on J and (0.1) is 
said to be the minorant equation of (2.13) on J. 


2.6. Transformation of independent variable 


Let us introduce the new independent variable s = g(t) and the new function y(s) = x(t), 
where ¢ is a differentiable function such that y’(t) 4 0 in some interval J where we con- 
sider Equation (0.1). Then a = ¢'(t) 4 and hence this transformation transforms (0.1) into 
the equation of the same form 


d , d c(t) - Sd 
[roel w)o(F9)]+ S200) =0. t= ‘(s), (2.16) 
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-1 


where gy is the inverse function of g. In particular, if 


t 
g(t) = r-aejde, Tel, (2.17) 
i 


then the resulting equation (2.16) is the equation of the form (0.1) with r(t) = 1. 

Observe that if f° r!~4(r) dt = oo, then (2.17) transforms an unbounded interval 
[T, co) into the interval [0, co) which is of the same form as [T, 00). If f* r!-4(t) dt <0 
then the interval [T, oo) is transformed into the bounded interval [0, b), b= ae ii r!—4(t) dt. 
This fact, coupled with the remark about cluster points of an oscillatory solution of (0.1) 
given below Theorem 2.3, shows why some (non)oscillation criteria and asymptotic for- 
mulas for solutions of (0.1) substantially depend on the divergence (convergence) of 
fr ted, 


2.7. Reciprocity principle 


Suppose that the function c in (0.1) does not change its sign in an interval J and let u = 
r®(x’). Then by a simple computation one can verify that u is a solution of the so-called 
reciprocal equation 


(cl-4ayo-!w’))' +r!-4 (NeW) =0, (2.18) 


where ®~!(s) = |s|?~!sgns, g = , is the inverse function of ®. The terminology 
reciprocal equation is motivated by Eh linear case p = 2. The reciprocal equation to (2.18) 
is again the original equation (0.1) 

If t) < f2 are consecutive zeros of a solution x of (0.1), then by the Rolle mean value 
theorem u has at least one zero in (f), f2). Conversely, if #) < t are consecutive zeros of u, 
then u’ = —c(t)x and hence also x has a zero in (t1, t2). This means that (0.1) is oscillatory 
if and only if the reciprocal equation (2.18) is oscillatory. This fact we will refer to as the 
reciprocity principle. 


2.8. Leighton—Wintner oscillation criterion 

In this section we formulate a simple oscillation criterion for (0.1). Even if we will devote a 
special chapter to oscillation criteria for (0.1), we prefer to formulate this criterion already 
here. In the linear case p = 2, this criterion was proved first by Leighton [146] under the 
addition assumption c(t) > 0. This restriction was later removed by Wintner, see, e.g., 


[208]. 


THEOREM 2.5. Equation (0.1) is oscillatory provided 


loo) ioe) b 
/ r'-4(t)dt=0o and i c()dr= tim | c(t) dt = 00. (2.19) 
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PROOF. According to the definition of oscillation of (0.1), we need to show that this equa- 
tion is not disconjugate on any interval of the form [T, oo). To illustrate typical methods 
of the half-linear oscillation theory, we present here two different proofs. 

(i) Variational proof: We will find, for every T € R, a nontrivial function y € 
Wy? (T, oo) such that 


[o,@) 
Fey: 7.00) =f [rly'l? — ely ar <0. (2.20) 
T 
The function which satisfies (2.20) can be constructed as follows 
0, T<t<bh, 
jr = ~4(s) ds( fyi r a ~4(s)ds)— if to<t<t, 
y@)= 41, i<tch, 
hee i ~4(s) ds( fer '~4(s) ds) ~ 1 b<t<h, 
0, B<t<a, 


where T < to <t, < t) < #3 will be specified later. Denote 


ty 


K:=F\y; mt) f [P@Iy'I? — e@lyl?] de 


to 


Then by a direct computation we have 


to t3 -1 t3 
c(t) dt + (/ r!-4(t) ir) -{ c(t)|y|? de. 
ty ty 1 


Fy: 7,00) = K ~ f 


Since the function g(t) = or 3 r1-4(5) ds( ie 3 -1-4(5) ds)—! is monotonically decreasing on 
[f2, 3] with g(t) = 1 and g(t3) = 0, by the “second mean value theorem of integral calculus 
there exists € € (tz, f3) such that 


ts & 
/ c(t)g? (t) dt = / c(t) dt. 
t t 


Using this equality, we have 


& t —1 
Fy; to.) =K ~ f c(t) dt + (fora) . 
t to 


Let e > 0 and ft, > fo be arbitrary. The second condition in (2.19) implies that f2 can be cho- 
sen in such a way that 8 c(t) dt > K +e and the first condition in (2.19) implies that t3 > to 
can be taken such that ( it 3 l-aq) dt)! <e. Summarizing these estimates, we have 


F(y; to, 03) < K —(K +e) +e <0 


hence (0.1) is oscillatory by Theorem 2.2. 
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(11) Proof by the Riccati technique. Suppose, by contradiction, that (2.19) holds and (0.1) 


is nonoscillatory. Then there exists T € R and a solution w of Riccati equation (2.1) which 
is defined in the whole interval [T, oo). By integrating (2.1) from T to t we get 


t t 
w= wT) f c(s)ds — (p=) | r!~4(s)|w(s)|* ds. 
T T 


The second condition in (2.19) implies the existence of T; > T such that we have w(T) — 
fe c(s) ds < 0 for t > T; and hence 


t 
wn<--0 f r'~4(s)\w(s)|? ds fort > 71. 
T 


Denote G(t) = f7-r!~4(s)|w(s)|4 ds, then |w| =[G’r?—!]!/4 and the last inequality reads 


G'(t) 


— 1)9y 1-4 
Gare oT 


By integrating this inequality from T; to t we get 


t 
Ses [a'r G4] > (p18 fr pas. 
q-1 q-1 Ty 


Letting f > oo we have a contradiction with the first condition in (2.19). 


3. Differences between linear and half-linear equations 


The basic difference between linear and half-linear equations has already been mentioned 
at the beginning of this chapter, it the fact that the solution space of (0.1) is only homo- 
geneous but not additive. In this subsection we point out some other differences (some of 
them are more or less consequences of this lack of the additivity of the solution space). 


3.1. Wronskian identity 


If x1, x2 are two solutions of the Jinear Sturm—Liouville differential equation (1.1), then 
by a direct differentiation one can verify the so-called Wronskian identity 


r(t)[x1(xh() — x} Ox] =o, (3.1) 


where @ is a real constant. We have no half-linear version of this identity. More pre- 
cisely, the above identity (3.1) can be regarded as an identity W(x), x}, 2,5) = r(x}x2— 
X1x5) = along solutions x1, x2 of (1.1). Elbert [86] showed that for p 4 2 there exists no 
function of 4 variables W(x, x2, x3,.x4) which is constant along solutions of (0.1), with 
the properties: 
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(i) W is continuously differentiable with respect to each variable. 
(ii) W is not identically constant on R*. 
(iii) W has antisymmetry property W (x3, x4, X1, x2) = —W(x1, x2, X3, x4). 
This result was proved using the generalized Priifer transformation, we refer to [86] for 
details. The absence of a Wronskian-type identity implies that we have also no analogue 
of the linear reduction of order formula: given a solution x of (1.1) with x(t) 4 0 in an 
interval J, then 


rn L ds 
7y =i | r(s)e2(8) 


is another solution of (1.1) 


3.2. Transformation formula 


Let h(t) 4 0 be a differentiable function such that rh’ is also differentiable and let us 
introduce a new dependent variable y which is related to the original variable x by the 
formula x = h(t)y. Then we have the following (linear) identity which is the basis of the 
linear transformation theory (see [5,32,183]) 


AH (rx’) tex] =(rOMOy') +AO[(rMA'(O) + eOr@]y. 
(3.2) 


In particular, if x a solution of (1.1) then y is a solution of 
(Ry') + COy =0 


with R = rh? and C = A[(rh') + ch]. Since the function ® is not additive, we have 
no half-linear analogue of this transformation identity. This has the following important 
consequence. Many oscillation results for linear equation (1.1) are based on the so-called 
trigonometric transformation which reads as follows. Let x1, x2 be two (linearly indepen- 


dent) solutions of (1.1) such that r(x).x5 — x}x2) = 1 and let h = ,/x7 + x}. Then we have 
the identity (which can be verified by a direct computation) 


1 
Al(rh’y’ + ch] = 77% 


This means that the transformation x = h(t)y transforms (1.1) into the equation 


1 / 
(=) +q(t)y=0, g(t)= (3.3) 


1 
q(t) r(tyh?(t) 
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Equation (3.3) can be solved explicitly and y, = sin({” q(s) ds), yo = cos( q(s) ds) are 
its linearly independent solutions, in particular, (3.3) and hence also (1.1) is oscillatory if 
and only if 


[ dt nies 
rONLeH +230] — 


for any pair of linearly independent solutions x, x2 of (1.1). This fact is used in proofs 
of many oscillation results for (1.1), see [192,208] and references given therein. Since 
half-linear version of the transformation formula (3.2) is missing, analogous results for 
half-linear equation (0.1) are not known. 


3.3. Fredholm alternative 


Consider the linear Dirichlet boundary value problem associated with (1.1) 


(r(t)x’) +e@)x=f(), te [a,b] (3.4) 
x(a) =0=x(b). 


It is well known that if the homogeneous problem with f(t) = 0 has only the trivial solu- 
tion, then (3.4) has a solution for any (sufficiently regular) right-hand side f (the so-called 
nonresonant case). If the homogeneous problem has a solution go, problem (3.4) has a 
solution if and only if 


b 
/ f got) dt = 0. 
In particular, the problem 
x"+x= f(t), x(0)=0=x(z), (3.5) 


has a solution if and only if {yf (¢) sint dt =0. 
Now consider the half-linear version of the boundary value problem (3.5) 


(P(x) +(P-DO@)= FO. te lab), 3.6) 
x(0) =0=x(mp), 
where the generalized zr, is given by (1.7). A natural question is whether 
Tp 
/ f(t) sinp tdt =0 (3.7) 
0 


is a necessary and sufficient condition for solvability of (3.6). This problem attracted con- 
siderable attention in last years, see [73] and the references given therein. It was shown 
that (3.7) is sufficient but no longer necessary for solvability of (3.6). We will deal with 
this problem in more details in the last chapter. 
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4. Some elementary half-linear equations 


In this section we focus our attention to half-linear equations with constant coefficients 
and to Euler-type half-linear equation. The results presented here are essentially contained 
in the paper of Elbert [88]. This Elbert’s paper deals with system (1.2) (with constant 
coefficients or coefficients corresponding to the generalized Euler equation), but results 
can be easily reformulated to equations of the form (0.1). 


4.1. Equations with constant coefficients 
Before passing to half-linear equations with constant coefficients, consider the equation 
(r(t)@(x'))' =0. (4.1) 


The situation is here the same as in case of linear equations. The solution space of this 
equation is a two-dimensional linear space and the basis of this space is formed by the 
functions x; (t) = 1, x2(t) = kg r!—4(s) ds, where g = aaa is the conjugate number of p. 

Now, consider Equation (0.1) with r(t) =r > 0 and c(t) =c. This equation can be 
written in the form 


(9(x))' += 9(@) =0 (4.2) 


Ic| 
r(p-Il) 


and the transformation of independent variable tf + At with A = ( )!/P transforms 


(4.2) into the equation 
(D(x'))’ + (p — 1) sgnc®(x) =0 


If c > 0, this equation already appeared in Section 1.3 as Equation (1.4). Its solution given 
(uniquely) by the initial condition x(0) = 0, x’(0) = 1 was denoted by S = S(t) (or by 
sin, t) and it is called the half-linear sine function. The function C(t) = S’(t) is called 
the the half-linear cosine function. Consequently, taking into account homogeneity of the 
solution space of (0.1), we have the following statement concerning solvability of (1.4). 


THEOREM 4.1. For any to € R, xo, x1 € R, the unique solution of (1.4) satisfying x (to) = 
xo, x'(to) = x1 is of the form x(t) =aS(t — t1), where a, t) are real constants depending 
on to, X0, X1. 

Now let c < 0, i.e., we consider the equation 


(®(x'))' — (p—1) G(x) =0. (4.3) 


Multiplying this equation by x’ and integrating the obtained equation over [0, t] we have 
the identity 


|x’()|? — |x@|? = |x’(0)|? — |x|? =C, (4.4) 
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where C is areal constant. If C = 0 then x’ = +x thus x; =e! and x2 =e” are solutions 
of (4.3). 

In the remaining part of this subsection we focus our attention to the generalized half- 
linear hyperbolic sine and cosine functions. In the linear case p = 2, these functions are 
linear combinations of e’ and e~’. However, in the half-linear case the additivity of the 
solution space of (0.1) is lost and one has to use a more complicated method. Let E = E(t) 
be the solution of (4.3) with the initial conditions E(0) = 0, E’(0) = 1, and similarly let 
F = F,(t) be the solution given by the initial conditions F(0) = 1, F’(0) = 0. Let us also 
observe that the function E corresponds to C = | and F to C = —1 in (4.4), respectively. 
Moreover, for p = 2, 1.e., if differential equation (4.3) is linear, we have E(t) = sinht and 
F(t) =cosht. 

Due to (4.4), the function E satisfies also the relation 


E' = 2/1+|E)?, 


hence E’ > | for t > 0. Consequently 


=f E(s)ds  f®® ds (45) 
Jo VPI+ER(S) Jo) = +5?" ; 


In order to compare (asymptotically) the function E(t) with e’, let the function f(s) be 
defined by 


1 for0Ss <1, 
f= i fors = 1. 


Then by (4.5) we obtain 


E(t) ds E(t) 
IgE =1+ f Win : f(s)ds_ for E(t) > 1. 
Hence 
2S 1 


The integral in the right-hand side of (4.6) can be interpreted as the area of the domain on 
the (s, y) plane given by the inequalities 


1 
V1 + sP 


Taking y as an independent variable, we find for the integral in (4.6) 


<y<f(s) for0<s<oo. 


11 -— yl—yP 1 fii—ul/P 
— [~~ u. (4.7) 
y 0 


ne 0 ” D l-u 
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Since 0 < 1— 4#/1—y? < y for0 < y < 1 we have 0 < lgd, < l,ie., 1 <5) <e. On 


the other hand, the integral in (4.7) can be expressed by means of the function W(z) = 
d|gV(z)/dz as 


ao 1] 
wa=—+ | 
0 


where C is the Euler constant and T@Z)= ee t?—!e~! dt denotes the usual Euler gamma 
function. Making use of this relation we obtain 


wes I 
igs, S15 ~|é+u(2*)]. 
p p 


Finally, the relation (4.6) can be rewritten as 


reo} 


dt for Rez>0, 


(4.8) 


t 
jim, E,® =6p, where 1 < dy <e. (4.9) 


A similar relation is expected also for the function F(t). We will use the following 
auxiliary statement which we present without the proof, this proof can be found in [85]. 


LEMMA 4.1. Let 1)(R), I2(R) be integrals defined by 


1 Pp T Pp 2 ’ 2 1 Pp 7 1 > . 
Then 


: a W 
im, [71(R) _ 1(R)] = 3 cot—. 


Now we return to the asymptotic formula for F,. We want to obtain a relation similar to 
(4.9). Since F fulfills the differential equation 


PPS eS=), 
we have 


F’ 
————- = | fort>0. 
FP — 1 


Integrating the last equality yields 


F(t) dé 
/ Yea fort >0. 
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This relation implies that lim;_, 9. F(t) = oo. On the other hand 


F(t) 1 
Jim [¢-1g FO] = im, f las - | dé 


= / . : =| dé (4.10) 
ie an ee ae 
because the integral on the right-hand side is convergent. Let A, be introduced by 
IgA oe | d = |e (4.11) 
Beef, gerat | : 


It is clear that A, > 1. The relation (4.10) can be rewritten as 


t 


Now we want to establish a connection between A, and 5). By (4.6), (4.10), and taking 
into account the definition of the function f(&), we have 


ij. R 1 1 R 1 
aA, (Geat-a)e-t+ 0©- gree) 
= lim [/2(R) — 1(8)], 


where the functions /;(R), J2(R) were introduced in Lemma 4.1. Then by this lemma we 
get the wanted relation as 
6 a TU 
Ig = —cot. (4.13) 
Ap PP 


We may observe here that this relation implies that 52 = Ap in the linear case (p = 2). 
In fact, we have 62 =2= Ap. 

By (4.8) the value of 6, can be considered to be known, consequently by the relation 
(4.13) the value of A, is known as well. 

Finally, there are interesting functional relations between the half-linear hyperbolic sine 
and cosine functions E(t), Fp(t) as follows 


Ep(t) =(Fa((p 11)" = O'(Fy((p — D4), 
Fi(t) = ®~!(Eq((p — 1t)). (4.14) 


To prove these relations it is sufficient to show that the functions on both sides of the 
equalities satisfy the same differential equation and fulfill the same initial conditions, this 
is a matter of a direct computation (use, e.g., the result of Section 2.7). 
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The relations (4.14) provide another connections between the values of 5, and Ap. In- 
deed, by (4.4) and (4.9) we have 


E‘(t) E ,(t 1 
Pee aie) <i) 
t>oo ef t>oo ef Sp 


(4.15) 


On the other hand, this, (4.12) and (4.14) imply (taking into account that (p — 1)(q¢—1) = 1 
for conjugate pair p,q) 


CAG) are ee 0 ae? 


= lim ————_ = = 


a t>oo e(p-It too e(p-Dt Ag 
hence 
-1 
Aqg=6h', (4.16) 


and similarly 
ene (4.17) 


We remark that the last two relations are equivalent since replacing p by g we get each 
from the other. By relations (4.13), (4.16) (or (4.17)) it is sufficient to know one of the 
values of Ap, 5p, Ag, 5g, and then all the other values can be obtained easily. 

As in the linear case where the function sinht is odd and the function cosht is even, the 
functions E(t), F(t) behave in a similar way: 


E)(-t)=—Ep@), — Fy(—t) = Fp). (4.18) 


To prove this statement it is sufficient to show that the functions on the both side of the 
equality are solutions of differential equation (4.3) and satisfy the same initial conditions 
at t = 0. Then the uniqueness of the initial value problem (see Section 1.4) proves (4.18). 

Now we know all the solutions of differential equations (4.3). We display them in the 
next theorem. 


THEOREM 4.2. The solutions of (4.3) are: 

Ke, Ke KEp(t +t), K F(t + to), (4.19) 
where K and tg are real parameters. More precisely, there are two one-parameter fami- 
lies of solutions x(t) = Ke', x(t) = Ke and two two-parameter families satisfying the 


following asymptotic formula 


. x(t) 
lim —= 
to ef 


L, 


where L = 7 orL= x with K from (4.19). 
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PROOF. Since Equation (4.3) is autonomous, it is sufficient to consider solutions whose 
initial values are prescribed at t = 0, i.e., x(0) = x0, x'(0) = x1. If x9 = 0 = x1, then ac- 
cording to the unique solvability x(t) = 0. If at least one of the constants xo, x; is nonzero, 
distinguish the cases according to the value of the constant C in (4.4). In case C = 0, 
the only possibilities are x(t) = Ke’ or x(t) = Ke’. More precisely, if xox; > 0, then 
x(t) = xoe’, if xox, < 0, then x(t) = xe’. Now, if C > 0, then by the definition of the 
function Ey, we have x(t) = K Ep»(t + to). Let K = sgn x9 4/C. Since the function Ey is 
strictly increasing (observe that E’(0) = 1, E’ is continuous and |E’|? = 1 + |E|?) there 
exists fo € IR such that CE (to) = x. Concerning the initial condition for the derivative 5 
we have 


[xi]? =C + [xol? =C+ClE|? =C(1 +4 |E|?) =ClE'l?, 


hence x} = + K E'(to). But E’(to) > 0 and sgn K = sgn x1, the sign + is the correct one. 
If C <0, let K =sgnxo 2/—C and to be the solution of C F’ (to) = x1. Then the function 
K F y(t + fo) is the solution we looked for. 

Finally, concerning the asymptotic formula, any solution which is not proportional to e’ 
ore’ satisfies by (4.9) or (4.12) 


x(t). KE(t+t) , Ke x(t) Kel 
lim ———e” = — or lim —-= 
p t>oo ef Ap 


’ 


t>oo ef too eltto 


4.2. Euler-type half-linear differential equation 


In this subsection we deal with the Euler-type differential equation 
(O(x))' + THe) =0, (4.20) 


where y is a real constant. By the analogue with the linear Euler equation we look first for 
solutions in the form x(t) = t*. Substituting into (4.20) we get the algebraic equation for A 


GA) :=(p— IAI? — (p—1)A)+y=0. 


The function G is convex, hence the equation G(A) = 0 has two, one or no (real) root ac- 
cording to the value of y. However, even if the first possibility happens, since the additivity 
of the solution space of is lost in the half-linear case, we are not able to compute other so- 
lutions explicitly. To get a more detailed information about their asymptotic behavior, we 
use the procedure which is also typical in the linear case, namely the transformation of 
(4.20) into an equation with constant coefficients. 

The change of independent variable s = lgt converts (4.20) into the equation (where the 
dependent variable will be denoted again by x and’ = 4) 


(O(x’))’ -(- I@(x') + y P(x) =0. (4.21) 
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The Riccati equation corresponding to (4.20) and (4.21) are 
/ 


w! =—yt-? —(p— Iw)? (4.22) 


and 


v=—y +(p— lv (p— I)lvlt =: FQ), (4.23) 


respectively. The solutions w and v are related by the formula w(t) = t!~? v(gt) and, 
moreover, we have G(@~!(v)) = —F(v). 
The function F is concave on R with the global maximum at i = (2— =) —! and the 


value of this maximum is y = e a ee y. We distinguish the following 3 cases with 
respect to the value of the constant 5 y. 

(1) y < y. Then the equation F(v) = 0 has two real roots vj < v < v2; 

(Il) y = y. Then the equation F'(v) = 0 has the double root v = v; 

(Il y > y. Then F(v) <0 for every ve R. 

Case (1). The constant functions v(s) = v1, v(s) = v2 are solutions of (4.23). Clearly, if v 
is a solution of (4.23) such that v(s) < v1, forsome s € R, then v’(s) < 0, if v(s) € (v1, v2), 
then v’(s) > 0, and v’(s) < 0 for v(s) > v2, a picture of the direction field of (4.23) helps to 
visualize the situation. Any solution of (4.23) different from v(s) = v1,2 can be expressed 
(implicitly) in the form (S € R being fixed) 


v(s) 
ik ONE ga he (4.24) 
vs) F(v) 


Observe that the integral 7 fon is convergent whenever the integration interval does not 
contain zeros vj ,2 of F, in particular, for any ¢ > 0 


v~e du co du 
> —00, > —0Oo 
i F(v) ee F(v) 

Case (Ia). v(S) < vy; then v(s) < v(S) for s > S and v is decreasing. If v were extensible 
up to oo, we would have a contradiction with (4.24) since the right-hand side tends to oo 
while the left one is bounded. Later we will show that v(s) = v, is the so-called eventually 
minimal solution of (4.23). 

Case (Ib). v(S) € (v1, v2); the solution v is increasing in this case, and as s > oo, we 
have v(s) — v2, otherwise we have the same contradiction as in the previous case. 

Next we compute the asymptotic formula for the difference v2 — v(s). We have 


F(v) = F’(v2)(v — v2) + O((v — v2)°), as U > v2, 


hence 


1 1 


San = BEE AT nn = SL Oe 
Fw = Fado a wlls0W= ml ~ Papwnmlt t Ow- »)] 
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1 


= —@ —_ + O(1 
Pajosm 


and therefore (since |v(s) — v($)| < v2 — vj = O(1)), substituting into (4.24) 


v(s) d 1 _ 
i 7 ip OO. wo aise 


(s) FQ) F’@2) © v2 —v(S) 


v2 — u(s) = K exp{ F’(v2)s}, 


where K is a positive constant (depending on v(S)), and substituting w(t) = t!~? v(igt) 
we have 


v2 — tw) = Kt? +0 ast>oo (4.25) 


since F’(v2) < 0. Substituting w = (*) in (4.25) we have 
B(x) 


DRO) rep 


= F'(v2) 
Zag eee 


and using the formula (1 + w)?~! = 1+ (p— 1)a + 0(a) as a > 0, we obtain (with 
poe 
q= at 


x(t) ®7!(v2) 
x(t) tt 


&!(v) 
t 


(1—KrPD)t1 ~ (1— KrF), 


as t > oo, here f ~ g fora pair of functions f, g means lim;-,o0 on = l,and K is areal 
constant. Thus 


x(t) =t*? exp{ Kr? )} ~t?2 ast > 00, 


since F’(v) < 0, where K is another real constant and A2 = ®~! (v2) is the larger of roots 
of the equation G(A) = 0. 

Case (Ic). v(S) > v2; then v'(s) < 0 and v(s) € (v2, v(S)) for s > S. Using the same 
argument as in (Ib) we have 


~ , 
PP! wt) —u = Kt? 2 +0 ast oo, 


K being a positive constant, and this implies the same asymptotic formula for the solution 
x of (4.20) which determines the solution w of (4.22). 
Case (Il). y= PY = (2) . Then the function F has the double root i = (Foyer. 


aoe —1 
Equation (4.20) has a solution x(t) = t® '@) = ae This means that (4.20) with y = y is 
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still nonoscillatory. In the linear case p = 2, y = i and we are able to compute a linearly 
independent solution using the reduction of order formula. This solution is X(t) = /flgt. 
The reduction of order formula is missing in the half-linear case, but using essentially the 
same method as in Case (I) we are able to show that all solutions which are not proportional 
to tr behave asymptotically as or Ig? t. 

To this end, we proceed as follows. Since F(v) = 0 = F’(0), 


F(v) = SFO —t)°+O0((v—d)*) asv i, 


hence, taking into account that F” (0) = — i, 
1 1 
Fv) LF’®)v— df + OW — 5)] 
05 
as Saat +O(@—-d)"!) asus. 


On the other hand, using the same argument as in the previous part, we see from (4.24) that 
any solution v which starts with the initial value v(S) < v fails to be extensible up to co 
and solutions with v(S) > v tend to v as t > oo. Substituting for F'(v) in (4.24) we have 


= +O(lghv— dl) =5-5, 
hence 
20 + (v — d)O(Ig|v — v]) = (v—d)(s— S). 
Since lim,_,;(v — v)O(1g |v — v|) = 0, we have 
Jim (s — $)(v(s) — 3) = Jim s(v(s) — ¥) =20. 
Consequently, 
O(Ig|v(s) — |) =O(Igs~') =O(lgs) ass > ov, 


and thus (v(s) — 0)~! = 35 + Olgs), which means 


2v 1 2v 1 2v 1 
Oo (i +o()) Z = +0(#). 
Ss 1+ 0() Ry RY Ss Ss 


Now, taking into account that solutions of (4.22) and (4.23) are related by w(t) = 
t!-Py(Igt), we have 


2v Ig(lgt 
Phu) b= +0( eve ’), 
Igt Ig“ t 
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which means that the solution x of (4.20) which determines the solution w of (4.22) satis- 
fies 


02 Os 2 yr Pa 2 


x(t) t 
and thus 
pot 
x(t)~t ? IgPt. 


Case (III). The equation F(v) = 0 has no real root and F(v) < 0 for every v € R. Again 


v(s) dv 
/ =s—S, and v(s)<v(S) fors>S. 
us) Fv) 


Since the left-hand side of the last equality is bounded for any value v(s), while the right 
one tends to oo as s > ov, no solution of (4.23) and hence also of (4.22) is extensible up 
to oo, which means that (4.20) is oscillatory. We will show that oscillatory solutions of 
(4.21) are periodic and we will determine the value of their period. 

To this end, we use the Priifer transformation mentioned in Section 1 (compare also 
Remark 1.1 applied to (4.21)). Any nontrivial solution of this equation can be expressed in 
the form 


x(s) = p(s)S(9(s)), x'(s) = p(s)S'((s)), 


where S is the generalized half-linear sine function. The angular and radial variables ¢, p 
satisfy the first order differential system 


a (4.26) 


g' =|s'(g)|? — S@)#(S'(g)) + 5s@) 
p= so) o(s') + (: - —_\o(sw) Jo. (4.27) 
Oscillation of (4.21) implies that lims_, 0 y(s) = co. Denote 


W(y) := |S'(g)|? — Sp) B(S'()) + Sais’. (4.28) 


Then 


g(s) 
i es ag (4.29) 
o(s) Y@) 
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Here we have used the fact that ¥(y) > 0 for g € R since if g = 0 (modz,), then 
W(y) = | (observe that |S(v)|? + |S’(g)|? = 1), and if S(g) $ 0, then 


S’(g) 
W(y) = [sc|? [lar — oc) +] >0, oe nen 
Further, let 
21 p dg Ip dy 
z=] =) —. (4.30) 
0 wy) 0 W@) 
By (4.28) we have W(y + 2p) = W(g), hence g(s + T) = v(s) + 27» and the substitution 
i ea gives 
sa dt 
r=2/ anit ae (4.31) 
Pie rela —t+l 


which is the quantity depending only on y. 
Finally, we will estimate the radial variable o. Denote 


Ry) = sw o(s') 4 (: 2 lois} 


By (4.27) and the identity g(s + t) = p(s) + 27)» we have 


p(s +T) i he R(g) i R(g) 
|p R ds = —dg= ——d 
eG, sh. Cee Le. w@Y” Is 


Now, using the identity ¥’+ pR = p — 1, we get 


a guar p-l 
0 


T 
dg = =. 4,32 
p(s) wo p.. 4 ae 


A consequence of (4.32) is that the function p(s) exp{ oar is periodic with the period t 

because of 

p(s +7) exp{—=} p(s +T) ‘| 

———_—____1- = = ——— exp 
p(s)exp{— 3} p(s) 


The previous computations in Case (IID) are summarized in the next theorem. 
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THEOREM 4.3. [fy >y= (= 


p(s) exp{—=} is a periodic solution of (4.21) with the period t given by (4.31). 


)P then Equation (4.21) is oscillatory and x(s) = 


REMARK 4.1. Consider the half-linear differential equation 


Y 
tPp-& 


(0° ®(x'))’ + ——@(x) =0. (4.33) 


If a ¢ p — 1 and we look for a solution of this equation in the form x(t) = t*, then substi- 
tuting into (4.33) we get the algebraic equation for the exponent A 


(p— IAI? — (p—1—a)®0)+y =0. (4.34) 


This equation has a real root if and only if y < py := (22 =elyp and hence (4.33) with 
a # p—1 is nonoscillatory if y < yy. If y > Yu, using the same ideas as in case a = 0 
treated in main part of this section one can see that (4.33) is oscillatory. 

If a = p— 1 and y > 0, Equation (4.34) has no real root and in this case we consider 
the modified Euler-type equation 


ue 
tig? t 


(t?-!B(x'))' + P(x) =0. (4.35) 


The change of independent variable t +> Igt transforms (4.35) into Equation (4.20) and 
the interval [1, oo) is transformed into the interval [e, co). The situation is summarized in 
the next theorem. 


THEOREM 4.4. Ifa 4 p — 1, Equation (4.33) is nonoscillatory if and only if 


ely 
v<( . 
P 


Equation (4.35) is nonoscillatory if and only if 
Be fe 
v< (= ) 
P 


4.3. Kneser-type oscillation and nonoscillation criteria 
As an immediate consequence of the Sturmian comparison theorem and the above result 
concerning oscillation of Euler equation (4.20), we have the following half-linear version 


of the classical Kneser oscillation and nonoscillation criterion. 


THEOREM 4.5. Suppose that 


8% 7 p—-1\? 
lim inft?c(t) > y = {| ——]} . (4.36) 
t> ce Pp 
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Then the equation 

(®(x')) + c(t) P(x) =0 (4.37) 
is oscillatory. If 

lim inft? c(t) </, (4.38) 
then (4.37) is nonoscillatory. 
PRooF. If (4.36) holds, then c(t) > yee for some ¢ > 0 and since the Euler equation 
(4.20) with y = y + « is oscillatory, (4.37) is also oscillatory by the Sturm comparison 


theorem (Theorem 2.4). The nonoscillatory part of theorem can be proved using the same 
argument. 


REMARK 4.2. Using the results of Theorem 4.4 and the Sturm comparison theorem, one 
can prove various extensions of the previous theorem. For example, if a 4 p — 1, 


a—p 


liminft~°r(t) > 1, lim sup t* ? c(t) < Yu 
be t>00 


then (0.1) is nonoscillatory. An oscillation counterpart of this result, as well as the criteria 
in case a = p — | can be formulated in a similar way. 
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CHAPTER 3B 


Nonoscillatory Equations 


In this chapter we concentrate our attention to nonoscillatory half-linear differential equa- 
tions while oscillatory equations is the main concern of Chapter 3C. However, we for- 
mulate some oscillation criteria already here, mainly in situations when they are natural 
complements of their nonoscillation counterparts. First we present nonoscillation criteria 
for (0.1) which are based on the Riccati technique and the variational principle. Section 6 
is devoted to the investigation of asymptotic properties of nonoscillatory solutions of (0.1). 
Then we deal with the important concept of the principal solution of nonoscillatory equa- 
tion (0.1) and the last section of this chapter presents criteria for conjugacy and disconju- 
gacy of (0.1) in a given interval. 

Recall that (0.1) is said to be nonoscillatory if there exists T € R such that (0.1) is 
disconjugate on [T, 00), i.e., every nontrivial solution of this equation has at most one 
zero in this interval and this means that every nontrivial solution is eventually positive 
or negative. Equation (0.1) is said to be oscillatory in the opposite case, 1.e., when every 
nontrivial solution has infinitely many zeros tending to oo. 

Note that from Theorem 2.2 or from Theorem 2.3 follows that this classification of half- 
linear equations is correct; all solution of (0.1) are either oscillatory or nonoscillatory. 


5. Nonoscillation criteria 


From the Roundabout theorem (Theorem 2.2) and also from the Sturmian comparison 
theorem (Theorem 2.4) it is easy to see that for nonoscillation of (0.1), the function c 
cannot be “too positive”, comparing with the positivity of the function r. The criteria of 
this section characterize in a quantitative way the vague expression “not too positive”. 

The Roundabout theorem offers two basic methods of the investigation of oscillatory 
properties of (0.1). The first one, usually referred to as the variational principle, is based 
on the equivalence of disconjugacy of (0.1) and the positivity of the associated energy 
functional F. The second main method—the Riccati technique—uses the equivalence of 
disconjugacy (0.1) and solvability of the generalized Riccati equation (2.1). 


5.1. Variational principle and Wirtinger’s inequality 


As an immediate consequence of the equivalence of (i) and (iv) in Theorem 2.2 we have the 
following statement which is used in the proofs of oscillation and nonoscillation criteria 
based on the variational principle. 
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THEOREM 5.1. Equation (0.1) is nonoscillatory if and only if there exists T € R such that 
[o,@) 
Foy Too) i= f [rily'” —celyl"] ar > 0 
T 


for every nontrivial y € Wy? (T, oo). 


A useful tool in the variational technique is the following half-linear version of the 
Wirtinger inequality. 


LEMMA 5.1. Let M bea positive continuously differentiable function for which M’(t) 40 
in [a, b] and let y€ Wi? (a, b). Then 


b b M?(t) 
M’ Pdt < p? —_——_|y"|? dt. 5.1 
[ \wolpiras pe f a (5.1) 


PROOF. Suppose that M’(t) > 0 in [a,b], in the opposite case the proof is similar. Us- 


ing integration by parts, the fact that y has a compact support in (a, b), and the Hélder 
inequality, we have 


b b 
/ [Mallya <p f Mlyl?~!|y'| at 
a a 


1 


b a b wv * 
P P 

"1 y|(P—Da@ : ee yp 

<o(f pe) w) (/ meat | «) 

(> MP o 

q Pp 

=p / [Mil dt) (/ Pea par) ; 

( a a |M’|P-} 


hence (5.1) holds. 


5.2. Nonoscillation criteria via Wirtinger inequality 


The Wirtinger inequality from the previous subsection is used in the next nonoscillation 
criterion. 


THEOREM 5.2. Denote c+(t) = max{0, c(t)}. If [° r!-4(a) dt = 00, f° cx.) dt < &, 


and 
t p-l eo) = p-l 
Himsup( f r!-4(s) as) (/ cv (sds) < -(2—=) (5.2) 
too t P P 
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or [~ r!-4(t) dt < 00 and 


0° p-1 t Losi p-l 
timsup( rs) as) (/ cx(s) as) < ~(2—) : (5.3) 
t>0o t Pp P 


then (0.1) is nonoscillatory. 


PROOF. We will prove the statement in case f © +1—4(t) dt = 00. If this integral converges, 
the proof is analogous. Denote 


-_ p-l t l-p 
bis ~(2—) . MO:= (| rs) as) 
P\ Pp 


and let T € R be such that the expression in (5.2) is less than v for t > T. Using (5.2), the 
H6lder inequality and the Wirtinger inequality, we have for any nontrivial y € wy? (T, ~) 


[o,e) [o-e) [o-e) t 
/ c(yiPar < f cx(OlylPar =p f cwco f y@(y)ds) a 
wh T T T 


ie c+(s) ds 
M(t) 


< rf ly |®(y) M(t) dt 


< pv | M(t)ly’||@(y)| de 


1 1 
ener of MOP: cccy : 
<mo( fo becotiirs) "CL cane") 


[o,@) [o,@) 
|M(t)|? 
Re rv f a= rar= | r(t)|y|? dt 
as WaGyaaee : (t)ly'| 


since one may directly verify that 


|M(t)|? 


IMP =(p- Ly Peg): 


Hence we have 


Fost, oo) = ff [raply'l? — etaylyl?] dt > 0 


for any nontrivial y € wy? (T, oo). 


REMARK 5.1. (i) Later we will show that the constant 1(z1)p —! in the previous 
nonoscillation criterion is sharp in the sense that if the limit in (5.2) (or in (5.3)) is greater 
than this constant, then (0.1) is oscillatory. Also, when the previous criterion is applied to 
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Euler-type differential equation (4.20) in the previous chapter, we again reveal the critical 
constant y = (Pot). 

(ii) In (5.2) and (5.3), the nonnegative part of the function c appeared. In the next sub- 
section we present an improvement of the previous nonoscillation criterion, where instead 
of c+ the function c directly appears. 

(iii) If, in addition to assumptions of the previous theorem, we suppose that c(t) > 0 for 
large ¢ then the second part of this theorem (the case when f° r!~4(t) dt < 00) can be 
deduced from the first one using the reciprocity principle from Section 2.7. Indeed, if (5.3) 
holds, then [ °° ¢(t) dt = 00 and consider the reciprocal equation to (0.1) 


(c!4()Ogu')) +r! 4(HOgu) =0,  Py(u) = ul! sgnu = @"(u), 
where q is again the conjugate number of p. This equation, with p replaced by g, r by 


c!~4 and c by r!~4 satisfies assumptions of the first part of Theorem 5.2, since (using 
(p—Y(q-Y=1) [Pcl I@))? dt = [™ c(t) dt = 00 and 


t q-1 eo) 
timsup( f c(s) as) (/ r!-4s) as) 
t>o t 
t 0° p-\4q-1 
=Timsup| ( f cis)ds)( | ras) 
t>oo t 
—1\P-l4¢-1 _—1\a-1 
|-() --() 
P P q q 


which is just the “reciprocal” counterpart of (5.2). 
(iv) If b= oo and M(t) =t in Lemma 5.1, we get the inequality 


foe) oe) a Pp 
/ pirar> 7 f LV? ae, p= (2 ) 
a qa tP Pp 


which is a Hardy-type inequality, see, e.g., [131]. This inequality has been extended in 
many directions and some of these extensions could be perhaps used to establish more 
sophisticated nonoscillation criteria than that given in Theorem 5.2. This problem is a 
subject of the present investigation. 


5.3. Riccati inequality 


From the Roundabout theorem (Theorem 2.2) it follows that nonoscillation of (0.1) is 
equivalent to solvability of the associated Riccati equation (2.1). Due to the Sturm com- 
parison theorem, nonoscillation of (0.1) is actually equivalent to solvability of the Riccati 
inequality. This is formulated in the next statement. 
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THEOREM 5.3. Equation (0.1) is nonoscillatory if and only if there exists a continuously 
differentiable function v defined on an interval [T , 00) and satisfying there the inequality 


v tce(t) + (p— Dr!) |u|? < 0. (5.4) 


PROOF. Let v bea solution of (5.4). Denote C(t) := —v' — (p—1)r!~4(t)|v|4. Then v isa 
solution of v' +C(t)+(p—l)r '~4(t)|v|¢ = 0 which is the Riccati equation associated with 
a Sturmian majorant of (0.1) (since C(t) > c(t)). This majorant equation is nonoscillatory 
and hence (0.1) is nonoscillatory as well. 


The previous statement is used in the half-linear version of the classical Wintner crite- 
rion. This linear criterion claims that if re +l (t) dt = 00 and Ne © c(t) dt converges, then 
the linear Sturm—Liouville equation (1.1) is nonoscillatory provided 


t oe) 
timsup( r—!(s) a)([ c(s) as) < u 
t>0o t 4 
t (oe) 3 
timint( f rl(s) as)([ c(s) as) >--H. 
t>0o t 4 


The next half-linear extension of this linear criterion is proved in [60]. 


and 


THEOREM 5.4. Suppose that Wek r!—4(t) dt = 00 and [~ c(t) dt = limp—+oo Lc) dt 
converges. If 


t p-l 0° t/ pel p-l 
lim sup (/ rs) as) (/ c(s) ds) < ~(2—=) ; (5.5) 
t>0o t P P 

t p-l ioe) = _ p-l 
timint( [ rs) as) (/ c(s) ds) > -=2=1(2=") , (5.6) 
t-~ t Dp Dp 


then (0.1) is nonoscillatory. 
PROOF. We will find a solution of the Riccati type inequality 

v' <-e(t) = (p— Ir! 4 (Out (5.7) 
which is extensible up to 00, Le., it exists on some interval [T, co). To find this solution 


v of (5.7), we show that there exists an extensible up to oo solution of the differential 
inequality 


p< (= pyr! 4 |p + C0) 


1 C(t):= he c(s) ds (5.8) 
t 
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related to (5.7) by the substitution o = v — C. This solution p is 


t 1- 
pan=a( f r4s)ds) a p= (24). 


Indeed, p! = (1 — p)Br!~4 (t)(f" r!—4(s) ds)~? and the right-hand side of inequality (5.8) 
is 


(1—p)r'Tan|o +c) |4 


t I-p q 
=(1— p)r'40) (| rt) +) 


t pl q t (—p)q 
=a pro] ( f a) C(t) (/ ia) 

t po! q t —P 
=a prr-ro]p+ ( f ra) cw) (| rs) 


Consequently, (5.8) is equivalent to the inequality 


t p-l 
p>|o+(f ra) Cit) 


However, since (5.5) and (5.6) hold, there exists ¢ > 0 such that 


Ip=Af pal\? t pl Ljoe=iy 
es (=) +e<(f i) cw <2(2) = 
P P P\ P 


for large t and by a direct computation it is not difficult to verify that (5.9) really holds. 


qd 
(5.9) 


If the integral [°° r!~4(r) dt is convergent, the previous statement can be modified as 
follows. 


THEOREM 5.5. Suppose that fee r!-4(t) dt < 00. If 


oo p-l t = p-l 
timsup( f r!-4(s) as) @) c(s) as) Zz ~(2—*) 
too t P P 

oo a a =A paar 
timint( [ r!-1s) as) (/ c(s) as) > (=) ; 
t> t Dp D 


then (0.1) is nonoscillatory. 


and 
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PROOF. One can show in the same way as in the proof of Theorem 5.4 that the function 


_ P 0° l—p 
p= -(2—) (/ r4s)ds) 
P t 


satisfies the inequality 


t 
p< (= pyr 4) |p — Gal’, Ea= [cya 


which implies that v = p — C satisfies the Riccati inequality (5.4). 


5.4. Half-linear Hartman—Wintner theorem 


The next theorem is a half-linear extension of the classical Hartman—Wintner theorem 
[106] which relates the square integrability of the solutions of the Riccati equation 


w’ +c(t)+w* =0 
corresponding to (1.1) with r(t) = | to the finiteness of a certain limit involving the func- 
tion c. The half-linear extension of this theorem (also in case r(t) = 1) is proved in [153], 


but the modification of this proof to (0.1) as presented here is straightforward. 


THEOREM 5.6. Suppose that 


[ort@ar=oo (5.10) 


and (0.1) is nonoscillatory. Then the following statements are equivalent. 
(1) It holds 


/ r!~4(t)|w(a)|4 dt < 00 (5.11) 


for every solution w of (2.1). 
(ii) There exists a finite limit 


pe fi rk (sy(P° e@) de) ds_ 


5.12 
too f'r'-4(s) ds 
(iii) For the lower limit we have 
t lq 5 
jap OU ed a (5.13) 


ERGO f'r!-4(s) ds 
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PROOF. (i) => (ii): Nonoscillation of (0.1) implies that the Riccati equation (2.1) has a 


solution which is defined on an interval [T, oo). Integrating this equation from T to f and 
using (5.11) we have 


t t 
wey = wir) = f e(eyde = (p= 1) fr 4(e)lweny|* a 
T T 
t [ee] 
=wr)- f c(t) de = (p=) f r'~4(r)|w(z)|? de 
T T 


+(p- 1» fr 1@|wcey ae 
t 


t [o,e) 
-c-| c(r)dr + (p-) f r!~4(r)|w(z)|? dr, (5.14) 
T t 


where C = w(T) + (p — 1) fp r!~4(r)| w(t) |4 dt. Multiplying (5.14) by r!~4 and inte- 
grating the resulting equation from T to t, and then dividing by /. f r!—4(s) ds, we get 


fp r'-4s)w(s) ds cfr tr e@ de) ds 


fpr'-4(s) ds - fpr'-4(t) dr 


ple MOS Aaa de ds 


Taree (5.15) 


By the Hélder inequality we have 


t l-q l—q 
= if r P (s)r 7 (s)w(s) ds 
T 


i af ft " 
< (/ r4s)ds) (| r4s)|w()/ , (5.16) 
T T 


and hence, taking into account (5.11) 


t 
if r!—4(s5)w(s) ds 
Ty 


fe ri-4 (s)w(s) ds 


— prs) ds) fpr Usp w(s)l2 
ie r1—4(s) ds 


iF r!-4(s) ds 


_ (fr 4Owolty* 
S Gare ) Sc ete: 
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Since also the last term in (5.15) tends to zero as t + oo (again in view of (5.11)), we have 
that 


t 1-q s d 
r S) fp c(t) dt 
lim ae et =C exists finite. 
i709 jah) ods 
(11) => (iii): This implication is trivial. 
(iii) = (i): Let w be any solution of (2.1) which exists on [T, 00). Then by (5.14) and 
using computation from the first part of this proof 


Te OWO Soy ie OO 
Spr!-4(s) ds ira) dt 
(p= LEE ewe de) ds 
_ fpr? 4Oyds 


Taking into account (5.13) and applying again the Hélder inequality, there exists a real 
constant K such that 


pris) a 


~(p-)- aerayt 


Suppose that (5.11) fails to holds. Then by L’Hospital’s rule the last term in the previous 
inequality tends to oo and hence 


(Gc pl firl-4(s)(ffr!-4(x)|w(x)|4 dr) ds 
Jpr'-4s) ds P Jiria(s) ds 


for large t. Denote S(t) = (Ms ri-4 (fp r!~4(t)|w(r)|¢ dr) ds. Then the last inequality 
reads 


pie i 1 so 
f'r—a(s) ds os q frr'-4(s)ds_ 


hence 


S'(t) 1\4 r!-4(t) 
eS Be ih eee eee 5.17 
S4(t) (=) (fp r'-4(s) ds)¢-! rae 
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If g < 2, we integrate (5.17) from 7; to t, T; > T, and we get 
1 1 
——$'-4(N) > ——[s'"4(%1) — S'4@)] 
q-1 q-l 


q 


% (<)’ (eens ifq =2, 


q ager 4s) ds) ifg <2. 


Letting t > oo we have a contradiction with the assumption that if © rl-4d(4) dt = 00. If 
q > 2, we integrate (5.17) from ¢t to oo and we obtain 


wasn?) pao 
(q—DSt™0)~ \a) (q—2)(f'r!-4(s) ds)a-2’ 


qiq-2)y ( SO )(freeeoas) 
q-1 ~ f'r-4(s) ds , 


which is again a contradiction since S(t)([‘ r!~4(s) ds)! > 00 ast > ov. 


hence 


As a direct consequence of the previous theorem we have the following oscillation cri- 
terion. 


THEOREM 5.7. Suppose that dpe r!~4(t) dt = 00. Then each of the following two condi- 
tions is sufficient for oscillation of (0.1): 


fe [rl 4s)(P° ea) de) ds _ 

too i r!-4(s) ds 

f'r!-4s)([* c(t) dr) ds 
f'rl-a\s) ds 


< lim sup fe TO co) as 
ee for'-4(s) ds 


oO, (5.18) 

—oo < liminf 
t> & 

(5.19) 


PROOF. We will prove sufficiency of (5.18) only, the proof of sufficiency of (5.19) is sim- 
ilar. Suppose that (0.1) is nonoscillatory and (5.18) holds. Then (5.13) holds and by the 
previous theorem the integral (5.11) converges for every solution w of (2.1) and hence 
limit (5.12) exists as a finite number which contradicts to (5.18). 


5.5. Riccati integral equation and Hille—Wintner comparison theorem 


The results of this subsection are taken essentially from the paper [136]. In that paper, it is 
supposed that r(t) = 1 and c(t) > 0 for large t. However, the results as presented here can 
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be extended to (0.1) with r satisfying the below assumption (5.20), and without the sign 
restriction on the function c. 


LEMMA 5.2. Suppose that 
lee) 
/ r!~4(t) dt =00 (5.20) 


and the integral fF c(t) dt is convergent. Then (0.1) is nonoscillatory if and only if there 
exists a solution of the Riccati integral equation 


w= f c(s)ds + (p=) f r!~4(s)|w(s)|7 ds. (5.21) 
t t 


PROOF. Suppose that (0.1) is nonoscillatory and let w be a solution of the associated 
Riccati equation (2.1) which is defined on some interval [Tp, co). The convergence of the 
integral * c(t) dt and (5.20) imply that (5.11) holds by Theorem 5.6. Integrating (2.1) 
from t to T, t > To and letting T — oo we see that lim7_,.5 w(T) exists and since (5.20) 
holds, this limit equals zero, i.e., w satisfies also (5.21). Conversely, if w is a solution of 
(5.21), than it is also a solution of (2.1) and hence (0.1) is nonoscillatory. 


The previous lemma is used in the proof of the following half-linear extension of the 
Hille—Wintner comparison theorem. For its linear version see [208, Theorem 2.14]. 


THEOREM 5.8. Together with (0.1) consider the equation 
(r()O")) + (HOO) =0, (5.22) 


where r satisfies (5.20), ¢ is continuous for large and [ ° &(t) dt converges. If 
[o,@) [o,@) 
0< / c(s)ds < / c(s)ds for large t (5.23) 
t t 


and (5.22) is nonoscillatory, then (0.1) is also nonoscillatory. 


PROOF. We construct a solution w of (5.21). Nonoscillation of (5.22) implies the existence 
of a solution v of the associated integral equation 


vwo= Zo)ds (p=) | r!~4(s)|v(s)|? ds. (5.24) 
t t 


Let T € R be such that (5.23) holds for t > T and the solution v of (5.24) exists on [T, 00). 
Define the function set U and the mapping F by 


U := {ue C(T, co): 0<u(t) < v(t), t>T} 
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and 
(Fun = | c(s)ds + (p=) | r'~4(s)|w(s)|4ds, 1 >T. 
t t 


The set U is the convex and closed subset of the Fréchet space C[T, oo) with the topology 
of the uniform convergence on compact subintervals of [T, oo). It can be shown without 
difficulty that F maps U into itself, that F is continuous and that F(U) is relatively com- 
pact subset of C[T, 00). Therefore, it follows from the Schauder—Tychonov fixed point 
theorem that there exists w € U such that w = Fw and this function is by definition of F 
a solution of (5.21). 


5.6. Hille—Nehari criteria 


In Section 4.2 we have shown that the Euler equation (4.20) is nonoscillatory if and only if 
y<y= Co . Consider now the equation 


yr!-4(r) 


oC) 
ORO ercmrexane 


D(x) =0 (5.25) 


with r satisfying (5.20). The transformation of independent variable t > [ ‘r!-4(s) ds 
transforms this equation into the Euler equation (4.20). Hence also (5.25) is nonoscilla- 
tory if and only if y < y. This fact, combined with Theorem 5.6, leads to the follow- 
ing nonoscillation and oscillation criteria which are the half-linear extension of the Hille— 
Nehari (non)oscillation criteria, see [208, Chapter II]. 


THEOREM 5.9. Suppose that th r!—4(t) dt = 00 and the integral ee c(t) dt is conver- 
gent. 


@) f 


p-l or) _1\P-1 
0< (fro as) (/ c(s) as) < ~(2—) 
t P P 


for large t, then (0.1) is nonoscillatory. 


(ii) If 
p-l or) _4\P-1 
timint( J r1-#0)4s) (/ c(s) ds) > ~(2—) ; (5.26) 
icone t P\ P 


then (0.1) is oscillatory. 


PROOF. First of all observe that (5.26) implies that A bole c(s) ds > 0 for large t. Now, since 


ae HEY lon)” 
1 (ria(rydtyP pp es ae 
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the statement follows from Theorem 5.8 with é(t) = pr!~4 (Nf r!-4(s) ds)~?. 


5.7. Modified Hille-Nehari’s criteria 


The results of this subsection are taken from [135]. It is supposed that c(t) > 0 for large t 
and that 


CO 
r!-4(t) dt <0. (5.27) 
We denote 
Co 
an= | r!~4(s) ds. 
t 


The first auxiliary statement concerns boundedness of solutions of (0.1) and of the asso- 
ciated Riccati equation. 


LEMMA 5.3. Let x be a nonoscillatory solution of (0.1) and let w = r®(x')/®(x) be the 
associated solution of (2.1). Then x and the function 


z(t) := 0? |w(t) (5.28) 
are bounded. Moreover, 

0? !@)w(t) > -1 for large t (5.29) 
and 


lim sup 9?! (t)w(t) <0. (5.30) 
t>oo 


PROOF. Without loss of generality we can suppose that x(t) > 0 for t € [fo, oo). The func- 
tion r(t)®(x’) is nonincreasing (since its derivative equals —c(t)®(x) < 0), the derivative 
x’ is eventually of constant sign. That is, x’(t) > 0 for t > to or there is tj > fo such that 
x'(t) < 0 for t > ty, and that 

r2—!(s)x'(s) <r7!(@)x'(t) fors >t >to. 


Dividing this inequality by r7~!(s) and integrating it over [t, t] gives 
Tt 
x(T) <x+r ox" | r'-4(s) ds. (5.31) 
t 


If x'(t) > 0 for t > to, then we have from (5.31) 


x(t) <x) $r9! x’ (Holt) 
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which shows that x is bounded on [fo, 00). If x'(t) < 0 for t > ty, then x is clearly bounded 
and, letting t — oo in (5.31) we have 


0<x(Q+r0'Ox’Oo), t>. 
In either case we obtain 


x'(t) x5 
x(t) 


o(t)r?—|(t) 


> 


which immediately implies (5.29). 

The limit inequality (5.30) trivially holds if x’(t) < 0 for t >t, since in this case the 
function (5.28) itself is negative for t > 1. If x'(r) > 0 for t > fo, then there exist positive 
constants c,, c2 such that 


x(t)>c, and r(t)®(x'(t))<co fort >to, 


which implies 


w(t) < 
Cy 


Since Q(t) > 0 as tf > ov, we then conclude that 


lim 9?—!(t)w(t) = 0. 
t-~ 


This completes the proof. 


Based on the previous lemma we show that nonoscillation of (0.1) is equivalent to solv- 
ability of a certain modified Riccati integral inequality. 


THEOREM 5.10. Equation (0.1) is nonoscillatory if and only if 


[o,@) 
/ o? (t)e(t) dt < co (5.32) 
and there exists a continuous function v such that 
o?—'v(t) is bounded, 0? @)u(t) > -1, (5.33) 


and 
oe (t)u(t) > ie oe? (s)c(s) ds + pf rye?" oywts) as 
t t 


p= 1) / * 1-9(5)9P(s)|v(s) |? ds (5.34) 
t 


for large t. 


Half-linear differential equations 211 
PROOF. “=>”: Let x be a solution of (0.1) such that x(t) 4 0 for t > fo and let w = 


r®(x')/®(x) be the corresponding solution of the Riccati equation (2.1). Multiplying this 
equation by p? (ft) and integrating over [f, tT], T >t > to, we get 


p?(t)w(t) — pP(t)w(t) = =p f r-4syp?'ooyw6) ds — is p?(s)c(s) ds 
t 


t 
(pe Df r-4sypP (wo)! ds (5.35) 
t 


In view of boundedness of the function p?~! w(t) (compare the previous lemma), we see 
that p?(t)w(t) = p(t) p?—!(t) w(t) > 0 as t > ov, and 


/ r!—4(s)p?—!(s)w(s) ds 


t 


< fr)" "oyw()| ds <0. 
t 


i r'~4(s)p?(s)|w(s)|* ds < 00 
t 


for t > to. Therefore, letting t — oo in (5.35), we find that ss p?(s)c(s) ds is convergent, 
1.e., (5.32) holds, and 


p?(t)w(t) = ie p?(s)c(s) ds + pf r-%syp?Veoywis)as 
t t 


+-0 f r!~4(s)p?(s)|w(s)|* ds 
t 


hence (5.34) holds as equality. The inequality o? (t)w(t) > —1 follows from the previous 
lemma. 

“<=”: Suppose that (5.32) holds and let w be a continuous function satisfying conditions 
of theorem. Further, let us denote C[fo, 00) the Fréchet space of continuous functions with 
the topology of uniform convergence on compact subintervals of [fo, oo). Consider the 
space 


V:= {v €C[t, 00): -1 < u(t) <p? Mw), > 0}, (5.36) 


which is a closed convex subset of C[to, 00). Define the mapping F': V > C[fo, co) by 
[o,@) [o,@) 
p(t)(Fv)(t) = p?(s)e(s) ds + a r'~4(s)u(s) ds 
t t 


+(p- 1) > r16))u69] a. (5.37) 
t 
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If v € VY, then from (5.36), (5.37) and the inequality stated in theorem 
(Fu(t) < F(o?'w)(t) <p? wi), >t, 


and 


p(t)[(Fv)(t) + 1] >| r!-4(s)[(p — l|u(s)I4 + pols) + 1] ds > 0, 


t 


where we have used also the property that the function (p — 1)|€|% + pé& is strictly increas- 
ing for € > —-1,Le., 


(p—|él4+p&E&+1>0, foré>-1. 


This shows that F maps Y into itself. It can be shown in a routine manner that F is 
continuous and F(V) is relatively compact in the topology of C[fp, co). Therefore, by 
the Schauder—Tychonov fixed point theorem, there exists an element v € V such that 


v(t) = (Fv)(t). Define w by w(t) = sey: Then, in view of (5.37), w satisfies the in- 


tegral equation 


p? (t)w(t) = ; . p? (t)c(s) ds + p / * r!~4(s)p?—! w(s) ds 


t t 


ins vf 1-4 (5)? (s)|w(s)|4 ds. 
t 


Differentiating this equality and then dividing by p?(t) shows that w solves Riccati equa- 
tion (2.1) and hence (0.1) is nonoscillatory. 


As an immediate consequence of the previous theorem we have the following oscillation 
criterion. 


COROLLARY 5.1. Equation (0.1) is oscillatory if 


i c(s)p?(t) dt = 00. (5.38) 


This oscillation criterion opens a natural question about oscillatory nature of (0.1) when 
the integral in (5.38) is convergent. In answering this question a useful role is played by the 
following modification of the Hille-Wintner comparison theorem. Recall that we assume 
that c(t) > 0 for large t throughout this subsection. 


THEOREM 5.11. Consider the pair of Equations (0.1) and 


(r(t)@(y’))’ + E(t O(y) =O, (5.39) 
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where C(t) > 0, subject to the conditions 


i c(t)p? (t) dt < ov, ie C(t)? (t) dt < oo. (5.40) 
Suppose that 
ie c(t)p? (t) dt 2 c(t)p? (t) dt. (5.41) 
t t 


Then nonoscillation of (5.39) implies that of (0.1), or equivalently, oscillation of (0.1) 
implies oscillation of (5.39). 


PROOF. Assume that (5.39) is nonoscillatory. Then, by the part “only if” of Theorem 5.10 
there exists a continuous function w satisfying (5.33) and 


p?(t)w(t) 2 i: p?(s)e(s) ds + pf r1yprwo) ds 
t t 


Pips vf r!-4(5)pP(s)|w(s)|% ds. 
t 


Using (5.40) and (5.41) we see that w satisfies the integral inequality (5.34) and hence 
(0.1) is nonoscillatory by the part “if” of Theorem 5.10. 


In Remark 4.1 we have shown that the Euler-type half-linear differential equation (4.33) 
is nonoscillatory if and only if y < (ep . The transformation of independent variable 


u(s) = x(t), s=s(t) = (p(t) EE, transforms (0.1) into the equation 
(s*@(u'))’ + O(s)®(u) =0, (5.42) 


where 
= 1 P p-l 
066) = (SPAN) (as) [ole eC) 


t = t(s) being the inverse function of s = s(t). Now suppose that a > p — 1. Then we 
have f © s*I—-) ds < 00, so (5.42) satisfies assumption (5.27). Comparing (5.42) with the 
Euler equation (4.33) (using Theorem 5.11) we have the following result which we present 
without proof. 


THEOREM 5.12. Suppose that (5.27) holds and the integral vi pP(t)c(t) dt is conver- 
gent. 
(i) Equation (0.1) is oscillatory if 


oe) Pp = 1 Pp 
Himintp-') f c(s)p?(s) ds > (=) ; 
t- ce t Pp 
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(11) Equation (0.1) is nonoscillatory if 


(ee) _ Pp 
p'(t) / c(s)p?(s) ds < () 
t Pp 


for large t. 


5.8. Comparison theorem with respect to p 


Along with (0.1) we consider another half-linear equation with a different power function 
Py (x) = |x|°—! sgnx,a > 1, 


(r(t)Ba(x'))’ + c(t) Be (x) = 0, (5.43) 


we denote by f the conjugate number of a, ie., B = sr (recall also that q is the conjugate 
number of p, i.e., g = rae 

The main statement of this subsection gives a kind of comparison theorem with respect 
to the power of ®. This statement is proved in [201] in a more general setting than pre- 
sented here (in the scope of the so-called half-linear dynamic equations on time scales, 
compare Section 16.5 in the last chapter). However, we prefer here the formulation for 
(0.1) and (5.43). 


THEOREM 5.13. Let r!~*(t) dt = ow, fe c(t) dt converges and liminf;, 9) r(t) > 0. If 
a > p and Equation (5.43) is nonoscillatory, then (0.1) is also nonoscillatory. 


PROOF. Denote S(w,r, p) = (p— 1)r!-4 |w|? (this is the third term in the Riccati equation 
(2.1)). Then S can be rewritten as 
1 


P\ p-T 
Sew.r p) =(p— Dll ) 


r 


and it is easy to compute that 


1 1 
os W p—l Ww p- 
op r r 


Hence, for {ul < 1 the function S is nondecreasing with respect to p. 


Since (5.43) is nonoscillatory, by Lemma 5.2 there exists a function v satisfying the 
Riccati equation 


vu’ +. c(t) + S(v, r(t), a) = 0, 
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|w(t 


and such that v(t) > 0 as t > ov. Since lim inf;_,.. r(t) > 0, we have wa < 1 for large 


t, and thus 


O=v' + c(t) + S(v, rt), x) > v'(t) + c(t) + S(v, (0), p). 


Hence (0.1) is nonoscillatory by Theorem 5.3. 


6. Asymptotic of nonoscillatory solutions 


This section is devoted to the asymptotic properties of nonoscillatory solutions of Equa- 
tion (0.1) when the function c does not change its sign. In this case it is possible associate 
with (0.1) its reciprocal equation 


(c'-4(N Ou’) +r! 4) @7!(w) = 0. (6.1) 
Recall that the so-called reciprocity principle says that (6.1) is nonoscillatory if and only 


if (0.1) is nonoscillatory, see Section 2.7. Note also that if c(t) < 0 for large ¢ then (0.1) is 
nonoscillatory since the equation (r(t)(x’))’ = 0 is its nonoscillatory majorant. 


6.1. Integral conditions and classification of solutions 


If c is different from zero for large r, then all solutions of nonoscillatory equation (0.1) are 
eventually monotone, as the following result shows. 


LEMMA 6.1. Let c(t) £0 for large t and x be a solution of nonoscillatory equation (0.1) 
defined on some interval (a, 00), & = 0. Then either x(t)x'(t) > 0 or x(t)x'(t) < 0 for 
large t. 


PROOF. The monotonicity of x follows from the reciprocity principle which ensures that 
the so-called quasiderivative x"! := r@(x’) does not change its sign for large f. 


Then it is possible, a priori, to divide the set of solutions of (0.1) into the following two 
classes: 


Mt = {x solution of (0.1): Sty > 0: x(t)x'(t) > 0 for t > tr}, 


M = {x solution of (0.1): St, > 0: x(t)x'(t) < 0 fort > ty}. 
Clearly, solutions in Mt are eventually either positive increasing or negative decreasing 
and solutions in M™ are either positive decreasing or negative increasing. The existence 


of solutions in these classes depends on the sign of the function c, as the following results 
show. 


PROPOSITION 6.1. Assume c(t) < 0 for large t. 
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(i) Equation (0.1) has solutions in the class M~. More precisely, for every pair (to, a) € 
[0, co) x R\{0} there exists a solution x of (0.1) in the class M7 such that x(to) =a. 

(ii) Equation (0.1) has solutions in the class M*. More precisely, for every pair (ag, a) € 
R*, aoa, > 0 and for any to sufficiently large, there exists a solution x of (0.1) in the 
class M* such that x (to) = ao, x'(to) = ay. 


PROOF. Claim (i) follows, for instance, from [44, Theorem 1] and [178, Theorems 9.1, 
9.2]. Concerning the claim (ii), let x be a solution of (0.1) such that x(0).x’(0) > 0. Since 
the auxiliary function 


Fy (t) =r()®(x'()) x) (6.2) 


is nondecreasing, we obtain x(t)x’(t) > 0 for t > 0. The assertion follows taking into 
account that every solution is continuable up to oo, see Section 1. 


In the opposite case, i.e., when c(t) > 0 for large r, the existence in the classes M*, M 
may be characterized by means of the convergence or divergence of the following two 
integrals 


lo) lee) 
i= r!—4(t) dt, i= f |c(t)| dr, 
0 0 


as the following results show. 


LEMMA 6.2. Assume c(t) > 0 for large t. 
(i) If Je = 00, then Mt =9. 
(ii) If J, = 00, thenM” = 9. 


PROOF. (i) Let x be a solution of (0.1) in the class M* and, without loss of generality, 
suppose x(t) > 0, x’(t) > 0 for t > T > 0. From (0.1) we obtain for t > T 


t 


r(t)®(x'(t)) <r(T)®(x'(T)) — o(xr) [ c(s) ds 


T 


that gives a contradiction as t > oo. Claim (ii) follows by applying (1) to (6.1) and using 
the reciprocity principle. 


PROPOSITION 6.2. Assume c(t) > 0 for large t. 
(i) If (0.1) is nonoscillatory and J, = 00, Je < 00, then Mt £9. 
(ii) Jf (0.1) is nonoscillatory and J, < 00, Je = 0, thenM” £49. 
(iii) If J, < 00, Je < 00, thenMt 40,M- #9. 


PROOF. Claims (1), (ii) follows from Lemma 6.2. The assertion (iii) follows, for instance, 
as a particular case from [218, Theorem 3.1, Theorem 3.3] and their proofs by choosing 
R(t) = 1 and observing that assumptions (3.2), (3.11) in [218] are not necessary in the 
half-linear case. 
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In view of Lemma 6.2, if (0.1) is nonoscillatory, c is eventually positive and J, + J. = 
oo, then all the solutions of (0.1) belong to the same class (MT or M7). In addition, from 
the same Lemma 6.2, the well-known Leigthon-type oscillation result can be obtained: Let 
c be eventually positive; if J, = Jc = 00, then (0.1) is oscillatory (compare Theorem 2.5). 

As in the quoted papers [38—41,45,176,181], in both cases c > 0 and c < 0 eventually, 
the classes MIT, M7 may be divided, a priori, into the following four subclasses, which are 
mutually disjoint: 


Mg ={xeM™: lim x() = 6, #0}, 
My ={xeM™: lim x) =o}, 


M;, — [x eM: lim X(t) = ly, |x| < oo}, 
t>o 


Mt, = {x eM*: lim |x()| = oo}. 


In the following subsections we consider both cases c(t) > 0, c(t) < 0 and we describe the 
above classes in terms of certain integral conditions. Similarly to the linear case, we are 
going to show that the convergence or divergence of the two integrals 


T t 
J, = lim rana(f (| as) dr, 
0 


Tw Jo 


T T 
d= tim f rane e()| ds) a, 
Tw Jo t 


fully characterize the above four classes. 
The following lemma describes relations between J), J2, J, Je. 


LEMMA 6.3. The following statements hold. 
(a) If J, <o@, then J, < ow. 
(b) If Jo < 00, then Jn < mw. 
(c) If 2 =o, then J, = 00 or Je = 00. 
(d) If J) =o, then J, = 00 or Je = OO. 
(e) J, < co and Jn < ~& ifand only if J, < «© and Jp < 00. 


PROOF. Claim (a). Let t; € (0, T). Because 


T Ss 
i rayon | (oar) as 
0 0 
ty s ty T 
>| rayon [ ew ar) asso [ ews|as) r'—4(s) ds 
0 0 0 t 
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the assertion follows. Claim (b) follows in a similar way. Claims (c), (d) follow from the 
inequalities 


T T T T 
i rao! (/ (| as) dt <[ r'-4(1) dt o([ |c(s)| as), 
0 t 0 0 
T t T T 
/ ri-4(no7! (/ Ic(s)| as) dt <|[ r!-4(t) dt o([ | as) : 
0 0 0 0 


Finally, the claim (e) immediately follows from (a)-(d). 


6.2. The case c negative 


When the function c(t) is eventually negative, the asymptotic properties of nonoscillatory 
solutions have been deeply studied and interesting contributions are due to the Georgian 
and Russian mathematical school [43,44,125,126,128,127,143, 176,193]. Other recent de- 
velopments can be found in [45,141,156,181]. Here we deal with some results that can be 
obtained, as a particular case, from recent criteria in [33,35] and, under the assumption that 
J, is convergent or divergent, can be found in [180,210]. 

We start by noting that if c(t) < 0 in the whole interval [0, 00), then for any solution 
x € M™ we have x(t)x’(t) < 0 on [0, co). This property can be proved using the auxiliary 
function F;, given in (6.2). Since, as claimed, F is a nondecreasing function and x is not 
eventually constant, there are only two possibilities: (a) F;, does not have zeros; (b) there 
exists ty > a, such that F,(t) > 0 for all t > t,. Thus the assertion follows. 


The following hold. 


THEOREM 6.1. Let c(t) < 0 for large t. 
(1) Equation (0.1) has solutions in the class M, if and only if Jz < 0. 
(ii) Equation (0.1) has solutions in the class My if and only if J, < 00. 


PROOF. Claim (i) “=>”: Let x ¢ Mj. Without loss of generality we can assume x(t) > 0, 
x'(t) < 0 fort > T > 0. Integrating (0.1) in (t, 00), t > T, we obtain 


hy —r(t)®(x'(t)) = / |c(t)|®p(x(z)) dr, (6.3) 
t 
where —A, = lim;—+oo[r (t)®(x'(t))]. Since x(t) > x(00) > 0 and Ax > 0, (6.3) implies 


—r(t)®(x'(1) > @(x(00)) [ |c(r)| dr. 
t 


Hence 


t [o.e) 
x(t) <x(T) = x(00) f o(— | Jota) as 
T r(s) Ss 
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As t — © we obtain the assertion. 
Claim (i) “<=”: Choose to > 0 such that 


lee) a 1 (ie 1 


Denote by C[tp, co) the Fréchet space of all continuous functions on [f9, 00) endowed with 
the topology of the uniform convergence on compact subintervals of [f9, 00). Let 2 be the 
nonempty subset of C[to, 00) given by 


2 = {we Cln.00): <u <i}, (6.5) 


1 
2 


Clearly 2 is bounded, closed and convex. Now consider the operator T : 2 > C[to, 0) 
which assigns to any u € (2 the continuous function T (uv) = y, given by 


= geet iar eee a 
n= Twn =5+ f P (=(/ Jc(e)|@(u(e)) dr) ) as (6.6) 


We have 


s<rmn<s+ fo ( [ lecojar ds 
a ay ae r(s) Js 


which implies, by virtue of (6.4), T(S2) C 92. In order to apply the Tychonov fixed point 
theorem to operator T, it is sufficient to prove that T is continuous in 82 C C[to, oo) and 
that T({2) is relatively compact in C[fp, 00). Let {u;}, 7 ¢ N, be a sequence in 2 which is 
convergent to uw in C[fo, 00), u € 2 =. Since for s > to 


- 1 re 2 1 oe 
@p (= Jec|@(uj(~) ar) ) <@ (=(f jec|ar) <0, 


the Lebesgue dominated convergence theorem gives the continuity of T in 92. It remains 
to prove that T ({2) is relatively compact in C[fo, oo), 1.e., that functions in T ({2) are equi- 
bounded and equicontinuous on every compact subinterval of [t9, 00). The equibounded- 
ness easily follows taking into account that 2 is a bounded subset of C[to, co). In order to 
prove the equicontinuity, for any u € S2 we have 


0<-(TW)()) =o"! (=(- |c(t)|®(u(z)) ar)) 


1 [o,e) 
=< o(—(f jec|ar) ) (6.7) 
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which implies that functions in T(S2) are equicontinuous on every compact subinterval of 
[to, co). From the Tychonov fixed point theorem there exists x € §2 such that x = T(x) or, 
from (6.6), 


1 PO ne 1 oe 
rO=5+f @ (= e(e)|@(«(e)) dr) ) as. 


It is easy to show that x is a positive solution of (0.1) in [to, co) and, from (6.7), x’(t) < 0. 
Finally, clearly x satisfies the inequality x(t)x’(t) < 0 in its maximal interval of existence 
and the proof of claim (i) is complete. 

Claim (ii) “=>”: Assume, by contradiction, J; = co. Without loss of generality let x be 
a solution of (0.1) in the class My such that x(t) > 0, x’(t) > 0 for t > to > 0. Integrating 
(0.1) on (to, t) we obtain for tf > fo 


t t 
xp) =x"Iq9) +/ |c(s)|(x(s)) ds > ®p(x(u) [ c(s)| ds, 
to to 
where x!!] = r@(x’). Hence 


t 
x'(t) > xayo-'(Z | Jew)|4), 
r(s) to 


Integrating again over (fo, f) we obtain a contradiction. 
Claim (11) “<=”: The argument is similar to that given in Claim (1) “=”. It is sufficient 
to consider in the same set 2, defined in (6.5), the operator T : 2 — C[fo, oo) given by 


1 t 1 Ss 
m= TW =5+ | o(—(f J()|@(u(n)) dr) ) as 
to to 


and to apply the Tychonov fixed point theorem. 


THEOREM 6.2. Let c(t) < 0 for large t. 
(i) If J, = 00 and Jz < 00, then My = 9. 
(ii) If J) < 00, thenMy, =9. 


PROOF. Claim (i). Let x be a solution of (0.1) in the class M~ such that 0 < x(t) < 
é, x'(t) < 0 for t > T and lim; x(t) = 0. By Lemma 6.3, J; = 00 and thus, by [33, 
Lemma 1], lim;+o9 r(t)®(x'(t)) = 0. Taking into account this fact and integrating (0.1) 
over (tf, 00), tf > T, we obtain 


a > -2'(— Jeco|ar), 
x(t) r@) Jr 


Integrating over (T, t) we have 


x(t) eee ae we 
BD >-[ cD) (=/ Joco|ae) as, 
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from which, as f > oo, we obtain a contradiction. 
Claim (ii). Let x €e M& and assume x(t) > 0, x(t) > 0 for t > T > 0. From (2.1) we 
have (with w = r@®(x')/®(x)) 


r(t)@(x'(t)) 


Sam) =) [ir olwo|tar+e+ floor] as 


< c+ f |c(s)| ds, (6.8) 
T 
where k = r(T)®(x'(T))/®(x(T)). If Je < o0, then there exists a positive constant k; 


such that 


r)O(e'(O) 
DX) 


or 


XO < 6-1 o-( , ) 
x(t) (ki) ri) 


Integrating again over (7, t) we obtain 


pO <o “on f r!-4(s) ds 


which implies x € MZ, i.e., a contradiction. If J. = 00, choose t; > T such that k < 
- c(s) ds. Then from (6.8) we obtain for t > ft 


rE) 
Oa) <2 flcorlas, 


or 


Integrating over (t,t) we have 


12 coy fenf(f dr) d 
x(n) @ | (<5 ff lela) 


which gives the assertion. 


THEOREM 6.3. Let c(t) < 0 for large t. If J) < oo and Jz < 00, then Equation (0.1) has 
solutions in both classes My and Mj. 
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PROOF. The statement M;, 4 Y follows from Theorem 6.1. The existence in the class M5 
can be proved by using a similar argument as that given in the proof of Theorem 6.1. It is 
sufficient to consider the set 


Q= {« € C[to, ©): 0 < u(t) < [> r4ras| 
t 


and the operator T : 22 > C[fo, co) given by 


Yu(t) = rwnn= fo reme(1 -f[ (|e (u(r) dr) ds 
t to 


and to apply the Tychonov fixed point theorem, details are omitted. 


REMARK 6.1. The behavior of quasiderivatives of solutions (i.e., of expressions x!!! = 
r®(x’)) plays an important role in the study of principal solutions, especially in their limit 
characterization, see the next section. Concerning the solution x ¢ Mp, defined as a fixed 
point in the proof of Theorem 6.1, we have limy-_, 4 x4) = 0. Concerning the solution 
x € Mp , defined in the proof of Theorem 6.3, it is easy to show that lim,_, 45 x(t) = 
Cy < 0. Indeed, the limit 


Jim, x(t!) (6.9) 


exists finite and it is different from zero, because 


t 
—o=rr@on(1- [ Jo(e)|(u(r)) a) 2o'(s)o(—) 


= 2!-4;!-4(4), 
and the function x/r7~!is negative increasing. 


From Theorems 6.1, 6.2, 6.3, we can summarize the situation in the following way. 
Clearly, as regards the convergence or divergence of Jj, J2, the possible cases are the 
following: 


(Aj): =e, b=~M, 
(Ad): =~, b<~m, 
(A3): J~<cw, b=~m, 
(Aq): Jp <co, In <m. 


Then the following result holds. 
THEOREM 6.4. Let c(t) < 0 for large t. 


(i) Assume case (A1). Then any solution of (0.1) in the class M~ tends to zero as 
t > oo and any solution of (0.1) in the class M* is unbounded. 
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(11) Assume case (Az). Then any solution of (0.1) in the class M~ tends to a nonzero 
limit as t > 0© and any solution of (0.1) in the class M* is unbounded. 

(iii) Assume case (A3). Then any solution of (0.1) in the class M~ tends to zero as 
t > 00 and any solution of (0.1) in the class M* is bounded. 

(iv) Assume case (A4). Then both solutions of (0.1) converging to zero and solutions of 
(0.1) tending to a nonzero limit (as t > 00) exist in the class M~. Further solutions 
of (0.1) in the class M* are bounded. 


From Theorem 6.4 we obtain immediately the following result which generalizes a well- 
know one stated for the linear equation in [173, Theorems 3 and 4]; see also [106, Chap- 
ters VI, XI]). 


COROLLARY 6.1. Let c(t) < 0 for large t. 
(a) Any solution x of (0.1) in the class M~ tends to zero as t > o0 if and only if 
Jn = OO. 
(b) Any solution of (0.1) is bounded if and only if J, < o. 


Following another classification used in [180,210], we distinguish these types of even- 
tually positive solutions x of (0.1) (clearly a similar classification holds for eventually 
negative solutions): 


Type (1) lim x(t) =0, Jim x l(t) =0; 
Type (2) lim x(t) = 0, Jim 2x l(t) =c; <0; 
Type (3) lim x(t)=co > 0, lim x l(t) =c, <0; 
Type (4) lim x(t)=co > 0, lim x lit) =c, > 0; 
Type (5) jim (0) =co > 0, jim, l(t) = 00; 
Type (6) lim x(t) = 00, dim x!) = er; 
Type (7) lim x(0) =o, jim, l(t) =00. 


Eventually positive solutions in M~ are of the Types (1)-(3), eventually positive solu- 
tions in M7 are of the Types (4)-(7). From Theorem 6.4 and the reciprocity principle (see 
Section 2.7), necessary and/or sufficient conditions for their existence can be obtained. To 
this end observe that the integral J, [J.] for (0.1) plays the same role as J, [J;] for the 
reciprocal equation (6.1). Similarly, for the reciprocal equation (6.1) the integrals J), Jo 


becomes 
T t 
Ri = lim f jenlo(f r4(syds) 
Too Jo 0 


T T 
Ry = lim / jenlo(f ra) ds) 
Tw Jo t 


respectively. Then the following holds. 
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THEOREM 6.5. Let c(t) < 0 for large t. Then the following statements hold: 

(a) Every eventually positive solution in M~ is of Type (1) if and only if Jz = 00 and 
Ro =O. 

(b) Equation (0.1) has solutions of Type (2) if and only if Rz < 00. 

(c) Equation (0.1) has solutions of Type (3) if and only if Jz < 00. 

(d) Equation (0.1) has solutions of Type (4) if and only if J, < co and Ri < ww. 

(e) Equation (0.1) has solutions of Type (5) if and only if J) < 00 and R, = ov. 

(f) Equation (0.1) has solutions of Type (6) if and only if J, = 00 and R, < 00. 

(g) Every eventually positive solution in M* is of Type (7) if and only if J, = 00 and 
Ri =o. 


6.3. Uniqueness in M. 
The uniqueness in the class M7 plays a crucial role in the study of the limit characterization 
of principal solutions (see Theorem 7.6 in the next section). 


Proposition 6.1 states that, when c is eventually negative, the class M~ is nonempty. In 
the linear case, the assumption 


oe as 
[ (< + leto|) ar=c0 (6.10) 


is necessary and sufficient for uniqueness in M7 of such a solution, when the initial value 
of the solution is given (see [173, Theorems 3,4]). We will show that also for (0.1) such a 
property is assured by a natural extension of condition (6.10). 


THEOREM 6.6. Let c(t) < 0 for large t. For any (to, xo) € [0, 00) x R\{0}, there exists a 
unique solution x of (0.1) in the class M~ such that x (to) = xo if and only if 


[cro+ |c(t)|) dt = 00. (6.11) 
0 


The following result can be easily proved and will be useful in the proof of Theorem 
6.6. 


LEMMA 6.4. Let c(t) < 0 for large t. If J = 00, then for every solution x of (0.1) in the 
class M~ we have lim;-+9 x"1(t) = 0. 


PROOF OF THEOREM 6.6. Necessity. Assume (6.11) does not hold, i.e., 


(oe) CO 
, |c(z)| dt < 00, / r!~4(t) dt < 00, 
0 0 


and let to be large such that 


ey ae ba af I 1 
7) (/ jew|ar) f 7) ()e<ga5: (6.12) 
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Consider the solutions x1, x2 of (0.1) with the initial values x; (fo) = x2(to) = 1 and 


! = c ne 
x} (to) =—® '(- ntl joe|ar), 


/ ee Se! C2 x 
x5 (to) = —® | — a jow|ar), (6.13) 


where c; are positive constants such that c; # cz and 
l<cq <2. (6.14) 


Let us show that x; € M7, i = 1, 2. It is easy to show that solutions x; are positive decreas- 
ing on [0, fo]. In order to prove that x; € M_, it will be sufficient to show that x; (t)x;(t) <0 
for any t > fo. Clearly solutions x; are positive decreasing in a right neighborhood of fo. 
Assume there exists t; > to such that x; (¢;)x;(t;) = 0, xi(t) > 0, x(t) < 0 for 9 <t < fj. 
Integrating (0.1) on (fo, t;) we have 


tj 
r(t)) B(x} (t;)) — r (to) B(x} (to) = , |c(t)| (x; (r)) dr. (6.15) 
1 
If x; (t;) = 0, from (6.13) and (6.15) we obtain 
[oe tj tj 
Ci i |e(t)| dr = , |e(t)|® (xi (r)) dt < O(x; co) f |e(r)| dr 
to to to 
tj 
= / |c(t)| dt 
1 

which implies 

ie |c(t)| dr <0, 

tj 

that is a contradiction. Now suppose x; (f;) = 0. For t € (to, ¢;) from 

r(®(x{(0) > r(0) (x4(00)) =e; f JeCe)| a 

to 

we obtain 

xi(t) > --Keyr-anon f Je(e)| dr) 

10 

or 


oe) tj 
wi) — x(q) =-1 3 -0-'Ce0{ f jeco|ar) f r'4(t) de. 
to i) 
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Thus, by virtue of (6.14), 


es oe Je)|4r) [rw dr, 
to to 


which contradicts (6.12) and the necessity of (6.11) is proved. 

Sufficiency. Let us show that for any (to, x9) € [0, 00) x R\ {0}, there exists at most one 
solution x of (0.1) in the class M™ such that x (to) = x09 when J, = 00 or J; = 00. Let x, y 
be two solutions of (0.1) in the class M~ such that x (to) = y(to), x'(to) > y’ (to). Consider 
the function d given by d(t) = x(t) — y(t). Then d(to) = 0, d’(to) > 0. We claim that d 
does not have positive points of maximum greater than fo, i.e., 


d(t) > 0, d'(t)>0 fort >t. 


Assume there exists ft} > to such that d(t,) > 0, d’(t) = 0 and d’(t) > 0 ina suitable left 
neighborhood J of t;. Without loss of generality suppose that d(t) > 0 for t € J. Now 
consider the function G given by 


G(t) =r(n[ P(x’) — O(y'@)]. 


Hence G(t,) = 0. Taking into account that @ is increasing and d’(t) > 0, we have G(t) > 
0, t € I. In addition, from 


G'(t) = |e@|[P(x) — E(vO)], 


we obtain G’(t) > 0, t € J, which gives a contradiction, because G(t,) = 0. Hence the 
function d is increasing. 

If J. = co then, by Lemma 6.3 we have Jz = oo. Then, in view of Corollary 6.1(a), we 
obtain d(co) = 0, that is a contradiction. If J, = oo, then taking into account that d’(t) > 0 
for t > to, the function G satisfies G(t) > 0, G’(t) > 0 for t > to and, by Lemma 6.4, 
lim;.o G(t) = 0, that is a contradiction. Finally the existence of at least one solution 
x € M™ such that x (to) = xo is assured by Proposition 6.1(i). 


6.4. The case c positive 


As already stated before, when c is eventually positive, Equation (0.1) may be either os- 
cillatory or nonoscillatory. In the nonoscillation case, the asymptotic behavior of solutions 
has been considered by many authors. Here we refer in particular to [37,90,99, 112,121,157, 
179,218] and references therein. In these papers certain asymptotic properties of nonoscil- 
latory solutions are examined, under various assumptions on functions r, c, for equation 
(0.1) or, sometimes, for a more general equation (which includes (0.1)). In this section, 
similarly to Section 6.2, we will show how it is possible to obtain from these results, with 
a very simple argument, a complete description of the asymptotic behavior of solutions of 
(0.1) also when c is positive. 
The following holds. 
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PROPOSITION 6.3. Let c(t) > 0 for large t and J, =o. 

(i) If Jz = 00, then MR = 9. 

(ii) If Jz < 00, then Equation (0.1) is nonoscillatory and Mz ZG. 
PROOF. In view of Lemma 6.2(ii) any nonoscillatory solution of (0.1) is in the class M™. 
Then claims (1) and (ii) follow from [112, Theorem 4.2]. 


The following “uniqueness” result will be useful in the proof of the existence of un- 
bounded solutions. It is, in some sense, the analogous one to Theorem 6.6. 


THEOREM 6.7 ([112, Theorem 4.3]). Let c(t) > 0 for large t. Let n 4 0 be a given con- 
stant and assume J, = 00, Jz < 00. Then there exists a unique solution x of (0.1), x € Mr, 
such that limy+o9 x(t) = n. 


By using such a result we obtain the following. 


PROPOSITION 6.4. Let c(t) > 0 for large t and assume J; = 00, Jz < 00. Then (0.1) has 
unbounded solutions, i.e., Mi, #9. 


PROOF. Assume, by contradiction, that M% = %. In view of Proposition 6.3, let u be a 
solution of (0.1) in the class Mz and let x be another solution of (0.1) such that x(0) = 
u(0), x'(0) 4 u'(0). Hence x 4 u and from Lemma 6.2(ii) we have x € M}. In view of 
Theorem 6.7 we have u(co) 4 x (co). Now consider the solution w of (0.1) given by 


w(t) = ae) (t). 


x 
x (Co) 


We have w € M}. But w(co) = u(oo), that gives a contradiction. 


PROPOSITION 6.5. Let c(t) > 0 for large t. If J. < 00, then (0.1) does not have un- 
bounded nonoscillatory solutions, i.e., MZ, = 9. 


PROOF. The assertion follows, with minor changes, from [99, Lemma 2]. 
Concerning the existence in the class M~, the following hold. 

PROPOSITION 6.6. Let c(t) > 0 for large t. 
Gi) If J, < 0, Je = 00, J) < 00, then (0.1) is nonoscillatory and M, 4 9. 
(ii) If J) = 00, then Mz = 9. 

PROOF. Claim (i) follows from [99, Theorem 4]. As for the claim (ii), let x ¢ Mz and, 


without loss of generality, assume x(t) > 0, x’(t) < 0 fort > T and x(oo) =c, > 0. From 
(0.1) we have 


t t 
xUN(4) = x") -{ c(s)®(x(s)) ds < —0(e,) | c(s) ds 
T T 
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or 


x'(t) < -0@"( fee) as), 
r t) T 


Integrating over (T, t) we obtain 
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t Ss 
x)= X(T) <=ex f o(= | c(n)ar) ds 
T r(s) Jr 


that gives a contradiction as t > oo. 


PROPOSITION 6.7. Let c(t) > 0 for large t. If (0.1) is nonoscillatory and J, < 00, then 


My) #9. 


PROOF. If Je < 00, the assertion follows, as a particular case, from [179, Theorem 2.2]. 


When J; = 00 the assertion follows from [37, Lemma 2(ii)]. 


By considering the mutual behavior of integrals J-, J-, J), Jz it is possible to summarize 
the situation in a complete way. Indeed, as regards the convergence or divergence of the 
above integrals, in view of Lemma 6.3, we have the following six possible cases: 


(Cl) = Je=H N= =H, 

(C2) Je = Ji = =, Ie < mH, 

(C3) p= N= WO, I< Ww, < H, 
(C4) o= N= =, Jp < ~H, 

(C5) Je = Jz = 00, Jp < CO, J] < 00, 
(C6) J, < 00, Je < 00, J, <0, 2 < &. 


If (C1) holds, then, as already claimed in Section 6.1, Equation (0.1) is oscillatory. In 
the remaining cases, from the above results, we obtain the following theorem, which is a 
natural extension of the previous one stated in the linear case [39, Theorem 1]. 


THEOREM 6.8. Let c(t) > 0 for large t. 
If (C2) holds and (0.1) is nonoscillatory, then Mx. 


CO 


If (C3) holds, then (0.1) is nonoscillatory and Mx. 


#0, Mt =M; =M) =9. 
40, Mi #9, Mz =Mp =9. 


CO 
If (C4) holds and (0.1) is nonoscillatory, then M 


CO 


=M} =Mz =9, My #9. 


If (C5) holds, then (0.1) is nonoscillatory and Mz, 
If (C6) holds, then (0.1) is nonoscillatory and Mx 


CO 


=M, =9, M, 49, My #9. 
=, Mz #9, Mz #0, My #9. 


PRooF. The proof follows from the previous statements of this section. 


(C2) From Lemma 6.2(ii) and Proposition 6.3(i) we have Mz =M, =M) =¥9. Since 
(0.1) is nonoscillatory, we obtain M* =Mx, 49. 

(C3) The assertion follows from Lemma 6.2(11), Proposition 6.3(i1), Proposition 6.4. 

(C4) From Lemma 6.2(i) and Proposition 6.6(ii) we have MZ, Me = Ml, =. Since 
(0.1) is nonoscillatory, we obtain M~ =M) 49. 

(C5) The assertion follows from Lemma 6.2(i), Proposition 6.6(i), Proposition 6.7. 
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(C6) From Proposition 6.2(iii), Proposition 6.5, Proposition 6.7, we obtain Mt, = G, 
Mz #0, M>) 4¥. Finally the existence in Mi, can be proved using an argument 
similar to that given in the proof of Theorem 6.1 (see also [218, Theorem 3.3] and 
its proof). 


Taking into account that the possible cases concerning the convergence or divergence of 
J, Jc, Ji, Jz are the cases (C1)-(C6), from Theorem 6.8 we easily obtain the following 
interesting result, which gives a necessary and sufficient condition for the existence of 
nonoscillatory solutions of (0.1) in the classes Mt, M3, M,.M). 


THEOREM 6.9. Let c(t) > 0 for large t. 
(i) Assume (0.1) nonoscillatory. The class Mz, is nonempty if and only if J, = ©. 
(11) The class Mz is nonempty if and only if Jz < ow. 
(iii) Assume (0.1) nonoscillatory. The class My is nonempty if and only if J, < 00. 
(iv) The class My is nonempty if and only if J, < o&. 


REMARK 6.2. Interesting results on asymptotic properties of nonoscillatory solutions of 
the equation 


(®(x'))' +c) G(x) =0, (6.16) 


based on the concepts of slowly and regularly varying functions, can be found in the recent 
paper [117]. Since the presentation of these results of this paper requires the introduction 
of several auxiliary statements, we will not formulate these results here and we refer to the 
above mentioned paper [117]. 


7. Principal solution 


The concept of the principal solution of the linear second order differential equation (1.1) 
was introduced in 1936 by Leighton and Morse [148] and plays an important role in the 
oscillation and asymptotic theory of (1.1). In this section we show that this concept can be 
introduced also for (nonoscillatory) half-linear equation (0.1). 


7.1. Principal solution of linear equations 


First we recall basic properties of the principal solution of linear equation (1.1). Suppose 
that this equation is nonoscillatory, i.e., any solution of this equation is eventually positive 
or negative. Then, using the below described method, one can distinguish among all solu- 
tions of this equation a solution x, called the principal solution, (determined uniquely up 
to a multiplicative factor) which is near oo less than any other solution of this equation in 
the sense that 


HO) _ 


Pare x(t) : 


for any solution x which is linearly independent of x. 
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Let x, y be eventually positive linearly independent solution of (1.1), then 
r(t) [x’()y(@) _ x(t)y’(t)] =o 40. 


This means that the function 5 is monotonic and hence there exists (finite or infinite) limit 


R= L. If L =0, the solution x the principal solution of (1.1), if L = oo, the 


principal solution is y. If 0 < L < ov, we set x = x — Ly. Then obviously limgcpe 2 a = =0 
and x is the principal solution. Observe that this construction of the principal solution | 1s 
based on the linearity of the solution space of (1.1). 

Using the Wronskian identity, the principal solution x of (1.1) is equivalently character- 
ized as a solution satisfying 


i: Se (7.1) 
r(t)xX?(t) 


Indeed, let y be a solution linearly independent of x. Then by the previous argument 2 
tends monotonically to oo as t > oo, hence 


caf oS = 2 ee SE 
nf ae 7 RFQ es 


Another characterization of the principal solution of (1.1) is via the eventually minimal 
solution of the associated Riccati equation 


lim;— 00 


w2 


w' +c(t)+ a =, (7.3) 


Let x, x be linearly independent solutions of (1.1), the solution x being principal, and 
let v= S,w= ‘x’ be the solutions of the associated Riccati equation. Without loss of 
generality we may suppose that x and x are eventually positive. We have 


rOy@ — rOx" — rObh’OxO — Ox) 


w(t) — w(t) = ———. - ——_ = = 
y(t) X(t) X(t)x(t) 
The numerator of the last fraction is a constant and this constant is positive since we have 
G Y= arene > 0 which follows from the fact that x is the principal solution, i.e., 


= tends monotonically to oo. Hence, the solution w of the Riccati equation (7.3) given 
by the principal solution of (1.1) is less than any other solution of (7.3) near oo. Con- 
versely, let # = rx'/x be the minimal solution of (2.1) and suppose that the solution x 
of (1.1) is not principal, i.e., the integral in (7.1) is convergent. Let T € R be such that 
(a r—!(t)-2 (1) dt 1 and consider the solution w of (7. >) given by the initial condition 
w(T) = w(T) - 
we have 


Ra Put v = X2(W — w). Then v(T) = 5 | and by a direct computation 


2 
, Uv 


~ Fez) 
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Hence 


1 1 


ue 2- ie r—1(s)x-2(s) ds : 2- fe r—1(s)x-2(s) ds =! 

This means that v is extensible up to oo and hence w has the same property and at the same 
time w(t) < w(t). This contradiction shows that the eventual minimality of w implies that 
(7.1) holds, i.e., the associated solution x of (0.1) is principal. 

The last construction of the principal solution of (1.1) which we present here requires (in 
addition to nonoscillation of (1.1)) the assumption that for any fo, the solution of (1.1) given 
by the initial condition x (to) = 0, x’ (to) 4 0 has a zero point rights of fo (later we will show 
that this assumption can be eliminated), we denote this zero point by 7 (to). The function 
n is nondecreasing according to the Sturmian theory, hence there exists limy_,99 y(t) =: T 
and T < oo since we suppose that (1.1) is nonoscillatory. Now, the solution x given by the 
initial condition x(T) = 0, x’(T) £0 is the principal solution of (1.1). This construction is 
used in the original paper of Leighton and Morse [148]. Concerning other papers dealing 
with the principal solution of (1.1) and its properties we refer to [106] and the references 
given therein. 


7.2. Mirzov’s construction of the principal solution 


This construction defines the principal solution of half-linear equation (0.1) via the mini- 
mal solution of the associated Riccati equation (2.1). Nonoscillation of (0.1) implies that 
there exist T € R and a solution w of (2.1) which is defined in the whole interval [T, 00), 
i.e., such that (0.1) is disconjugate on [T, 00). Let d € (T, 00) and let wg be the solution 
of (2.1) determined by the solution xg of (0.1) satisfying the initial condition x(d) = 0, 
r(d)®(y'(d)) = —1. Then wg(d—) = —oo and wg(t) < w(t) for t € (T, d). Moreover, if 
T <d, <d> then 


wa, (t) < wa, (t) < w(t) fort € (T,d)1). 


This implies that for tf € (T, oo) there exists the limit woo(f) := limg+o0 wa(t) and 
monotonicity of this convergence (with respect to the “subscript” variable) implies that 
this convergence is uniform on every compact subinterval of [T, 00). Consequently, the 
limit function We solves (2.1) as well and any solution w of this equation which is ex- 
tensible up to oo satisfies the inequality w(t) > Woo(t) near oo. Indeed, if a solution w 
would satisfy the inequality w(t) < woo(t) on some interval (7), co), then for f € (T), 00) 
and d sufficiently large we have w(f) < wa(f) < Woo(f). But this contradicts the fact that 
wa(d—) = —oo and that graphs of solutions of (2.1) cannot intersect (because of unique 
solvability of this equation). 

Now, having defined the minimal solution Wo of (2.1), we define the principal solution 
of (0.1) at oo as the (nontrivial) solution of the first order equation 


hen 0 (Te) (7.4) 
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i.e., the principal solution of (0.1) at oo is determined uniquely up to a multiplicative factor 
by the formula 


t 
x(t) =x(T) exp} f r4yo-ln(s) as], 
T. 


REMARK 7.1. (i) Mirzov actually used in his paper [177] a slightly different approach 
which can be briefly explained as follows. Suppose that (0.1) is nonoscillatory and let w 
be a solution of the associated Riccati equation which exists on some interval [T, oo) and 
let W := w(T). Denote by 


W= {v € (—oo, W): the solution w of (2.1) given by the initial condition 
w(T) = v is not extensible up to oo}, 


i.e., W are initial values of solutions of (2.1) at t = T which blow down to —oo at some fi- 
nite time t > T. Note that the set WV is nonempty what can be seen as follows. Let T; > T 
be arbitrary and consider a solution x of (0.1) given by x(7T,) = 0, x’(T,) 4 0. Discon- 
jugacy of (0.1) on [T, 00) implies that x(t) 4 0 on [T, T)) and the value of the associ- 
ated solution of the Riccati equation w = rea) at t = T clearly belongs to W. Now, let 
v := sup W and let Woo be the solution of (2.1) given by the initial condition w(T) = v. 
Then this solution is extensible up to oo (supposing that this is not the case, we would get 
a contradiction with the definition of the number v) and the principal solution of (0.1) is 
defined again by (7.4) with woo substituted for w. 

(ii) Let b be a regular point of Equation (0.1) in the sense that for any A, B € R the 
initial condition x(b) = A, r(b)®(x'(b)) = B determines uniquely a solution of (0.1). Let 
xp be a solution given by x,(b) = 0, x;,(b) # 0. Replacing in the above construction the 


point t = co byt =)b, 1.e., wp (t) := limg_.p_ wa (fF), it not difficult to see that wp, = CGny? 
Consequently, what we call the principal solution x, of (0.1) at a regular point b € R is the 
nontrivial solution satisfying the condition x,(b) = 0. 


7.3. Construction of Elbert and Kusano 


This construction was introduced (independently of Mirzov’s approach) in the paper [90] 
and it is based on the half-linear Priifer transformation. 

Let (0.1) be nonoscillatory and let T be such that this equation is disconjugate on [T, 00). 
Take a solution x which is positive on [T, 00). By the generalized Priifer transformation 
(see Section 1.3) this solution can be expressed in the form 


x(t) = p(t) sinp g(t), r4—"(t)x'(t) = p(t) cosp g(t), (7.5) 


where p is a positive function, the half-linear sine and cosine functions sin), cos, were 
defined in Section 1.3 and the function ¢ is a solution of the first order equation 


c(t) 
p-1 


gy! =r11(p)|cosp g)|? + —|sinp gO”. (7.6) 
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The fact that x(t) > 0 for t € [T, oo) implies that g(t) € (kp, (k + 1)zp) for some even 
k € Zand without loss of generality we can suppose that k = —1. Now, let t € (7, co) and 
let y; be the solution of (7.6) given by the initial condition gy; (t) = 0. Since any solution 
of (7.6) satisfies g’(t) > 0 whenever y(t) = 0 (modzp), the unique solvability of (7.6) 
(compare again Section 1.3) implies that 


g(t) < Gn (t)<@r,(t) fort >7T, whenever T <1 < 1%) 


(drawing a picture helps to visualize the situation). Consequently, the monotonicity of gy; 
with respect to t implies that there exists a finite limit 


lim g7(T)=¢"*. 
TOO 

Now, the principal solution is the solution of (0.1) given by the initial condition 
x(T) =sing”, X(T) =r!-4(T) COSp ”. 


This means that we take o(T) = | in the definition of x, this can be done according to the 
homogeneity of the solution space of (0.1). 


THEOREM 7.1. A solution x of a nonoscillatory equation (0.1) is principal in sense of 
Mirzov’s construction if and only if it is principal in the sense of Elbert and Kusano. 


PROOF. Let x; be a nontrivial solution of (0.1) satisfying x; (t) = 0. This solution can be 
expressed in the form 


Xr(t) = p(t) siNp Yr (1), 4! (t)x! (1) = p(t) cosy g(t), 


where @; is the solution of (7.6) satisfying yg; (t) = 0. The corresponding solution of the 
associated Riccati equation (2.1) 


r(t)® (x, (0) 
= ————_ = @ t t 
wr(t) B(x; (0) (co p Pr( )) 
satisfies w;(t—) = —oo. The minimal solution of (2.1) (which defines the principal solu- 


tion of (0.1) in Mirzov’s definition) is given by w(t) = lim;z_.o0 w(t), Le., it is just the 
solution satisfying w(T) = &(cot, g*) and this is the solution of Riccati equation (2.1) 
given by the principal solution obtained by Elbert—Kusano’s construction. 


We finish this subsection with some examples of equations whose principal solution can 
be computed explicitly. 


EXAMPLE 7.1. (i) Consider the one-term half-linear equation 


(r(1) G(x’) =0. (7.7) 
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As we have mentioned in Section 4, the solution space of this equation is a two-dimensional 
linear space with the basis x; (t) = 1, x2(t) = fs ‘1-4 (5) ds. The Riccati equation associ- 
ated with (7.7) is w’ + (p — 1)r!~4|w|? = 0 and the general solution of this equation is 


1 


Me ee Jir'a(s) ds)" 


w(t) =0. (7.8) 


If [~°r!~4(t) dt = 00, then by an easy computation one can verify that w(r) = 0 is the 
eventually minimal solution of this equation and hence x(t) = 1 is the principal solution 
of (0.1). If f © r1—4(t) dt < 00, the eventually minimal solution of the Riccati equation 


is w(t) = SETS TOD (we take C = — f° r!~4(s) ds in formula (7.8)) and <(t) = 


J r'4(s) ds is the principal solution of (0.1). 

(ii) The nonoscillatory equation (@(x’))’ — (p — 1)®(x) = 0 investigated in Section 
4.1 has solutions x(t) = e+’ and all other solutions are asymptotically equivalent to e’. 
Consequently, the solution x(t) = e~’ is the principal solution at oo. 

(iii) The Euler-type equation 


(©(x'))/ + = (x) =0 (7.9) 


is nonoscillatory if and only if y < y = (2), see Section 4.2. If y = y, then (7.9) has 


-1 

a solution x(t) =t a and all linearly independent solutions are asymptotically equivalent 
DSL 2 p—1 

to tr Ig? t. Consequently, x(t) = Pr is the principal solution of (7.9). If y < y, then 

x, (t) = e*!", xo(t) = e2/, where A, < Ap are the roots of the algebraic equation (p — 

1I)[|A|? — ®(A)]+ y = 0, are solutions of (7.9), and all other linearly independent solutions 

are asymptotically equivalent to x2(t). Consequently, ¥(t) = x(t) = e*!". 


7.4. Comparison theorem for eventually minimal solutions of Riccati equations 


Similarly as in the linear case we have the following inequalities for solutions of a pair of 
Riccati equations corresponding to nonoscillatory half-linear equations. 


THEOREM 7.2. Consider a pair of half-linear equations (0.1), (2.13), and suppose that 
(2.13) is a Sturmian majorant of (0.1) for large t, i.e., there exists T € R such that 0 < 
R(t) < r(t), c(t) < C(t) for t € [T, co). Suppose that the majorant equation (2.13) is 
nonoscillatory and denote by w, v eventually minimal solutions of (2.1) and of 


v + C(t) + (p— I)R!4 (1) v|7 = 0, (7.10) 
respectively. Then w(t) < v(t) for large t. 
PROOF. Nonoscillation of (2.13) implies the existence of T € R such that w and v exist 


on [T, co). Suppose that there exists t} € [T,0o) such that w(t) > v(t). Let w be the so- 
lution of (2.1) given by the initial condition w(t,) = v(t). Then according to the standard 
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theorem on differential inequalities (see, e.g., [145]) we have w(t) > v(t) fort >t, 1e., w 
is extensible up to co. At the same time w(t) < w(t) for t > ft, since graphs of solutions of 
(2.1) cannot intersect (because of the unique solvability). But this contradicts the eventual 
minimality of w. 


In some oscillation criteria, we will need the following immediate consequence of the 
previous theorem. 


COROLLARY 7.1. Let fr r!—4(t) dt = ov, c(t) > 0 for large t and suppose that (0.1) 
is nonoscillatory. Then the eventually minimal solution of the associated Riccati equation 
(2.1) satisfies w(t) > 0 for large t. 


PROOF. Under the assumptions of corollary, (0.1) is the majorant of the one-term equa- 
tion (r(t)®(y’))’ = 0. Since fF r!—4(t) dt = 00, ¥ = 1 is the principal solution of this 
equation (compare Example 7.1). Hence v(t) = 0 is the eventually minimal solution of the 
associated Riccati equation which implies the required statement. 


7.5. Sturmian property of the principal solution 


In this short subsection we briefly show that the principal solution of (0.1) has a Sturmian- 
type property and that the largest zero point of this solution (if any) behaves like the left 
conjugate point of oo, in a certain sense. 


THEOREM 7.3. Suppose that Equation (0.1) is nonoscillatory and its principal solution 
x has a zero point and let T be the largest of them. Further suppose that Equation (2.13) 
is a Sturmian majorant of (0.1) on [T, oo), i.e, 0 < R(t) < r(t) and C(t) > c(t) fort € 
[T, 00). Then any solution y of (2.13) has a zero point in (T, ©) or it is a constant multiple 
of x. The latter possibility is excluded if one of the inequalities between r, R and c,C, 
respectively, is strict on an interval of positive length. 


PROOF. If (2.13) is oscillatory, the statement of theorem trivially holds, so suppose that 
(2.13) is nonoscillatory and let y be its principal solution. Denote by w and v the minimal 
solutions of corresponding Riccati equations (2.1) and (7.10), respectively. According to 
the comparison theorem for minimal solutions of Riccati equations presented in the previ- 
ous subsection, we have w(t) > v(t) on the interval of existence of w. Since we suppose 
that x(T) = 0, this implies that w(T'+) = 00, so the interval of existence of v must be a 
subinterval of [T, co), say [T,, 00), 1.e., T; is the largest zero of the principal solution y of 
(2.13). If one of the inequalities between r, R and c, C is strict it can be shown that the pos- 
sibility T = T is excluded. Now let y be any nontrivial solution of (2.13). If y(t) 4 0 for 
t € [T|, co), then the associated solution v = R®(y’)/®(y) exists on [T), oo) and satisfies 
there the inequality u(t) < u(t) on [T), oo) (since v(7;+) = oo and v(T —) < oo) and this 
a contradiction with minimality of v. 


REMARK 7.2. (i) If T is the largest zero of the principal solution x of (0.1), i.e., the same 
as in the previous theorem, and suppose that R(t) = r(t) and C(t) = c(t) for t € [T, oo). 
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Then Theorem 7.3 shows that T plays the role of the left conjugate point of co in the sense 
that any nonprincipal solution of (0.1), i.e., a solution linearly independent of x, has exactly 
one zero in (T, co). Note that the fact that this zero is exactly one (and not more) follows 
from the classical Sturm separation theorem (Theorem 2.3). 

(ii) In Remark 2.2 we have pointed out that the disconjugacy of (0.1) on a bounded 
interval J = [a, b] (which, by definition, means that the solution x given by x(a) = 0, 
x'(a) £0 has no zero in (a, b]) is actually equivalent to the existence of a solution without 
any zero in [a,b]. Theorem 7.3 shows that we have the same situation with unbounded 
intervals or an interval whose endpoints are singular points of (0.1). For example, if J = 
R = (—oo, oo), then disconjugacy of (0.1) on this interval (defined as disconjugacy on 
[—T, T] for every T > 0) is equivalent to the existence of a solution without any zero on 
R, the solution having this property is, e.g., the principal solution (at oo). 


7.6. Integral characterization of the principal solution 


Among all (equivalent) characterizations of the principal solution of linear equation (1.1), 
the most suitable seems be the integral one (7.1), since it needs to know just only one 
solution and according to the divergence/convergence of the characterizing integral it is 
possible to decide whether or not it is the principal solution. The remaining characteriza- 
tions require to know other solutions since they are of comparison type. In the linear case, 
this is not serious disadvantage because of the reductions of order formula which enables 
to compute all solutions (at least locally) of the linear second order equation when one 
solution is already known. However, in the half-linear case we have no reduction of order 
formula as pointed in Section 3, so some kind of the integral characterization would be 
very useful. In the next theorem we present one candidate for the integral characterization 
of the principal solution of (0.1). The parts (1), (ii) and (iii) are proved in [66] and the part 
(iv) in [36]. 


THEOREM 7.4. Suppose that Equation (0.1) is nonoscillatory and x is its solution such 


that x'(t) 4 0 for large t. 
(i) Let pe (1,2). if 
Sa dt _ 
om | aRRaEA™ a 


then x is the principal solution. 
(ii) Let p > 2. If x is the principal solution then (7.11) holds. 

(i11) Suppose that i i r'—4(t)dt = 00, the function y(t) := s P c(s) ds exists and 
y(t) > 0, but y(t) £0 eventually. Then x(t) is the principal solution if and only if 
(7.11) holds. 

(iv) Let c(t) > 0 for large t, Nias a! (t)dt < ~™, es c(t) dt = oo. Then x(t) is the 
principal solution if and only if (7.11) holds. 


PROOF. (i) Suppose, by contradiction, that a (positive) solution x of (0.1) satisfying (7.11) 
is not principal. Then the corresponding solution wy = r®(x'/x) of the associated Ric- 
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cati equation (2.1) is not eventually minimal. Hence, there exists another nonoscillatory 
solution y of (0.1) such that 


wy =r®(y'/y) < wy eventually. (7.12) 
Due to the Picone identity given in Section 2.2 we have 

r(t)|x’|? — c(t)x? =[x? wy] + pr'4(t)x? P(S~! (wy), wy) 
and at the same time 

r(t)|x/|P — c(t)x? = (x? wy)! — x[(rDO()) + eMC] = (x? wr)’. 
Subtracting the last two equalities, we get 

[x? (wx - wy)]’ = pr! 4(t)x? P(®'(wx), wy). 


Let f(t) =x? (wy — wy). By (7.12) there exists T sufficiently large such that f(t) > 0 for 
t > T. Then by Lemma 2.1 we have 


f alg (t)x? P(®q(wx), wy) 


Eee i 
Pyl-4 = 
5 mace wy)? tN Fadl Pas — wy)? 


Bee a a 
2r (t)x2|x/|P-2° 


Integrating the last inequality from T to T; (JT; > T), we have 


1 1 1 Pp i dt 
—_—> | st > = es a 
fT) fT) FM)” 24s rOx?Olx’OlP? 


and letting 7; — oo we are led to contradiction. Hence a solution satisfying (7.11) is 
principal. 

(11) We proceed again by contradiction. Suppose that x is the principal solution and 
I(x) < co. Let T be chosen so large that x(t) > 0 for t > T and 


ie dt 1 
Oa Dee 
pr (A)X?(H|X (OP? —p 
Consider the solution w(t) of the Riccati equation (2.1) given by the initial condition 


1 


w(T) = w(T) - DEP(T)’ 
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where w = r®(X'/x), i.e., w(T) < w(T). We want to show that w(t) is extensible up to 
oo. To this end, denote f(t) = x? (t)(w(t) — w(t). Then f(T) = 5 and using the Picone 
identity, we have 


f(t) _ pr'4(t) 


for or P(r?-!k', WOH), 


hence, integrating this identity from T to t 


a7 f ee (et i) as (7.13) 
fT) fo r f(s) ca 


By (2.8) of Lemma 2.1 we have 


rd—1lZ! 1 
(S88)! 
x 2 


which means, using (7.13) and taking into account that f(T) = 5; 


t rl-4(5)¥?(s) jan eu 
ros (2-pf PAS) p(x =) 6s) 


<(2 —_= o, 
<( ee arr) 2 


Consequently, 5 < f(t) < 1 and f(t) can be continued to oo, hence w(t) is a continuable 
up to infinity solution of (2.1) and w(t) < w(t) for t > T, 1.e., W(t) 1s not minimal. Thus, 
the solution x(t) is not principal, which was to be proved. 

(iii) The principal solution x(t) of (0.1) is associated with the minimal solution w(t) 
of (2.1) and hence it is also the minimal solution of the Riccati integral equation (the 
convergence of fi © r!—4(t)|w(t)|4 dt follows from Theorem 5.6) 


2-p 


—lz 
rd—*x _ 
(w— wv)’, 


BO =rO+(—=H fr )}e)|"ds, 12 T. 
t 


and by the assumptions on y(t), there exists T € R such that w(t) > 0 for t > 7. Since w 
is the minimal solution, for any other proper solution w of (2.1) we have w(t) > w(t) > 0 
for t > T, > T, and hence the associated solutions x(t) and x(t) satisfy the inequalities 
x(t) > 0, x’(t) > 0 fort > 7). 

Now the proof goes in different way according to | < p <2 or p>2. 

Case A: 1 < p < 2. By the part (i) it is sufficient to show that the integral in (7.11) is 
really divergent. Suppose the contrary, 1.e., 


2 dt 
/ rOeO ROP 2 
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Let T) > T, be chosen so large that 


i¥ dt <2-) 
T- 


5 r()X2()|X/()|P-2 op 


Consider the solution w(t) of (2.1) with the initial condition 


1 
w(I2) = w(Tr) — Eh)’ 


and accordingly, the function f(t) be defined by 
fO =X? OW — vO). 
Clearly, f (Th) = 5: Following the computation in the proof of the claim (i), we find 


PO. t4ORO 
PO" Pa 
hence by (2.9) 


PAD os P 1 
ft) A(p—V r(x?) |k"(O|P-? 


P(®~' (w(t), W@) 


and integrating this inequality over [72, t] we find 


1 1 1 p : p ds 
SS SS re ee ee 
fF) FO 2p-1Jar@)x@)lx' |? 
(oe) 
< eee ee aaa! < ’ 
2(p— VU Jr, r(s)x*(s)|x"(s)|P— 
consequently, 5 < f(t) < 1 for t > T>. Thus, the function w(t) exists on [T2, oo) and 
w(t) < w(t), Le., w(t) is not minimal solution of (2.1), hence x(t) is not the principal 
solution, and this contradiction proves the first case. 

Case B: p > 2. By the claim (ii) it is sufficient to show that if the solution x is not prin- 
cipal then the corresponding integral in (7.11) is convergent. Let w(t) = r(t)®(x'(t)/x(t)) 
be the associated solution of (2.1). Then w(t) is not minimal solution of (2.1) and let w(t) 
be the minimal solution of this equation. Then we have w(t) > w(t) for t > T with Th 
sufficiently large. Consider the function f(t) given again by 


fi) =x?)[w) — (| >0 fort > 1. 
By inequality (2.9) given in Lemma 2.1 we have again 
fi _ Pp 


fi = gat xP P(e), w) 


1 


op ete aE Sy 
2(p—Drx2|x/P-2? 7? 
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hence 


1 1 1 Pp ; ds 
> 


f(D)” f(r) fO™ Ww—-V Jy rx2|x/P-?' 


then letting t > oo we obtain the desired result 


fe dt 
rex (P2 


(iv) Concerning the proof of the part (iv), this proof is based on the statement which re- 
lates the principal solution of (0.1) to the principal solution of the reciprocal equation (6.1), 
we refer to [36] for details. 


REMARK 7.3. The equivalent integral characterization of the principal solution of (0.1) is 
stated in the parts (i11) and (iv) of the previous theorem is proved under some restriction 
on the functions r, c in (0.1). In order to better understand these restrictions, the concept of 
the regular half-linear equation has been introduced in [72] as follows. A nonoscillatory 
equation (0.1) is said to be regular if there exists a constant K > 0 such that 


w(t) 
w2(t) 


lim sup 


too 


<K 


for any pair of solutions w 1, w2 of the associated Riccati equation (2.1) such that w(t) > 
w(t) eventually. It was shown that for regular half-linear equation (7.11) holds if and only 
if the solution x is principal and that under assumptions of (iii) and (iv) of the previous 
theorem equation (0.1) is regular. 


7.7. Another integral characterization 


The integral characterization (7.11) of the principal solution of (0.1) reduces to the usual 
integral characterization of the principal solution of linear equation (7.1) if p = 2. How- 
ever, this characterization applies in case p > 2 only to solutions x for which x’(t) 4 0 
eventually. Moreover, in [36,37] examples of half-linear equations are given which show 
that if assumptions of the parts (iii) and (iv) of Theorem 7.4 are violated, (7.11) is no longer 
equivalent characterization of the principal solution of (0.1). For this reason, another in- 
tegral characterization was suggested and the following statement is proved. The proof of 
this statement can be found in the above mentioned [36,37]. 


THEOREM 7.5. Suppose that either 

(1) c(t) <0 for large t, or 

(ii) c(t) > 0 for large t and both integrals 1 r!—4(t) dt, ya c(t) dt are convergent. 
Then a solution x of (0.1) is principal if and only if 


i ga ae i (7.14) 


rt (Ne2( 
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7.8. Limit characterization of the principal solution 


The “most characteristic” property of the principal solution in the linear case is the limit 
characterization (7.2). It was proved in the above mentioned papers [36,37] that this limit 
characterization extends under the assumption that c(t) 4 0 eventually also to half-linear 
equation (0.1). This statement has been proved in [36] in case c(t) < 0 and in [37] for 
c(t) > 0. 


THEOREM 7.6. Suppose that (0.1) is nonoscillatory and c(t) 4 0 for large t. Then a solu- 
tion x is principal if and only if the limit characterization (7.2) holds for every solution x 
linearly independent of x. 


PROOF. The proof is based on the detailed asymptotic analysis of solutions of (0.1) made 
in the previous section. Since this analysis is rather complicated, we refer to the above 
mentioned papers [36,37] for details. 


8. Conjugacy and disconjugacy of half-linear equations 


Recall that similarly as in case of linear equations, Equation (0.1) is said to be disconjugate 
in a given interval J if every nontrivial solution of this equation has at most one zero in /, 
in the opposite case, i.e., if there exists a nontrivial solution of (0.1) having at least two 
zeros in J, Equation (0.1) is said to be conjugate in I. 

In this section we will present criteria for conjugacy and disconjugacy of equation (0.1). 
Some theoretical criteria of this kind have been already formulated in the previous sections 
and are essentially involved in the Theorem 2.2. For example, the existence of a solution 
w of Riccati equation (2.1) associated with (0.1) is a sufficient condition for disconjugacy 
of this equation in the interval of the existence of this solution w. Another criteria can be 
formulated as consequences of the Sturmian comparison theorem. 


8.1. Leighton’s conjugacy criterion 


Consider a pair of half-linear differential equations (0.1) and (2.13). If (2.13) is a Sturmian 
minorant of (0.1) on J = [a,b] and (2.13) is conjugate on this interval, then majorant 
equation (0.1) is conjugate on [a, b] as well. In the next theorem we replace the pointwise 
comparison of coefficients by the integral one. In the linear case p = 2 this statement was 
proved by Leighton [147], the half-linear version of this statement given here can be found 
in [115]. 


THEOREM 8.1. Suppose that points a,b are conjugate relative to (2.13) and let y bea 
nontrivial solution of this equation for which y(a) = 0= y(b). If 


b 
J (y; a,b) =) [(r) — RM)Iy'l? — (c) — CH)|yI? ] dt < 0, (8.1) 
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then (0.1) is also conjugate in [a, b]. 


PROOF. We have (with the notation introduced in Theorem 2.2) 
b 
Foyia.b)= fi [roly'” chy" 
a 
b 
= [RIy'|l? — Cyl? ] dt + 70; a, b) 
a 


b 
=[RMye()]? -[ y[(ROPW’))’ —CM&(W)] de 


+ Jy; a,b) 
= J(y; a,b) <9, 


hence (0.1) is conjugate on [a, b] by Theorem 2.2. 


8.2. Singular Leighton’s theorem 


In this subsection we show that if the points a, b are singular points of considered equa- 
tions, in particular, a = —oo, b = ov (or finite singularities, 1.e., points where the unique 
solvability is violated), Leighton-type comparison theorem still holds if we replace the 
solution satisfying y(a) = 0 = y(b) by the principal solution at a and b. We formulate 
the statement in a simplified form, as can be found in [59], a more general formulation is 
presented in [67]. 


THEOREM 8.2. Suppose that ¢ is a continuous function such that the equation 
(r(2)B(y))' +E) O(y) =0 (8.2) 


has the property that the principal solutions at a and b coincide and denote by h this 
simultaneous principal solution at these points. If 


lim inf is (c(t) — E(t) |h@|? dt >0, c(t) F(A) in (a,b), (8.3) 
S| 


S1)a,sotb 


then (0.1) is conjugate in I = (a, b), i.e., there exists a nontrivial solution of this equation 
having at least two zeros in I. 


PROOF. Our proof is based on the relationship between nonpositivity of the energy func- 
tional F and conjugacy of (0.1) given in Theorem 2.2. We construct a nontrivial function 
piecewise of the class C!, with a compact support in J, such that F(y; a,b) < 0. 
Continuity of the functions c, ¢ and (8.3) imply the existence of ¢ € J and d, 0 > 0 such 
that (c(t) — c(t))|A(t)|? > d for (f — 0, f +@). Let A be any positive differentiable function 
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with the compact support in (f — 9, f + @). Further, let a < t) <t) <f-o<fto<h< 
tz; < b and let f, g be the solutions of (8.2) satisfying the boundary conditions 


f (to) = 90, f(t) =ht), g(t2) =hA(t2), g(t3) = 0. 


Note that such solutions exist if fg, t; and fo, f3 are sufficiently close to a and b, respectively, 
due to nonoscillation of (8.2) near a and b (this is implied by the existence of principal so- 
lutions at these points) and the fact that the solution space of this equation is homogeneous. 
Define the function y as follows 


0, te (a, to], 
fO, pin 

152 h(t), te [t,t2)\— 0,t+ol, 
OMe S €[f—o,f+el, 
g(t), € [t2, 3], 
0, € [t3,b), 


where 6 is a real parameter. Then we have 


13 


Foy: rot) = | [r(@)|y"l? —e(t)|yl?] dt 


1 


RB 13 
= [rly —aeiyi”]ar— f [e(t) — &(¢)]lyl? dt 
t 


1 


ty 1 
ay [rows ees jae — f [e(t) — E(t) | f |? de 
1 


1 


ty 9) 
+f [rly —eeiyi"]ar— f [c(t) — é(r)]| yl? de 
ty 


ty 


3 3 
+f Frais? -eee")ar— few - ee} ar 
to 12 
Denote by wy, wg, wn the solutions of the Riccati equation associated with (8.2) 
w’ + é(t) + (p— Dr!-4(t)|w|4 =0 (8.4) 


generated by f, g and h, respectively, i.e., 


pet) Pls’) rh) 
I @(f) ” 8" B(g) ” Oh) | 


Then using Picone’s identity (2.7) 


t 
[ four -emirrer 
to 
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ty 


= wy fl lig + a r'“4(t)P(r4! f', B(fywy) de 


1 
=wyl fl? 


= ie 


where P(u, v) =“ —uv+ a (see Section 2.2). Similarly, 


3 
J feos’? - ciel? ]ar = wele"( 
1) 
Concerning the interval [t), t2], we have (again by identity (2.7)) 
~ 2 
Foinn) =f [row ely] 
ty 
12 
= wl hl? + rf rl4(Q) P(r ly’, O(y) wn) dt 
t 


Pita +e / /|P 
=wnlhlPle + f r(t)|h’ + (Ah) | 
t—@ 


P(h') , 
B(h) 


+ (p—1)r*4@) 


— pr(t) yh? + 5a)?! 


q 
cee ees P Pp 
a h?(1+8A) |r 


t+e 
= unl? + f r(t){|A'|? + pd(Ahy' G(h') + 0(8) 
t—Q 


— p(h' +5(Ah)) ®(H)(1 + (p — 8A + 08) 
+ (p— WIh'|P(1 + pdA + 0(6))} de 
t+o 
= walhl? |? +f r(t){|h'|? + pd(Ah)' Bh’) + plh'|? 
t—@ 
— p5®(h')(Ahy' — p(p— 1)6Alh'|? + (p — IIh'|P 
+ (p — 1)pdAjh'|? + 0(8)} de 
= wylh|? |, + 06). 


Consequently, 


t 


tg 3 
Foitn)= | [POL —e@)|yl?] dt 


to 


= wyl fl? |, + walhl?|; + welel?|, +06) 
= |h(t))|? (w(t) — wa(ti)) + [h()|? (watz) — wet) + 0(8) 


as 6 > 0+. 
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Rei observe that the function t is monotonically increasing in (fo, ft) since £ (1) — 
,£(n) = Land (Dh! = SL" 0 in (to, 11). Indeed, if f’h — fh’ = 0 at some point 


t € (to, t), i.e., £ 7O= =F WG then w f(t) = wa(t) which contradicts the unique solvability 
of the generalized Riccati equation. By the second mean value theorem of integral calculus 
there exists & € (fg, t)) such that 


h h il? 
[em -cayigrar= fo (em —eo)inpr a 
i) 


0 |h|P 
t 
ah (c(t) — E(t) |h|? de. 


By the same argument the function 7 is monotonically decreasing in (f2, t3) and 


b &) 
[ew -aepieir ar= f° (ee — een) inir ar 
to 12 


for some & € (f, f3). 
Concerning the interval (t), t2) we have 


t 
[cw -cayiyrrar 


ty 


t-@ 
zi i (c(t) — &(1)) InI? 


ty 


t+o t 
+ (c(t) — ce) nid +3)? de + | (c(t) — E(t) |hl? de 
i-@ 


t+o 
0: t+o 
= (c(t) — een) mI? ar +8 f (c(t) — &(t)) |A|? A(t) dt + 0(8) 
th t—@ 
t 
> [ (caw) IMI ar +5K +06), 
t 


where K =d Ee A(t) dt > 0. Therefore 


t g 
i (c(t) — E(t) |y|? dt > i) (c(t) — E(t) |Al? dt + KS + 0(5). 
10 é1 
Summarizing our computations, we have 
F(y; to, 3) < |aCt)|? (wp (1) — walt) + |A()|? (walt) — we (tr) 


5 
- if (c(t) — E(t) |h|? dt — (K6 + 0(8)) 


§| 
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with a positive constant K. 
Now, let 5 > 0 (sufficiently small) be such that K 5 + 0(6) =: e > 0. According to (8.3) 
the points f,, f2 can be chosen in such a way that 


SQ € 
i (c(t) — E(t) |A|? dt > —= 
$1 4 


whenever 5s; € (a, t)), 82 € (fo, b). Further, since wa is generated by the solution h of (8.2) 
which is principal both at t = a and t = b, according to the Mirzov construction of the 
principal solution, we have (for 1, t2 fixed for a moment) 


ay [w (ti) — wa(ti)| =, Pao [ we(t2) — wa(t2)] =0. 
Hence 
lac) |"[wrer)— wad] <5. |b)? [wner) — welta)] <3 


if to < t, f3 > ty are sufficiently close to a and b, respectively. 
Consequently, for the above specified choice of to < t) < tz < t3 we have 


3 8 


[rly = aeoiyl”]ar— f (c(t) — &(0)) yl? dt 


to 


F (y; to, 03) = 


1 
< h(t) |? [wr ) — wats] + |A@)|? [wn (ta) — we (t2)] 
é 
-{ * (c(t) — &(t)) |Al? dt — (K6 + 0(5)) 
& 


BA Sate 0 
<-+-4--6¢<0. 
a te 


The proof is now complete. 


8.3. Lyapunov inequality 


The classical Lyapunov inequality (see, e.g., [106, Chapter XI]) for the linear differential 
equation (1.1) states that if a, b, a < b, are consecutive zeros of a nontrivial solution of this 
equation, then 


" 4 
i Oe tayas c+(t) =max{0, c(t)}. 


a 


This inequality has been extended in many directions and its half-linear extension reads as 
follows, see [85]. 
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THEOREM 8.3. Leta, b, a <b, be consecutive zeros of a nontrivial solution of (0.1). Then 


“ooo ad (8.5) 
t) dat — A 
I - ? Cf? r!-4(r) dtp! 


PRooF. According to homogeneity of the solution space of (0.1), we can suppose that 


x(t) > 0 on (a,b). Let c € (a, b) be the least point of the local maximum of x in (a, b), 
i.e., x/(c) =0 and x’(t) > 0 on [a, c). By the Hélder inequality we have 


¢ pP ON 1 P 
xP(c)= (/ x(t) tr) = (/ r_ P(t)r? (t)x'(t) ar) 
c 4 % b 
< (/ toa) @) rio(a'(n)" ar), 


Multiplying (0.1) by x(t) and integrating from a to c by parts we get 


[ row)’ dt = [oxo dt < [cox dt 


a a a 


< xP(c) de c+(t) dt, 


hence 


c p-l c 
wis f rap ar) (/ cy (fat) xP(), 


which yields 


é l—p € 
(/ rar) <| c+(t) dt. 


Similarly, if d is the greatest point of local maximum of x in (a, b), i.e., x’(d) = 0 and 
x'(t) < 0 on (d, b), we have 


b l-—p b 
(/ rapa) <| c(t) dt. 
d d 


Consequently, 


b c l-p b l-p 
i, c4(t) dt > (/ rap a) + (/ ran ar) 
a a d 
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Finally, since the function f(u) = u!~? is convex for u > 0, the Jensen inequality 
FCB) < ZL FW) + f)] with w= fFr!-1() de, v= fr! 4 (0) dr implies 


c l-—p b l-p 
(/ r1(p ar) 4 (/ rapa) 
a d 
1 c b l—p 
>2>( f ana f raat) | 
2 a d 


OP 
2 os eR 
(fy r'4(t) dtyPo! 


what completes the proof. 


REMARK 8.1. Note that the Lyapunov-type inequality was proved for the first time in [85] 

for (0.1) with r(t) = 1, but the extension to general (0.1) is straightforward. Half-linear 

Lyapunov inequality has been rediscovered in several later papers, e.g., in [154,224]. 

8.4. Vallée Poussin-type inequality 

Another important inequality concerning disconjugacy of the linear differential equation 
x" + a(t)x’ + b(t)x =0 (8.6) 


was introduced by Valleé Poussin [214] in 1929 and reads as follows. Suppose that t) < tz 
are consecutive zeros of a nontrivial solution x of (8.6), then 


2 dt 
2 >—— <th-t, A:= max fa(t)|, B:= max |D(t)}. 
[ Pp cApeR jenax.| © max. | (| 


The half-linear version of this criterion can be found in [68]. Here we formulate this cri- 
terion in a simplified form, to underline similarity with the original criterion of Vallée 
Poussin. For the same reason we consider the equation 


(G(x) ta(HO(x') + G(x) =0 (8.7) 


instead of (0.1) (if the function r in (0.1) is differentiable, then this equation can be easily 
reduced to (8.7)). 


THEOREM 8.4. Suppose that t, < tz are consecutive zeros of a nontrivial solution x of 
(8.7). Then 


oe, dt 
2 | ———— ——— <n-t,, A= max |a(t) 
0 (p-lt7+At+B te[ty,t2] 


, B= max |b). 
te[t ,t2] 
(8.8) 
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PROOF. Suppose that x(t) > 0 in (f1, f2), in case x(t) < 0 in (ft, f2) the proof is analogical. 
Let c,d € (t1, f2), c < d, be the least and the greatest points of the local maximum of x in 
(a, b), respectively, i.e., x’(t) > 0 for t € (t1, c), x'(t) < 0 for t € (d, fy) and x'(c) =0= 
x'(d). The Riccati variable v = P(x) satisfies v(t; +) =o, v(c) = 0, v(t) > 0, t € (tf, c) 


D(x) 
and 
v’ = —b(t) — a(t)v — (p— 1)v? > —B — Av—(p—I1)v!. (8.9) 
Hence, 
ie ee = (8.10) 
<c-t. . 
0 (p—lvi+Av+B : 
Concerning the interval (d, t2), we set v = — si > 0 for t € (d, fz) and similarly as for 
t € (t),c) we have 
i # <n—d (8.11) 
(. = lw pAveR 
The summation of (8.10) and (8.11) gives 
af ay < tttt—d<t-t 
P (p—bv?+Av+B \~ 1 2 S 22 1; 


what we needed to prove. 


REMARK 8.2. (1) Since (8.8) is a necessary condition for conjugacy of (8.7) in [f1, f2], the 
opposite inequality is a disconjugacy criterion: if 


2 i; ~ ay ta —t 
—____—_|_—— >h- ht, 
 @=pietaoee- 
then (8.7) is disconjugate in [f1, f2]. 
(ii) A more general Riccati substitution v = a(t) an ,tE(t,c]l,v= —p(NZe, te 


[d, t2), where a, B are suitable positive functions, enables to formulate the Vallée Poussin- 
type criterion in a more general form than presented in Theorem 8.4, we refer to [68] for 
details. Concerning the various extensions of the linear Vallée Poussin criterion we refer to 
the survey paper [14] and the references given therein. 


8.5. Focal point criteria 
Recall that a point b is said to be the first right focal point of c < b with respect to (0.1) if 


there exists a nontrivial solution x of this equation such that x’(c) =0 = x(b) and x(t) 40 
for t € [c,b). The first left focal point a of c is defined similarly by x(a) = 0 = x'(c), 
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x(t) 40 on (a, c]. Equation (0.1) is said to be right disfocal on [c, b) if there exists no 
right focal point of c relative to (0.1) in (c, b), the left disfocality on (a, c] 1s defined in a 
similar way. Consequently, (0.1) is conjugate on an interval (a, b) if there exists c € (a, b) 
such that this equation is neither right disfocal on [c, b) nor left disfocal on (a, c]. This 
idea is illustrated in the next statement for (6.16) considered on (a, b) = (—0ov, ov), see 
[65]. The extension of this statement to general half-linear equation (0.1) is immediate. 


THEOREM 8.5. Suppose that the function c(t) € 0 for t € (0, 00) and there exist constants 
ae es: p —2] and T >0 such that 


t s 
/ (f c(t) ar) ds >0 fort>T. (8.12) 
0 0 


Then the solution x of (6.16) satisfying the initial conditions x(0) = 1, x'(0) < 0 has a 
zero in (0, co). 


PROOF. Suppose, by contradiction, that the solution x has no zero on (0, 00), i.e., x(t) > 0. 
_ Ox’) 


Let w= By 


be the solution of the Riccati equation 
w! = e(t) + (p= Dr! 4(y)|wlt. 


Since w(0) > 0, we have 


t t 
wir) = w+ f cs)ds + (p=) | | w(s)|* ds 
0 0 


t t 
=a cs)ds + (p=) | | w(s)|* ds (8.13) 
0 0 
and 
t t S 
[ stworas> f (sf c(r)dr) ds +600, 
0 0 0 
where 
b S 
Gen=r-0) f AU: jwce)|* ar) ds. 
0 0 
Then 


t 
G'(t) =(p- vee [ |w(r)|?dr >0 fort >0 (8.14) 
0 
and according to (8.12) 


t 
cm< f s*w(s)ds fort >T. (8.15) 
0 
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By the Hélder inequality we have 


t t t t Z 
i s*w(s)ds < | f ore ds| | f 1s)" | 
0 0 0 
pitpa . t 7 
-|-—| | f 1s) | ; 


hence by (8.15) 


pteng t 
q q 
(1+ par)? “0 


Here we need the relation G(t) > 0 for sufficiently large t. By (8.14) G(¢) is nondecreasing 
function of t and G(0) = 0. The equality G(t) = 0 for all t > 0 would imply that w(t) = 0, 
consequently by (8.14) x’(t) =0 for t > 0. But this may happen only if c(t) = 0, which 
case has been excluded. Hence we may suppose that T is already chosen so large that the 
inequality G(t) > 0 holds for t > T. 

Denote B =a — (1+ po) % and K =(p—1)0+ pa)? > 0. Then by (8.14) the last 
inequality yields G’'G~? > Kt®. Integrating this inequality from T to t, we get 


1 1 t 
——G'"4(T) > —_[G'4(T) — G'4(1)] > ca sP ds, 
q-l q-1 i 


where the integral on the right-hand side tends to oo as t — oo because an easy computa- 
tion shows that a < p — 2 implies 6 > —1. This contradiction proves that x must have a 
positive zero. 


REMARK 8.3. (i) Clearly, in Theorem 8.5 the starting point to = 0 can be shifted to any 
other value fo € R if the condition (2.4) is modified to 


t KY 
/ o- wy f c(t) dr) ds 0 fort >T > to. 
to to 


A similar statement can be formulated on the interval (—oo, fo), too. 

(11) In the previous theorem we have used the weight function s%, a € (=F: p-— 2]. 
The results of Section 9.2 of the next chapter suggest to use a more general weight func- 
tions. This research is a subject of the present investigation. The same remark essentially 
concerns also the results of Section 9.5. 


Using the just established focal point criterion we can prove the following conjugacy 
criterion for (6.16). 
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THEOREM 8.6. Suppose that c(t) 4 0 both in (—oo, 0) and (0, co) and there exist con- 
stants a1, 02 € oe p —2] and T,,T, €R, Tj <0 < 7), such that 


0 0 
/ sin( c(r)dr) ds >0 t<T), 
t S 
t S 
/ a c(n) ar) ds>0, t>h. (8.16) 
0 0 


Then Equation (6.16) is conjugate in IR, more precisely, there exists a solution of (6.16) 
having at least one positive and one negative zero. 


PROOF. The statement follows immediately from Theorem 8.5 since by this theorem the 
solution x given by x(0) = 1, x’(0) = 0 has a positive zero. Using the same argument as in 
Theorem 8.5 and the second condition in (8.16) we can show the existence of a negative 
Zero. 


REMARK 8.4. (i) Assumptions of the previous theorem are satisfied if 


S52 
lim inf / c(t) dt > 0. (8.17) 
S1{—00, 52 00 Sy 
This conjugacy criterion for the linear Sturm—Liouville equation (1.1) with r(t) = 1 is 
proved in [212] and the extension to (6.16) can be found in [188]. 
(ii) Several conjugacy criteria for linear equation (1.1) (in terms of its coefficients r, c) 
are proved using the fact that this equation is conjugate on (a, b) if and only if 


b dt 
ae = Se 8.18 
| rObeo+aol ee) 


for any pair of solutions of (1.1) for which r(x}.x2 —x1x5) = +1. This statement is based on 
the trigonometric transformation of (1.1), see [55,56] and also Section 3. However, since 
we have in disposal no half-linear analogue of the trigonometric transformation, conjugacy 
criteria of this kind for (0.1) are (till now) missing. 


8.6. Lyapunov-type focal points and conjugacy criteria 
The results of this section can be found in [111,188] and concern again equation (6.16). 


THEOREM 8.7. Let x be a nontrivial solution of (6.16) satisfying x'(d) = 0 =x(b) and 
x(t) £0 for t € [d,b). Then 
t 
i c(s) ds 
d 


(b—d)?"! sup 
d<t<b 


> 1. (8.19) 
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Moreover, if there is no extreme value of x in (d, b), then 


iL 
(b—d)?—! sup / c(s) ds > 1. (8.20) 
d<t<bdd 


PROOF. Suppose that x(t) > 0 on [d, b), if x(t) < 0 we proceed in the same way. Let 


p= $4 and V(t) =(p—1) f', |v(s)|4 ds. Then we have 


t 
v(t) =i) c(s) ds + V(t). (8.21) 
d 


Thus, v(d) = 0 = V(d) and lim;_,,— v(t) = lim;_,,— V(t) = oo. Set 


t 
/ c(s) ds 
d 


and observe that |v(t)| < C* + V(t), so that 


C*:= sup 
d<t<b 


VO =(p— DivpO|4 < P-D(C*+VO)4, 
and 


v(t) 
(p—1)(C* + V(t))4 


Integrating this inequality from d to b and using lim;_,,— V(t) = 00, we obtain 


1 b 
——————] <)-d, 

(CAE VOQNS | |y 
which implies that (b — d)? —!C* < 1. We remark that the equality cannot hold, for oth- 
erwise |C(t)| = Re c(s) ds| = C* on [d, b) which implies that c(t) = 0, a contradiction, 
thus (8.19) holds. 

If d is the largest extreme point of x in (a,b), then x’(t) < 0 and hence v(t) > 0 on 
[d, b). Set Cx = supgcr<p Cs c(s) ds. Then we also have C, > 0 since the assumption 
Cx <0 contradicts to V(d) = 0, lim;_.p,— V(t) = oo. Hence, by (8.21), 0 < v(t) < Cy + 
V(t). The remaining part of the proof is similar to the first one. 


REMARK 8.5. (i) Similarly as above, if a < c, x(a) = 0 =x'(c) and x(t) £0 on (a, c], 


we have 
/ c(s) ds 
t 


(c—a)?—! sup >1. 


axt<ec 
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(ii) Combining Theorem 8.7 with the previous part of the remark one can prove that if 
a < bare consecutive zeros of a nontrivial solution x of (6.16), then there exist two disjoint 
subintervals J, , Iz C [a, b] such that 


(b—a)?"! / c(s) ds > min{4, 4?7!}, / c(s) ds <0. 
Ulp [a,b]\(hUh) 


For details and related (dis)conjugacy criteria we refer to [111]. 


CHAPTER 3C 


Oscillatory Equations 


In this chapter we start with oscillation criteria for half-linear equation (0.1). Some basic 
oscillation criteria have already been formulated in previous chapters, here we focus our 
attention to “more advanced criteria”. By this we mean half-linear extensions of linear 
oscillation criteria which are not given in standard books on linear oscillation, e.g., in 
[208]. Section 10 is devoted to results which are not exactly oscillation criteria, but are 
closely related to oscillation theory. Section 11 deals with the half-linear Sturm—Liouville 
problem and the last section of this chapter, entitled “Perturbation principle”, presents a 
new method of the investigation of oscillatory properties of (0.1), where this equation is 
viewed as a perturbation of another equation of the same form. 


9. Oscillation criteria 


Similarly to nonoscillation criteria, the basic tools in proofs of oscillation criteria are the 
variational principle and the Riccati technique. However, as we will see in this and the next 
section, the Riccati technique is used more frequently. 


9.1. General observations 


In this section we present criteria which complete nonoscillation criteria given in Section 5. 
We start with some general observations. 
(i) If [© r!~4(t) dt = oo in (0.1), then this equation can be transformed into the equation 


((x'))' +ceMPO(x) =0 (9.1) 


and this transformation transforms the interval [T, oo) into an interval of the same form. 
For this reason, we will formulate sometimes our results for (9.1) (mainly in situations 
when these results were first established for (1.1) with r(t) = 1 in linear case), the extension 
to (0.1) with f * +!~4(t) dt = oo is then straightforward. 

(11) If we suppose that c(t) > 0 for large t in (9.1), the situation is considerably simpler 
than in the general case when c is allowed to change its sign. In case c(t) > 0, Equation 
(9.1) is the Sturmian majorant of the equation (®(x’))’ = 0 and the minimal solution of the 
associated Riccati equation 


vo’ +(p—1)lv|\t =0 
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is v(t) = 0. This means, in view of Theorem 7.2, that the minimal solution of the Riccati 
equation 


w+ c(t) + (p— 1)|wl? =0 (9.2) 


associated with (9.1) is positive and this implies that positive solutions of (9.1) are increas- 
ing. Consequently, in oscillation criteria for (9.1) proved via the Riccati technique, it is 
sufficient to impose such conditions on the function c that for any T € R the solution given 
by x(T) = 0, x'(T) > 0 has eventually negative derivative x’ (t). Indeed, this means that the 
associated solution of (9.2) is eventually negative, hence less than minimal solution which 
is nonnegative (compare Theorem 7.2 and Corollary 7.1) and hence cannot be extensible 
up to co which implies that x has a zero point in [T, oo). 


9.2. Coles-type criteria 


The results of this subsection are taken from the paper [153] and concern the half-linear 
extension of the averaging technique introduced in the linear case by Coles in [46]. The 
results are formulated for (9.1). 

Let 7 be the class of nonnegative locally integrable functions f defined on [0, 00) and 
satisfying the condition 


t q-l-p 
lim sup ( f(s) as) [F.(00) — Fy (t)] > 0 (9.3) 
t> oo 0 


for some yz € [0, g — 1), where 


(fo f (&) dé)" 


t 
Fut) = dss. 
— | OG Tear ; 


If F,,(0o) = 00, then f € J. Let J be the subclass of 7 consisting of nonnegative locally 
integrable functions f satisfying 


! ep 
linn lod nds =O (9.4) 
too (f, f(s) ds)? 


Observe that if (9.3) or (9.4) holds, then 


/ * fee Ses. (9.5) 


On the other hand, every bounded nonnegative locally integrable function satisfying (9.5) 
belongs to % and JC J. Since all nonnegative polynomials are in J, this class of 
functions contains also unbounded functions. Elements of 7 and Jo will be called weight 
functions. 
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For f € 7, we define 


t £: 
Ap(s,t) = inti Uae 
J; f() dt 


The following statement reduces to the Hartman—Wintner theorem (Theorem 5.6) when 
the weight function f is f(t) = 1. 


THEOREM 9.1. Suppose that (9.1) is nonoscillatory. 
(i) If there exists f € J such that for some T €R 


lim inf A ¢(T, t) > —oo (9.6) 
t>oo 7 
then 
[o,@) 
i |w(r)|* dt < 00 (9.7) 


for every solution w of the associated Riccati equation (9.2). 
(ii) Assume that (9.7) holds for some solution w of (9.2). Then for every f € Jo and 
T ER sufficiently large lim; A f (T, t) exists finite. 


PROOF. The proof of this statement copies essentially the proof of Theorem 5.6. 
(1) Assume, by contradiction, that 


[ |w(r)|* dt = co (9.8) 


for some solution of (9.2). Integrating this equation from é to t, multiplying the obtained 
integral equation by f(t) and then integrating again from & to t, we obtain 


t t t Ss 
/ F(s)w(s) ds = wee) / f(s)ds — / f(s) i; cle) dr ds 
g g g g 


t s 
-o-vf os f |w(r)|* dr ds 


t t 
w(é) | Fls)ds — Af) | F(s)ds 


t S 
-o-vf ro | |w(r)|* dr ds 


[w(&) — Ar (E,1)] I f(s) ds 


t KY 
~(p- vf zy lw(x) |? de ds, 
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where t > & > T. From (9.2) we have 


§ § 
w(e) = wir) ~ ff cs)ds—(p—) f |w(s)|7 ds. 


Since f € J, (9.5) holds. This implies 


é é F 
Ap.) = LOS 400, -{ eeydy = PO neo dees 
| Jz Fs)ds 3 Je f(s) ds 
: d g 
= row t) -f c(s) ds + o(1) ast —> oo. 
Thus 
Jp f(s) ds 
= A R , _ T _ ee ae | ; T, 
wie) — Ar G,t) = w(T) [ey f(T.1) 
t 
aaa ae vf |w(s)|7 ds +o(1) (9.9) 
T 


as t > oo. Since f € J, there exists a positive number A > 0 such that 


nl-4a 
p-\1 


t q-\-ph 
<(qg-1- yp) iresup | f f(s) a [ F..(00) — Fi], (9.10) 


where yu is the same as in (9.3). It follows from (9.6), (9.8) and the previous computation 
that there exist two numbers a and b, b > a > T, such that 


w(a)— Af(a,th<—a (9.11) 


for t > b. Let z(t) := ie f (s)w(s) ds. Then the Hélder inequality implies 


Bolg 
Iq > SS _.. 
/ |w(x)|% de Tees 


It follows from (9.9) and (9.11) that 


t t s 1—q 
att) < af fisyas — (p=) | role" f fPta)ar) ds 
=:—G(t). (9.12) 


Thus 


t 1-q 
G'(th =Af) + (p— prolol( f fP(s) as) (9.13) 
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and 
t 
0< if f(s) ds < G(t) < |z(@)|. (9.14) 


It follows from (9.12), (9.13) and (9.14) that 


GG") > G'HG"(H| | “4 


t im t 1-q 
> vero [ fis)as) (/ f?()4) 


Integrating this inequality from ft (t > b) to ov, we get 


———.G"-4!') 3 (p — 1)" [ Fy, (C0) — Fy (0)]. 
ga-1> 
Inequality (9.14) then implies 
pst 
p-1 


t q-\-ph 
>q-1-10| / F(syas| [F.(c0) — Fi(s)] 


which contradicts (9.10). 
(11) As in the previous part of the proof, (9.9) holds. This implies that 


Je f(s)w(s) ds 
Art) = — = ______ 
7,1) = wl) To Fayas 
t RY qd d 
Sal FO) Jy boo rds 645) 
Je f (s) ds 


Since f € Jo, (9.5) holds. Thus, 


Je £03) fz lw) I4 de ds 
m SSS 


li ; = [ \w0s)|t as <00, 
En Se f(s) ds g 
By Hé6lder’s inequality 
ie We Fisywis) ds ae Ge FPUs) asy'/PCfg wt ds) 1/4 en 
t> 00 Je f(s) ds too Se f(s) ds 


Hence, by (9.15), lim;—... A ¢(&, f) exists and 


dim As(€,1) = w&) — (p— 1) | |w(s)|7 ds. 
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This completes the proof. 


As a consequence of the previous statement we have the following oscillation criterion 
which is the half-linear extension of the criterion of Coles [46], this statement can be also 
viewed as an extension of Theorem 5.7. 


THEOREM 9.2. The following statements hold: 
(1) If there exists f € J such that (9.6) holds, then either (9.1) is oscillatory, or 
lim;—+o0 Ag(- , t) exists finite for every g € Jo. 
(11) If there exist two nonnegative bounded functions f, g on an interval [T, oo) satisfy- 
ing ie f@dt=o= te g(t) dt such that 


lim A¢(T,t) < lim Ag(T,1), 
t-owo * too 
then Equation (9.1) is oscillatory. 
PROOF. (i) Suppose that (9.1) is nonoscillatory. Then by Theorem 9.1 every solution of the 
associated Riccati equation (9.2) satisfies [ © |w(t)|4 dt < oo and hence lim;_so6 Ag(-,f) 
exists finite for every g € Jo. 
(11) Let a, B € R be such that 


lim A¢(T,t) <a < B < lim Ag(T,?). 
teow * t>oo 


Let h(t) = g(t) for T <t < ft, where ft) is determined such that Ag(T,t,) > B and 
g(s)ds > 1. Let h(t) = f(t) for t; < t2 where fy is determined such that Ap(T, fo) <a 
and et h(s) ds > 2. This is possible because 


An(T tn) = SERS Sr ele) dds 
—_ 7 h(s) ds 


Ip! g(s)ds + fi? f(s) ds 


? f(s) fp c(t) dt ds ? f(s) ds 
? f(s) ds 7 gs) ds + f,? f(s) ds 


= Af(T, tr)[1 + 0(1)] + 0(1), 


as t2 > oo. Continuing in this manner, we obtain a nonnegative and bounded function h 
defined on [7, oc) such that 


limsup Ay(T, t) > B > a > liminf Ap (T, f). 
t-0o t>oo 


Hence, by the part (i), Equation (9.1) is oscillatory. 
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9.3. Generalized Hartman—Wintner’s criterion 


In Section 5 we have shown that (0.1) with [ * !-4(t) dt = oo is oscillatory provided 


t l—q Ss ded t l-q Ss ded 
Sst OS ait One 
100 {26) ds t>00 {pr e@) ds 


or 


; Ps ames) fp c(t) dt ds 
lim, —<—$£_—_———__ = 
2.00 jth 4@yds 
In this subsection we present one extension of this criterion which was established in [51]. 
In agreement with the remark from the introduction of this section, we formulate this cri- 


terion for (9.1). For the sake of convenience, similarly as in the original paper [51], we 
introduce the linear operator A : C[0, 00) > C[0, co) defined by 


1 t 
(Af)(t) =7f f(s)ds, (Af)(0):=0. (9.16) 
By A” we denote the nth iteration of A. 


THEOREM 9.3. Let C(t) := ti c(s) ds. If there exists n € N such that 


—0o < lim inf(A”C)(t) < limsup (A”C) (t), (9.17) 
E00 too 
or 
lim (A"C)(t) = 00 (9.18) 
t>oo 


then (9.1) is oscillatory. 

PROOF. The proof is similar to that of Theorem 5.6 and of Theorem 5.7. Suppose, by 
contradiction, that (9.1) is nonoscillatory and let w be a solution of the associated Riccati 
equation (9.2). For convenience, we suppose that this solution is defined on [0, oo), this 


is no loss of generality since the lower integration limit 0 in the next computation can be 
replaced by any T sufficiently large. Integrating Equation (9.2) from 0 to t we get 


t 
w(t) — w(0) + C(t) + (p— vf | w(s)|* ds =0. (9.19) 
0 


The application of the operator A” to the previous equation yields 


t 
(A"w)(t) + (A"C)() + (p — var( | ws)|? as) —w(0)=0. (9.20) 
0 
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Each of the conditions (i), (ii) implies the existence of K > 0 such that (A”C)(t) > —K 
for large t. This implies that [ ° |w(t)|¢ dt < oo. The proof of this claim goes by contra- 
diction in the same way as in the proof of Theorem 5.6. Having proved the convergence 
of f rs |w(t)|? dt, again in the same way as in the proof of Theorem 5.6 we prove that 
limjo9(A”C)(t) exists finite, a contradiction with (i) or (ii). 


The following example, taken again from [51], presents a construction of the function 
c for which the classical Hartman—Wintner criterion (i.e., the case n = | in the previous 
theorem) does not apply, while the previous theorem with n = 2 does. 


EXAMPLE 9.1. Let {an}7° ,, {bn }°°, be two sequences of real numbers defined by ay = 


n=1? 
n—2-", by =n+2-",n EN. Let {gn}P° , denote a sequence of functions gy :[0,00) > R 


of the class C* such that g,(t) > 0 if t € (an, bn) and gn(t) = 0 otherwise. We also ask that 


ile gn(t) dt =n. (9.21) 
0 


Next define g:[0,00) > R by 


g(t) = Y(-1)"gn(0). (9.22) 


n=1 


The function g is also of the class C* and using this function we define 


i 
e(t)=(tg())",  C() =) c(s) ds. (9.23) 
0 


The reason for defining c in this form is two-fold. On one hand, from (9.23) we find that 


1 t Ss 
(AC)(t) = - | i c(t) dt = g(t), (9.24) 
0 Jo 
and from (9.21) and the mean value theorem 


max gn(t) >n2”"-!” (9.25) 
t€[0,00) 

Thus, from (9.24) and (9.25) we obtain lim inf;,.0(AC)(t) = —oo, so the Hartman— 

Wintner theorem does not apply. Let us consider p = 2 for a moment (so we actually 


consider the linear equation) in (9.1) and we note that the Lebesgue measure of the set 
{t| [5 c(s) ds 4 0} is finite. This implies that 


t 
lim approx | c(s) ds = 0, 
t>oo 0 


Half-linear differential equations 263 
so the criterion of Olech, Opial and Wazewski [185] does not apply either. Recall that 
jim, approx f(t) =1 
if and only if, by definition, 
l= sup{é: m{t: f@> e} = oo} = inf{ ¢: m{t: fa< e} — co}. 


Here m{-} denoted the Lebesgue measure of the set indicated. Recall also that the oscilla- 
tion criterion of [185] states that the equation x” + c(t)x = 0 is oscillatory provided 


t 
lim approx / c(s) ds = ow. 
t>oo 0 
Nevertheless, by Theorem 9.3, Equation (9.1) with any p > 1 is oscillatory. Indeed, 
from (9.25) we have lim sup,_,,,(AC)(t) = oo. Also, for t € (bn, dng) =(n +27", n+ 


1—27-@+)D). we have 


(A2c) re | oe n even, 


Gt) nodd. 


From the last equality can be easily shown that (A?C)(t) is bounded for t € (0, 00). Hence 
from (9.17) Equation (9.1) is oscillatory. 


9.4. Generalized Kamenev criterion 


The classical Kamenev criterion concerns the linear equation x” + c(t)x = 0 and claims 
that this equation is oscillatory provided there exists A > 1 such that 


1 t 
lim sup — / (t — s)*c(s) ds = 00. (9.26) 
tooo ft” Jo 


The following half-linear extension concerns general half-linear equation (0.1) and it is 
taken from [150]. 


THEOREM 9.4. Suppose that there exists 1 > p — 1 such that 
1 fi A\?P 
limsup = [ Ge sole —s)Pc(s)— (=) ri)| ds = 00. (9.27) 
tooo ft Jo P 


Then (0.1) is oscillatory. 
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PROOF. Suppose that (0.1) is nonoscillatory, i.e., there exists a solution of the associated 


Riccati equation (2.1). Multiplying this equation by (t — s)* and integrating it from T to f, 
T sufficiently large, we get 


t 
—(¢—T)w(T) +2 f (t —s)*~!w(s) ds 
T 


t t 
+p-0) f (= sy'r4)|w(s)|4 ds-+ f (t—s)*c(s)ds=0. — (9.28) 
T T 


Using the Young inequality (2.6) with 


Xr dep 1 A lq 
u=—(t—s)? r?, v=(t—s)¢r 4 


|w(s) 


’ 


we obtain 


(t — s)*r!~4(s)|w(s)|? > (¢ — DAG —s)*"|w(s)| 
ot Pp 
-@- v(5) (t — s)'Pr(s) 
Pp 
for T <s <t. This inequality and (9.28) imply 
t x P 
/ a soli =s)?2(s)/= (=) ri)| ds <(t—T)w(T). 
T P 
Thus 


1 f' aK ' Ave 
lim sup =| (t—s) a —s)Pc(s) — (=) ri)| ds <w(T). 
too Jr P 


which contradicts to (9.27). 


REMARK 9.1. Clearly, if r(¢) = 1, then lim; soo 5 [p(t — sy~P(4)Pr(s) ds = 0 and 
hence Equation (9.1) is oscillatory if 


: 1 oft 
lim sup ral (t—s)*-?c(s)ds = co for some A > p-l. 
too tl Jo 
which is the half-linear extension of the classical Kamenev linear oscillation criterion. 
9.5. Another refinement of the Hartman—Wintner theorem 


The results formulated here are taken from [122], where the equation 


x” + e(t)|x|?—||x/|?-? sgnx = 0 (9.29) 
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with p € (1, 2] is considered. Related results on Equation (9.29) can be found also in [42, 
162]. Equation of the form (9.29) can be obtained from (9.1) using the identity 


(D(x'))’ = (p _ Lx” |x’ |P-?, 
so the results of this subsection apply also to (9.1) as noted in [122, Sec. 2]. We prefer here 
the original formulation to illustrate the variety of approaches to half-linear oscillation 


theory. 
Denote 


=| 2, t Ss 
= 2 | call c(t) dt ds. 


Using essentially the same idea as in the proofs of Theorems 5.6 and 5.7 the following 
statement is proved. 


THEOREM 9.5. Let either lim;-; 9 Cp(t) = 00 or 


—oo < liminfc,(t) < limsupcp(¢). 
bed 100 


Then Equation (9.29) is oscillatory. 
Consequently, in the next investigation we suppose 
im, Cp(t) =: cp() (9.30) 


exists finite. The following theorem shows that (9.1) is oscillatory if cp (t) does not tend to 
its limit too rapidly. 


THEOREM 9.6. Suppose that (9.30) holds and 


p-l 


_ P 
(cp(oo) — ep(t)) > (=) (9.31) 


ft 
lim su 
ee Igt 


Then Equation (9.29) is oscillatory. 


PROOF. Suppose, by contradiction, that (9.29) is nonoscillatory and w = ®(x'/x) is a 
solution of the associated Riccati equation 


w' + (p— Ie(t) + (p— Dl w|t =0. 


Integrating this equation from ¢ to co we have a variant of the Riccati integral equation 


t [o,e) 
w(t) = ep(0) = (p= 0) | c(s)ds + (p=) f | w(s)|% ds. 
t 
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Multiplying both sides of this equation by t?~? and integrating from T to t, T sufficiently 
large, we obtain (integrating one of the terms by parts) 


t S 
[> [<n00-@- 0 f c(n)dr]as 
T 1 


t op-l agp! qd oo 
= SESS) So IE ec ae | w(s)|* ds 
T t 


K) 
[o.@) 
pee! / | w(s)|* ds. (9.32) 
T 
Since we have the inequality |A|? —~+ 4 (Faye > 0 for every 2 € R, (9.32) implies 


—_ P 
1?! (cp(00) — ep(t)) < (=) lg = + T?—!¢,(00) 
P 


Hips pre-* ie |w(s)|* ds — T?~'ep(T). 
T 


Therefore 


jp 


lim sup 


| P 
msup (en(o0) ~ epi) < (2) 


which contradicts (9.31). 


REMARK 9.2. Here we have presented only one of several (non)oscillation criteria proved 
in [122]. These criteria are formulated in term of the limit behavior (as tf > oo) of the 
functions 


t 
Op) :=1?"! co —(p-1) | c(s) as), 


_ t 
y(t) := anal s?c(s) ds. 
1 


We refer to the above mentioned paper [122] for details. 


9.6. Half-linear Willet’s criteria 


Results of this subsection extend the linear oscillation and nonoscillation criteria of Willet 
[217] and are presented in [153]. 


LEMMA 9.1. Suppose that B(s) and Q(t,s) are nonnegative continuous functions on 
[T,00) and [T, 00) x [T, 00), respectively. 
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(i) If 
lone 
/ Q(t, s)B1(s)ds <p 4Bt), 127, 
t 
then the equation 
fore 
v(t) = BY) + (p—- »f Q(t, s)|v(s)|* ds, 
t 


has a solution on [T, 00). 
(11) If there exists ¢ > 0 such that 


W 
in| 


ps O(s, t)B7(s)ds > p 7(1+e)B(t) 40, ¢ 
t 
then the inequality 
vit) > BW) + (p »f Q(t, s)|v(s)| ds, 
t 


possesses no solution on [T, co). 


PROOF. (i) Let v;(t) = B(t) and define 


ni) = BO) +(p—0) [ Olt,s)|ve(s)|*ds,  kEN. 
t 


Then by (9.33) 


w(t) = Bi) + (p— vf Q(t, s)B4(s) ds 
t 


< Bit) + (p— lp “BO < pBO, 
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(9.33) 


(9.34) 


(9.35) 


(9.36) 


and v(t) < v2(t). Suppose, by induction, that vj (t) < v2(t) < +++ < un(t) < pB(t). Then 


Unti(t) < BW) + (p— » | Q(t, s)|vn(s)|" 
t 


< But) + (p— pt f Ot, s)B4(s) ds 
t 


< BY) + (p— pt: p 4 Bit) = pB(). 


Thus, the sequence {v,} is nondecreasing and bounded above. Hence, it converges uni- 


formly to a continuous function v which is a solution of (9.34). 
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(ii) Suppose, to the contrary, that v is a continuous function satisfying (9.36). Then 
v(t) > B(t) > 0 which implies v7 (t) > BY(t) > 0. Thus 


Co 
v(t) > B(t) + (p— vf Q(t, s)B1(s)ds > [1+ (p—DU+e)p 4] BO. 
t 
Continuing in this way, we obtain v(t) > a, B(t), where a, = 1, ay < an41 and 


any =14+(p— Val p41 +8). (9.37) 


We claim that limp. ad, = oo. Assume, to the contrary, that limy— oo dn = a < oo. Then 
a > 1 and from (9.37) 


a=1+(p—l)(.+e)atp, 
but this is the contradiction since the equation A = 1+ (p—1)(1+e)A4p~7 has no solution 


for which A > 0. This contradiction proves that limy-, 9 dy = oo and hence B(t) = 0. This 
contradiction with (9.35) proves the lemma. 


As a direct consequence of the previous lemma we have the following oscillation and 
nonoscillation criteria. 


THEOREM 9.7. Suppose that fe c(t) dt is convergent and C(t) := c(s) ds > 0 for 
large t. 

(1) aie C4(s) ds < p-4C(t) for large t, then (9.1) is nonoscillatory. 

(ii) If C(t) 40 for large t and there exists ¢ > 0 such that 


[ ctoyase pra taco 


t 


for large t, then (9.1) is oscillatory. 


PROOF. (i) By the part (i) of the previous lemma there exists a solution of the integral 
equation (5.21), hence (9.1) is nonoscillatory by Theorem 5.8. 

(ii) By contradiction, suppose that (9.1) is nonoscillatory. Then (5.21) has a solution for 
large t, but it contradicts the part (ii) of the previous lemma. 


REMARK 9.3. The constant p~? in the previous statement is the best possible as shows 
the Euler equation (4.20) with the critical constant y = y = (ey , 


9.7. Equations with periodic coefficient 


The oscillation criterion presented in this subsection can be found in the paper [65]. 
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THEOREM 9.8. Suppose that the function c(t) in (9.1) is a periodic function with the 
period w, c(t) #0, and 


/ c(t) dt > 0, 
0 


then (9.1) is oscillatory both at t = 06 and at t = —o. 


PROOF. To prove oscillation of (9.1), it is sufficient to find a solution of this equation with 
at least two zeros. Indeed, the periodicity of the function c implies that if x is a solution of 
(9.1) then x(t + @) is a solution as well and hence any solution with two zeros has actually 
infinitely many of them, tending both to oo and —ow. 

The statement of theorem is clearly true if c is a positive constant function (since then 
X(t) = Sinp jt is a solution of this equation, where jz is a constant depending onc and p. So 
we need to consider the cases when c(f) is not a constant only. Also, it is sufficient to deal 
with the case when {5 c(t) dt = 0 because otherwise we can define cp = + i c(t) dt >0 
and c(t) = c(t) — co. Clearly, we have c(t) > c(t). If we prove (9.1) with ¢ instead of c to 
be oscillatory then by the Sturmian comparison theorem equation (9.1) is also oscillatory. 

Now let 


t 
Ci = / c(s) ds. 
0 
This is a continuous periodic function with the period w. Let y and 6 be defined by 


C(6) = max C(p), C(y)= min C(t). 
0<t<w d<t<b+w 


Then0<éd <y <6+wo and 


t r) 
/ c(s) ds > 0, / c(s)ds >0 forteR. 
y t 


Now, by Theorem 8.5 and the remark given below this theorem, the solution of (9.1) given 
by the initial condition x(6) = 1, x’(6) = 0 has a zero in (—oo, 45). Indeed, C(t) 4 0 and 


3 3 
/ sae f c(e)dr)) ds > 0 fort >6, 
t t 


with any a € (— A. p — 2]. Now we need to show that this solution has a zero on (6, 00) as 
well. We proceed by contradiction, suppose that x(t) > 0 for t > 6. Consider the function 
B(x’) 


w=— Ry on [5, co). This function satisfies the Riccati differential equation 


w' = c(t) + (p — 1)| wit (9.38) 
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and by integration we have 


t+@ 
w(t +) — w(t) =(p— » | |w(s)|7 ds, (9.39) 
t 


hence w(t + w) > w(t). Consider now the sequence w(y), w(y +), w(y + 20),.... By 
Theorem 8.5 and by our indirect assumption on the solution x(t), this sequence consists of 
negative terms: 


wy) < wily +@) < wiv +: 20) <--- <0. 


Indeed, if w(y + kw) > 0 for some k € N, then by Theorem 8.5 the solution x(t) would 
have a zero in (vy + kw, oo). Hence limp... w(y + kw) < 0, consequently by (9.39) 


wo +-0 f |w(s)|7 ds <0, 
Y 


i.e., the integral i |w(s)|? ds is convergent. This implies by (9.38) that 


t t 
win =w(y)+ f c(s)ds + (p=) | | w(s)|* ds 
Y Y 


and the function w(t) is bounded. Again by (9.38) we find that w’ is also bounded, say, 
|w’(t)| < L. Then 


|w(t2)|4F! — w(t) [471 
qt+1 


t 
= if w'(s)|w(s)|4 sgn w(s) ds 
t 
t 
<if | w(s)|% ds, 
a 


Y <t) <to, hence lim;_,.. |w(t)|2*! exists. Clearly, we have lim;_, 59 w(t) = 0. 
On the other hand, w(é) = 0, and by (9.39) we have limg_,o9 w(5 + kw) > 0 and this 
contradicts the fact that lim;_,.5 w(t) = 0. 


9.8. Equations with almost periodic coefficient 
Now suppose that c:R — R is a Besicovitch almost periodic function. Recall that this 


class of functions is defined as the closure of the set of finite trigonometric polynomials 
with the Besicovitch seminorm 


1 t 
IcllB =limsup = [ |c(s)| ds. 
tooo 2t if 
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The mean value M{c} of a function c is defined by 
1 t 
M{c}= lim -/ c(s) ds, 
t>oo ¢f to 


for some to > 0, see, e.g., [19,31] for details. 

The proof of the main result of this subsection is based on the following Hartman— 
Wintner-type lemma. We present it without proof which is similar, in a certain sense, to the 
proof of Theorem 5.6. For details we refer to [151]. 


LEMMA 9.2. Suppose that c:[t9, 00) > R is a locally integrable function with M{c} = 0 
and (9.1) is nonoscillatory. Then 


1 t 
lim al |w(s)|? ds = 0 
t>w ft to 


for every solution w of the associated Riccati equation (9.2). 


THEOREM 9.9. Suppose that c is a Besicovitch almost periodic function with the mean 
value M{c} = 0 and M{|c|} > 0. Then 


(®(x'))' + Ac( P(x) =0 (9.40) 
is oscillatory for every . 4 0. 


(x’) 
oGh be the corre- 


PROOF. Suppose that (9.40) is nonoscillatory for some A and w = — 
sponding solution of the associated Riccati equation 


w! =Ac(t) + (p— Dl w(n)|*. (9.41) 
We have used the Riccati substitution with the ‘—’ sign to keep consistency with the orig- 
inal paper [151] and also to show that this minus sign in the Riccati substitution makes 


sometimes computations slightly easier (compare also the previous subsection). 
Integrating (9.41) (with 6 > 0 and t sufficiently large) we get 


t+5 > 148 
a e(s)ds = AEF) _ eD of Jw(s)|!. (9.42) 
t 


Applying the Besicovitch seminorm || - || 3’ defined by 


: i ies 
Il fle” = lim sup - | | f(s)| ds 
t>oo t to 
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to (9.42), we find 


xr t+6é 
0< =| c(s) ds 
t 


B’ 


1 pts 
<|2= [ jwolta] + {2 ) 4) 
t 


+| | 
i 5 |» | 6 


for all 6 > 0. From Lemma 9.2 follows that M{|w|?} = 0, thus || wl = || w(t + 4) || g = 0 
for all 6 > 0. Using the Fubini theorem we have for some fo > 0 


1 t ps+éd j 1 t r) ; 
— w(t) aras=— ff w(t +s)|* dt ds 
gif, f bwenitaras= 5 ff luce +9) 
1 é t 4 
— w(t +5)|° ds dt 
xf, J, boot 
1 5 t+6 dj 
ee | w(s)|4 ds dt 


1 t+6é6 
= al |w(s)|? ds 
1 


for any fixed 6 > 0. Using the last computation and Lemma 9.2 we have 


_ t+65 
eae 
t 


Applying the last equality, coupled with the fact that || w(t) || 3, = 0 to the previous compu- 
tation, we see that 


i, t+6é 
| =| c(s) ds 
t 


(for every 6 > 0). Since c is almost periodic, it follows from [19, p. 97] 


1 t+6é6 
c(t) — =| c(s) ds 
t 


This and (9.43) imply M{|c|} = ||c|lg: = 0 which is a contradiction. 


6 


B’ 


IN 


=0. 


B’ 


2% (9.43) 
B’ 


=0. 
B’ 


lim 
60+ 


9.9. Generalized H -function averaging technique 


Oscillation criteria of this subsection are established in [152]. Our presentation takes into 
account the remark of Rogovchenko [204] which shows that one of the assumptions given 
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in the original paper [152] is redundant. In the linear case, the method used in this subsec- 
tion was introduced by Philos [189]. 


THEOREM 9.10. Let Do = {(t, 5): t > s >to} and D = {(t,s): t >s > to}. Assume that 
the function H € C(D; R) satisfies the following conditions: 

Gi) A(t, t)=0 fort > to and H(t,s) >O fort >s > to; 

(ii) H has a continuous nonpositive partial derivative on Do with respect to the second 


variable. 
Suppose that h: Do > R is a continuous function such that 


0H 
——(,8)=h(t,)[H@,s)]!" forall (t,s) € Do, q=—. 
Ss po 


If 


t P 
Heup a [ He. s)c(s) — (<i. ») ds = co (9.44) 


then (9.1) is oscillatory. 


PROOF. Suppose that (9.1) is nonoscillatory and v is a solution of the associated Riccati 
equation (9.2) which exists on the interval [To, 00), Ty > to. We have for t > T > Tp 


t 
[Ha syooyas 
T 
t 0H t 
= H(t, nor) — f (-Fe.s))uoras- w= f H(t, s)|v(s)|* ds 
T as T 
t 
=H(t, ror) — f {h(t,s)[H@, s)]\/v(s) + (p— HG, s)|v(s)|"} ds 
di 
t 
=, rr)— f {H.s)[H 0, )]!"000) + (p= DHE, s))069| 
T 


1 P try P 
+ (<i) Jas f (<r) ds. 
P T \P 


Hence, for t > T > To, we have 


t 1 P 
/ { Hu. s)c(s) — (<i. ») ds 
T P 


t 
=H(t, ror)— f {H.s)[H¢,9)]!"000) + (p= DHE, 9))069| 
T 


1 P 
+ (<ie.s9) jas. 
Pp 
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Since g > 1, by Young’s inequality (2.6) 


P 
h(t, s)[H(t,s)] 406s) + (p — DH, 8)|v(s)|2 + (<ie.s9) >0 


for t > s > Tp. This implies that for every t > Tp 


t ] Pp 
i {He s)c(s) — (<H0. ») ds 
To P 


< H(t, T)v(To) < H(t, To) |v(To)| < H(t, to)|v(Zo) |. 


Therefore, 


t ] P 
/ { Hee. sde(9) (See. |e 
to Pp 
Tp 1 P 
= { HU. s)e(9)— (<i«.s)) | 
to P 
t 1 P 
+f { Ht. s)e(9)- (<1«.s9) |e 

To Pp 


To 
ea H(t) | |c(s)| ds + H(t, to)|v(To)| 
10 
To 
=H0,10} f e(| as cro. 
1 
This gives 


1 : 1 P 4 
li —— H —|—-h(t, 
pees HG,§) [ | (t, s)c(s) (- (t ») Ss 


To 
<|/ |c(s)| ds + |v(To)]. 
10 


This contradiction with (9.44) completes the proof. 


The next statement is also taken from [152]. We present it without proof. This proof, 
similar to the proof of the previous theorem, follows more or less the original idea of 
Philos [189]. For comparison with the linear case we also refer to the papers of Yan [220, 
221]. Taking H(t,s) = (t — s)*, 4 > 0, the previous statement reduces to the half-linear 
version of Kamenev’s oscillation criterion presented in Section 9.4. 
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THEOREM 9.11. Let H and h be as in the previous theorem, and let 


(9.45) 


H(t 
Par Gee eae Dee 
s>t| '-~ H(t, to) 


Suppose that 


1 t 
limsup ay h(t, s)ds < co 


too 


and there exists a function A € C[to, oo) such that 


i 7 Af (s) ds = 00, (9.46) 


where A+(t) = max{A(t), 0}. If 


. 1 1 P 
sup Ha.T) i {He s)c(s) — (<ne. ») ds > A(T) 


for T > to then Equation (9.1) is oscillatory. 


10. Various oscillation problems 


In this section we collect various problems of half-linear oscillation theory. We start with 
an asymptotic formula for the distance between consecutive zeros of oscillatory solutions 
of half-linear equations. Then we turn our attention to various problems like oscillation of 
forced and retarded equations and to similar problems. 


10.1. Asymptotic formula for distance of zeros of oscillatory solutions 


The results of this subsection are taken from [93] and present the asymptotic formula for 
the distance of consecutive zeros of oscillatory solutions of the equation 


(®(x'))' + (p= Ie(t)®(x) = 0. (10.1) 


It is supposed that c(t) > 0 for large ¢ and the results are based on the generalized Priifer 
transformation from Section 2. In this transformation, a nontrivial solution and its deriva- 
tive are expressed via the generalized half-linear sine and cosine functions. Recall that the 
half-linear sine function, denoted by S = S(t) or siny f, is the solution of the equation 


(P(x) + (p— 1) P(x) =0 


satisfying the initial condition x(0) = 0, x’(0) = 1 and the half-linear cosine function is 
defined by cos, t = S’(t). 
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THEOREM 10.1. Suppose that c is a differentiable function such that c(t) > 0 on an in- 
terval [T, co), and 


Jim, cea] > =0 (10.2) 


holds. Then (10.1) is oscillatory. Moreover, if N(x; T] denotes the number of zeros of a 
solution x of (10.1) in the interval [a, T], then 


N[x; T] = P[x; T] + R[x; T], (10.3) 


where P|x; T] is the principal term given by 


1 7 1 
P(x; T|= — | [c(s)]? ds 


P 


and R[x; T] is the remainder which is of smaller order than P{x;T]| as T — oo and 
satisfies 


F gst 
| R[x; ri\<— | le) as 4 Oc). 
PTp Ja c(s) 


1 
PROOF. Set C(t) :=cl(f[c(t)|” and define 
C*(t)=sup{|C(s)|: s>r},  t>a. (10.4) 
Then C*(f) is nonincreasing and satisfies lim;—,>. C*(t) = 0 by (10.2). We have 


1 t+h h 
i C(s) ds Al 
t 


P 


[ec +H]? _ [ew]? 


C*(t), 


= < 


which implies that 


1 
[c(t+h)] ? _ C*(t) 
lim sup ——————_ < ——. 
hoo t+h P 


It follows that lim;—o tere = 0, or equivalently, limy_.o9 t?c(t) = oo. This im- 
plies, by Theorem 4.5, that (10.1) is oscillatory. 

Now we turn our attention to the proof of the asymptotic formulas for numbers of zeros. 
By the Sturmian comparison theorem (Theorem 2.4) we have that N[x1; T] and N[x2; T] 
differ at most by one for any solutions x; and x2 of (10.1), so we may restrict our attention 
to the solution xo of (10.1) determined by the initial conditions x9(a) = 0, x9(a) = 1. This 
solution is oscillatory by the first part of the our theorem. 
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We introduce the polar coordinates p(t), y(t) for x(t) by setting 


i 
P 


[ce]? x0) = eMHS(GM), — HO) = POS'(G). (10.5) 


It can be shown without difficulty that p(t) and g(t) are continuously differentiable on 
[a, co) and satisfy the differential equations 


ple, 
p pc(t) 
g! =[ew]? + ~0 sip) (S')) (10.6) 


We use the notation 


gy) = Sy) ®(S'(@)), 
in terms of which (10.6) is written as 


1c) 


of =[e]? +e 


8g). (10.7) 


From the first equation in (10.5) we see that xo(t) = 0 ifand only if g(t) = jzp, j € Z. 
We may suppose that g(a) = 0. In view of (10.2) there is no loss of generality in assuming 
that 

C*(t)<p fort>a, 
where C*(t) is defined by (10.4). Since 
lg(~)| <1. forall g, (10.8) 


we have 


[ew]? P =O (0) > [ew]*(1 = ~c*w) +0 


which implies that g’(t) > 0, so that v(t) is increasing for t >a. 
We now integrate (10.7) over [a, T], obtaining 


- L 1 fics 
g(T) = [c(s)]? ds + -{ as) g(v(s)) ds = F(T) + G(T), (10.9) 


where 


F(T):= i [cs]? ds, G(T) = ~[ < MED) olivas 
ef DJa c(s)° 
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From (10.8) it is clear that 


T | 
|G(T)| < ~ | ae (10.10) 
PJa cs) 


Noting that the number of zeros of xo(f) in [a, T] is given by 


where [uw] denotes the greatest integer not exceeding u, we see from (10.9) and (10.10) that 
the conclusion of the theorem holds with the choice 


1 I of i 
P[xo; T] = — F(T) = — | [c(s)]? ds. 
Pp Pda 


That the term R[xo; T] = N[xo; T] — P[xo; T] is of smaller order than P[xq; T] follows 
from the observation that 


"\e(s)I : i 
i c(s) as=[ |C(s)|[c(s)]? ds 


This completes the proof. 


EXAMPLE 10.1. Consider the equation 
((x')) + (p— 1th B(x) =0, t>1, (10.11) 


where f is a constant with p + B > 0. The function c(t) =f? satisfies 


T 1 D+B 
1 Dp b+B 
c(s)|? ds = ——(T ? —-1), 
[ [eo ar=—2 (rF* -1) 
T | 
[ Se piner. 
1 c(s) 
and so we conclude from Theorem 10.1 that the quantity P[x; T] can be taken to be 
D+B 
P[x;T]=—?_r'> 
(p+ B)Xp 
and (10.3) holds with this P[x; T] and R[x; T] satisfying 
IB| 


R[x; T] = —logT + O(). 
PTp 
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REMARK 10.1. (i) The results of this subsection cannot be applied to the generalized 
Euler equation (4.20), since the function c(t) = A(p — 1)t~? does not satisfy (10.2). A cal- 
culation of P[x; T] and R[x; T] for the generalized Euler equation 


(®(x')) +A(p— Dt? B(x) =0 


shows that both of them are of the same logarithmic order as T > oo. 

(11) In [191], Piros has investigated a similar problem under a more stringent restriction 
on c(t), namely he supposed that c’(t) is a concave function of t for some v > 0. Then 
he proved that the error term R[x; T] in (10.3) is O(1). Exactly, the differential equation 
(10.11) with 6 = + plays the exceptional role in determining the precise value of R[x; T]. 


10.2. Half-linear Milloux and Armellini-Tonelli-Sansone theorems 


Results of this subsection are taken from [15] and [23]. Recall that the classical Armellini— 
Tonelli-Sansone theorem concerns the convergence to zero of all solutions of the second 
order linear differential equation 


x" +c(t)x =0. (10.12) 


In particular, by the theorem of Milloux [175], if the function c is continuously differen- 
tiable, nondecreasing, and 


lim c(t) = oo (10.13) 
t>oo 

then (10.12) has at least one solution satisfying 
lim x(t) =0. (10.14) 
t>oo 


The theorem of Armellini—Tonelli-Sansone deals with the situation when all solutions 
of (10.12) satisfy (10.14). This happens when c goes to infinity “regularly” (the exact 
definition is given below). Regular growth means, roughly speaking, that a function does 
not increase fast on intervals of short length. 

Here we show that both theorems extend verbatim to (9.1). First we present some defin- 
itions. Let S := {(ax, Bx)} be a sequence of intervals such that 


0<a, < B] <a2 < Br <---<Be ow askow. (10.15) 
Then 
k > nel . 
lim sup 2#=1Fi =) _ 505) 5 (10.16) 
k-00 Bx 


is called the density of the sequence of intervals S. A nondecreasing positive function f 
tends to infinity intermittently (an alternative terminology is quasi-jumping) as t > oo, 
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provided to every ¢ > 0 there exists a sequence of intervals S satisfying (10.15) such that 
5(S) < e and the increase of f on R+ \ S is finite, Le., 


CO 


S(f;S):= Do Lf @x) -— f(Br-1)] < 0. (10.17) 


k= 1 
In the opposite case we say that f(t) — oo regularly as t > ow. 


THEOREM 10.2. Suppose that c is a nondecreasing continuously differentiable function 
satisfying (10.13). Then (10.1) possesses at least one nontrivial solution satisfying (10.14). 


PROOF. From the variety of proofs we present that one based on the modified Priifer trans- 
formation (compare Section 1.3). An alternative approach to the problem is presented in 
[107,108,123]. 

For any nontrivial solution x of (10.1) there exist a positive function g@ given by the 
formula 


| eet 
o= [ist ai] 
Cc 


and a continuous function 7 such that x can be expressed in the form 


x(t) = o(t)S(9)), x ()= cP (No(t)s' (9), 


where the generalized sine function S is the same as in Section 1.3. The functions # and @ 
satisfy the differential system 


c(t) g... «ett 
eteO) FF g(9), (10.18) 


oY =ch(t)+ a ee) 


where 
1 / 1 / P 
ff) = —P(S'(P))S(), g(0) = —|S'(a)|”. 
P P 
The right-hand side of (10.18) is Lipschitzian in % hence the solution of (10.18) is uniquely 


determined by the initial condition. We denote by v(t, ), a(t, g) the solution given by the 
initial condition 7 (0) = g, 0(0) = 1. Then 


= * el(s) 
ott.) =exn| - | (00,0) as}, 


and since g() > 0, the function g(t, 7) is nonincreasing and tends to a nonnegative limit 
e(0o, g) as t > oo. Obviously, @(co, gy) = 0 implies that x(t) > 0 as tf > oo. The con- 
verse is also true because x is oscillatory. 

We have the following two possibilities. 
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(i) We have @(0o, gy) = 0, the corresponding solution x satisfies x(t) > 0 as t > oo, 
and 


© ¢'(f) 7 
i ae g(9(t,9)) dt = 00, 


(i) E(00, y) > 0, the solution x oscillates, its amplitude tends to a positive limit, and 


f O(n y)) dt < oo. (10.19) 


Now, the proof is based on the behavior as t — oo of the function w(t, 1, g2) = U(t, g2) — 
0 (t, g1) which is described in the next two auxiliary statements. Here ¥ denotes the set 
of y’s such that (10.19) holds, this means that the corresponding solution does not tend to 
zero as t > oo. The proof can be found in [15]. 


LEMMA 10.1. Let g1,@2 € X and yg, < 92 < 91 +p. Then 
(co, P1, 92) = lim [ot ¢2) oa v(t, 91) | 
100 
exists and equals 0 or Tp. 


LEMMA 10.2. Let go € X. Then for any € > 0 there exists n € (0, 1p) such that if |p — 
go| < n, then 


|9(t,~) — V(t, go)|<e fort >0. (10.20) 


Now, returning to the proof of our theorem, suppose that 7 = R. Then the function 
g given by y(oo, 0, g) = 0 is nondecreasing as ¢ increases in [0, 7p]. It must go from 
0 to zp, taking on only these two values, by Lemma 10.1. But this is impossible since 
by Lemma 10.2 this function is continuous, so the assumption ” = R was false and the 
theorem is proved. 


Now we turn our attention to the extension of the Armellini-Tonelli-Sansone theorem. 


THEOREM 10.3. If the function |g c(t) > 00 regularly, then every solution of (10.1) sat- 
isfies (10.14). 


PROOF. For the sake of simplicity we suppose that c is continuously differentiable for 
large t. Consider the function 


|x’(t)|? 
c(t) ” 


A(t) = |x|? + 
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where x is a nontrivial solution of (10.1). The function A is nondecreasing since 


A(t) = a 2a 10) ie (10.21) 


Consequently, there exists a (finite or infinite) limit A = lim;_,., A(t) and A > 0. 
Suppose, by contradiction, that there exists a solution x of (10.1) which does not tend to 
zero. For this solution obviously A > 0. By (10.21) 


’ c(t) 
c*(s) 


Ai) =A f |x’(s)|? ds 
0 


=ao- ES) rey |x(s)|”) ds 
0 cs) 


oa 


= A(0) - i (AG) = [x()|”)— 
Let ¢ > 0 be a number such that for every sequence S;, of intervals 


k 
[lge(ai+1) - Ige(Bi)] =) 1g A? — oc (10.22) 


a. c(Bi) 


k 
S= 


U 


as k > o. 
In the remaining part of the proof we suppose that the following statement holds. 


LEMMA 10.3. For every &9 > 0 there exists n > 0 such that the density of the sequence S 
of all intervals where 


A(t) — |x|? <n (10.23) 
is less than €0. 
Since the proof of this lemma is rather technical and follows essentially the original 
linear idea, we skip it and return to the proof of theorem. 
Denote by (a;, 6;) intervals, where (10.23) holds. On intervals (6;, @j+1) we have 


A(t) — |x@|? >n, 


therefore 


A(aK) < 40)-Y ‘(Aw) _ |x (t)|? ae < A(0) — lg c@i+1) 
c(i)” 


which implies by (10.22) that A(a,) becomes negative for large k. This is a contradiction 
with A = limy+oo A(t) > 0. 
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10.3. Strongly and conditionally oscillatory equation 


Differential equation (0.1) with a positive function c is said to be conditionally oscillatory 
if there exists a constant Ao > 0 such that (0.1) with Ac(t) instead of c(t) is oscillatory 
for A > Ao and nonoscillatory if A < Ao. The value io is called the oscillation constant of 
(0.1). If equation is oscillatory (nonoscillatory) for every 1 > 0, then equation is said to be 
strongly oscillatory (strongly nonoscillatory). The results of this subsection are presented 
in [133]. 

The examples illustrating these concepts we have already seen in the previous sections. 
For example, if 1 r!—4(t) dt = 00, the equation 


r!~4(t) 


6G) 
(r(x) + Fria) day 


P(x) =0 (10.24) 


is conditionally oscillatory if 4. = p, strongly oscillatory if uw < p and strongly nonoscil- 
latory if 4 > p. This follows from the fact that the transformation of independent variable 
tr> f ‘!-4(s) ds transforms (10.24) into the equation 


(®(x'))'+ (x) =0 (10.25) 


and (10.25) is compared with the Euler equation (4.20). 


THEOREM 10.4. Suppose that fee c(t) dt < co and th: r!—4(t) dt = 00. Equation (0.1) 
is strongly oscillatory if and only if 


t P-1 poo 
Himsup( f rs) as) / c(s) ds = 00 (10.26) 
iB 


too 


and it strongly nonoscillatory if and only if 


t P-1 poo 
lim ( i r4G)ds) i, c(s) ds = 0. (10.27) 
—>oo t 


PROOF. The proof is based on the statements which claim (upon a slight reformulation) 
that under the assumptions of our theorem Equation (0.1) is oscillatory provided 


t P-1| po 1 p- l p-1 
timint( f r!-4(s) as) / c(s) ds > ~(2—) (10.28) 
t>oo t Dp Dp 


t P-1 poo 
Himsup( f rs) as) / c(s)ds > 1 (10.29) 
t 


too 


or 
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and it is nonoscillatory provided 


t p-l lee) _ p-l 
@ r4s)ds) i c(s) ds < ~(2—) (10.30) 
t P P 


for large t. These statements follow essentially from comparing (0.1) with Euler-type dif- 
ferential equation, see, e.g., [60]. 
Suppose that (10.26) holds and A > 0 is arbitrary. Then clearly 


oe) P-1 poo 
lim sup @) r!-4s) as) / Ac(s) ds > 1 
t-~ t 


hence (0.1) is strongly oscillatory. Conversely, suppose that (0.1) is strongly oscillatory 
and (10.26) fails to hold, i.e., 


t P-1 po 
lim sup (| r!-4(s) as) i) c(s) ds = L < oo. 
t>o t 


Then for A < Ae we have 


t Pp-1 poo 1 a 1 p-l 
lim sup (/ r!~1(s) as) / Ac(s) ds < ~(2—) 
t>00 t P P 


which means that (0.1) with Ac instead of c is nonoscillatory. This contradicts strong os- 
cillation of (0.1). The proof of the part concerning necessary and sufficient condition for 
strong nonoscillation of (0.1) is the same. 


10.4. Oscillation of forced half-linear differential equations 


The result of this subsection is presented in [158] and concerns the forced half-linear dif- 
ferential equation 


(r()O(x))' + c(GO) = fF), (10.31) 
where f is a continuous function. It extends the oscillation criterion of Wong [215] (see 
also references given therein) which concerns the linear forced equation. Oscillation of 
a more general half-linear forced equation than (10.31) is investigated in [139], but for 


simplicity we here the results of [158]. 


THEOREM 10.5. Suppose that for any T there exist T < s, <t) < 52 < t2 such that 
f@ <O/fort €[s1,t] and f(t) > 0t €[s2, t]. Denote 


D(s;, 3) = {wu € C'ls;, 4]: uO) #0, u(s;)=O0=u(y)}, 7 =1,2. 
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If there exists a function h € D(s;, t;) and a positive nondecreasing function p € C'[T, 0) 
such that 


ts 1 f" re) g(t) 
[ Peogwcnar> =F fF opz 2M ol+noe nie 


fori =1, 2, then every solution of (10.31) is oscillatory. 


PROOF. Suppose that x is a nonoscillatory solution which is eventually of one sign, say 
x(t) > 0 for t > Tp and let the function w be defined by the modified Riccati substitution 


rOPAO) 


w(t) = g(t) Bad) 


Then w solves the generalized Riccati equation 


: q 
joe Og Get BPO 


(10.32) 
g(t) (r(t)p(t))4-! ~— B(x(t)) 


By the assumptions of theorem, one can choose s1, t; > To so that f(t) <0 on J = [s1, ty] 
with s; < f,. From (10.32) we have fort € I 


OO eho gy THO 


p(t) (r(te(t))a-l ee 


g(t)e(t) <—w'(t) + 


Multiplying (10.33) by A? and integrating over J we obtain 
t 
i h? (t)g(t)c(t) dt 
S| 
q 
<- h?(t)w' (t) dt + fo “_ dt 
Sy 
Fatih i Jw(0)|4 
s, (Me) Coen 
Integrating the last inequality by parts and using the fact that h(s;) =0 = h(t), we get 


t 
/ h?(t)p(t)c(t) dt 
S] 


‘ AU) 
<| geek. h?(t)—— o w(t) de 
S| S| 


fie ts f w(t) | 
P—) I Goer! 
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<[" (2)nco|yo (| + Z212@) wo ar 
Sy 


n wool? 
—(p-1 h? (t) ————— dr. 
oO GOo@yr 


Now, the application of the Young inequality yields for ¢ € [s1, ft] 


Fre wnt 5 
(2\n0|In @|+20n o) (9 |— @- DOO 
L rte) fx, gO? 
Sp AO (21 or nee) 


thus 


1, 1 f" re) ay 
[ Peenen a <5 | Tey z (2h Ol + Hole “dt, 


which contradicts our assumption. When x is eventually negative, we may employ the fact 
that f(t) > 0 on some interval in any neighborhood of oo to reach a similar contradic- 
tion. 


10.5. Oscillation of retarded half-linear equations 


The results of this subsection are given [4], for related results we refer also to [2,227] and 
the references given therein. We consider the equation 


(®(x'))' + c(t) ®(x(z(D)) =0. (10.34) 


We suppose that c(t) > 0 for large t, limy_,99 T(t) = 00 and T(t) < f. Equation (10.34) is 
said to be it oscillatory if all its solutions are oscillatory, i.e., have arbitrarily large zeros. 
Since the Sturmian theory generally does not extend to (10.34), oscillatory and nonoscilla- 
tory solutions (i.e., solutions which are eventually positive or negative) may coexist. 

In the next theorem, Equation (10.34) is considered on the interval [fo, 00) and it is 
shown that if the delay t(t) is sufficiently close to f, ina certain sense, then some oscillation 
criteria for (9.1) can be extended to (10.34). Oscillation criteria presented here are half- 
linear extensions of some results for the linear second order retarded equations (the case 
p =2 in (10.34)) given in [96,184]. 

First we present without proof a technical auxiliary statement, the proof can be found in 


[4]. 


LEMMA 10.4. Suppose that the following conditions hold: 
(i) x(t) € C?[T, 0) for some T > 0, 
(ii) x(t) > 0, x’(t) > 0, and x" (t) < O fort >T 
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Then for each k, € (0, 1) there exists a constant T,, > T such that 


x() > 2x0, fort > Te, 
and for every ky € (0, 1) there exists a constant Ty, > T such that 
x(t) Skotx'(t), fort> Tk, - 
THEOREM 10.6. Denote for t > to 
y(t) = sup{s >to: t(s) <7}. 


Equation (10.34) is oscillatory if either of the following holds: 


limsupe?—! [~ ai (2) ds > 1, (10.35) 
t-~ t 
or 
CO 
limsup?—! f c(s) ds = 00. (10.36) 
100 y(t) 


PROOF. Suppose to the contrary that (10.34) has a nonoscillatory solution x(t). Without 
loss of generality we may suppose that x(t) > 0 for large t, say t > t). Then also x(t(t)) > 
0 on [t, co) for t; large enough. Since c(t) > 0 on [t), 00), 


(®(x'))’ = —c(t)(G(x(t))) <0. (10.37) 


Hence, the function @(x’) is decreasing. Since sup{c(t): t > T} > 0 for any T > 0, we see 
that either 

(a) x’(t) > 0 for all t > ty, or 

(b) there exists t2 >t such that x’(t) < 0 on [f2, 00). 
If (b) holds, then it follows from (10.37) that 


0>[|x’)? 7x’) =@-DIx(O|? x", fort > n. 
Thus, x(t) < 0 fort € [t2, co). This and x’(t) < 0 on [t, co) imply that there exists t3 > tf) 


such that x(t) < 0 for tf > t3. This contradicts x(t) > 0. Thus, (a) holds. 
Integrating (10.37) from t > ty to oo, we obtain 


CO 


- [ea p(eoar= f° (oe'@y'er= [Yas 
= ia Pol - Feo 
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Since x/(t) > 0 for tf > t,, we find 
Io]! = lim [xi]? 7 + ie c(s) P(x (z(s))) ds 
S—>0OoO t 
> 1 c(s)[x(x(s))]? | ds. (10.38) 
t 


It follows from (ii) of Lemma 10.4 that, for each kz € (0, 1), there exists a T;,, >t, such 
that 


EOP Se ew OPO ae er! is e(s)[x(r(s))]? | ds 
(10.39) 


for t > T;,. By (i) of Lemma 10.4, for each ky € (0, 1), there exists a T;,, such that 
= _1fta)\?7! _ 
[x(r(s)) Pt >? (2) (xan)? (10.40) 
for t > T;,. Then, by (10.39) and (10.40), for t > t4 := max{Tx,, Tk}, 
(oe) 
xo]! a | as 
t 
> Po! pel pol Pode ) = ) p-l 
2K, Ky PO] ds 
t 
ppernyrt fo (2 yy" [x(s)]?7! ds, (10.41) 
t 


where k := min{k , kz}. Since x’(t) > 0, it follows that 


42P-24P-1 poo pol = 
Gert, ol) bela 
S aaa c(s (22) ds, fort > 4. (10.42) 
t 


Hence, 


too 


timsup1?—! f~ ain(H2)" ds :=a<o. 
t 
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Suppose that (10.35) holds, then there exists a sequence {s,} such that limyj—,o0 5) = CO 


and 


oo pal 
lim on «io(=) ds =a> 1. 
n—0o Gy KY 


For €; := (a — 1)/2 > 0, there exists an integer N; > 0 such that 


l ee ae a 
aoe =a—e <s) ih an(=2) ds, 
2 & RY 


for n > N,. Choose k such that 


2 1/2(p—1) 
( =) <k<l. 
a 


By (10.42) and (10.43), 


0° p-1 2 1 
1> pee) cio)() ds > (SS) a ) =, 
Sn S a+l1 2 


for s, large enough. This contradiction shows that (10.35) does not hold. 
Now, by y(t) > ¢ and (10.39), we have 


[x@]? pete ie e(s)[x(r(s))]? | ds, 


y(t) 
for t > T;,,. Since x(t) is increasing and t(s) >t for s > y(t), it follows that 
zr 1 S a4 
Ol Se i, c(s)[x(t(s))]? ds 
y(t) 
1 = i is 
Sd eG) |? / c(s) ds. 
y(t) 
Dividing [x(t)]?~! in both sides of the above inequality, we get 
1 [oe 
ke ety c(s)ds <1, 
y(t) 
for t > T;,. Thus, 


(oe) 
lim sup t?~! / c(s) ds :=b<o. 
y(t) 


too 


(10.43) 


(10.44) 
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Suppose that (10.36) holds. Then there exists a sequence {t,} with limy oo ty = co such 
that 


lee) 
lim ) c(s)ds =b> 1. 
oe ¥ (tn) 


Thus, for ¢2 := (b — 1)/2 > 0, there exists an integer Nz > 0 such that 
b+1 See he 
ot he / c(s) ds, (10.45) 
2 y (tn) 


for n > Nz. Choose k2 € at 1). By (10.44) and (10.45), 


op. pea fee 2 b+i1 
1>k | c(s) ds > ——~—— = 1, 
th ee ts (s) b+1 2 


for ty, large enough. This contradiction proves that (10.36) does not hold. 


EXAMPLE 10.2. Consider the functional differential equation 


2’), 


[ery] + = (x(t/2)) = 0. (10.46) 


Since 


oe) = pat 
limsup1?—! [ men (S2) Ag 
t 


t>0o sP S 


[o,@) 
1 
=2(p = Itimsups? | — ds 
1 SP 


too 


1 
=2(p — 1) limsu (7) =251, 
EN NG 


it follows from (10.35) of Theorem 10.6 that (10.46) is oscillatory. In fact, if the coefficient 
27) of (10.46) is replaced by & with k > 2?-!(p—1), (10.46) will again be oscillatory. 


1? 


In the next theorem we assume that t(t) > 0 and we denote 


p-l 
y(t) = (2) . 


THEOREM 10.7. Equation (10.34) is oscillatory if the differential equation 
(D(x'))’ +Au(Mc(O(x) =0 (10.47) 


is oscillatory for some i € (0, 1). 
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PROOF. By contradiction, suppose that there exists eventually positive solution x of 
(10.34) and we may also assume that x(t(t)) > 0 on [t),00) for some ft, > fo. Then 
x(t) <0, x(t) > 0 on [h, c©) for some fp > fy. Since A € (0, 1), it follows from (a) 
of Lemma 10.4 that 

t 
x(e() > VOM, 


for t large enough. Thus, 


p-l p=l T(t) Bh 
[x(r@)]?"! > abe] (2) (10.48) 


for t large enough. Let 


P(x'(t)) 
P(x(t)) 


w(t) = 
Then, by (10.48), 


w'(t)+ or c(t) + (p— L|w)|* 


_(@’O)?7 OP -b'OF Neo)? TY 
[x(@))P1P 
+r : 


[x’(oyr!\4 
[x(n]?! ) 
[@@)etP 


c(t) + (p— v( 


Ac(t))P! (p— DE wl? 
+ — on c(t) + Pe 
“t@oOyr-Y @-DROP Ace)?! (p— DL)? 
="EeP! pope 1 et “Ot pap 
_ Kcle(e@yPP2xE)_, MEP) 
- [x(t)]P-! tpl 
c(t) (alr(nye-! = = 
= EOP jt [x@]? _ [x(<(@))]” ) 
<0. 


This and Theorem 5.3 imply that (10.47) is nonoscillatory, but this is a contradiction. 


Hence, (10.34) is oscillatory. 
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REMARK 10.2. Theorem 10.7 is an extension of Theorem 2.2 of [96]. 


THEOREM 10.8. Jf 


lim sup | ai (2) ds = 00, (10.49) 


t>oo 


then Equation (10.34) is oscillatory. 


PROOF. Suppose to the contrary that (10.34) has a nonoscillatory solution x(t) which may 
be assumed to be eventually positive. As in the proof of Theorem 10.6, there exists t; > fo 
such that x(t(t)) > 0, x’(t) > 0, and x”(t) < 0 for t > ty. By (i) of Lemma 10.4, there 
exists f2 >t; such that 


x(t) > Gy ya x(t), 
ot 

(x(r@))?' > (22) boy 
for t > tp. Since x’(t) > 0 and x(t(t)) > 0 fort >t, 


(oy) =ccofe(e@yy > deo(2)" roy 


for t > to. Integrating the above inequality from f to f and using the increasing property 
of x(t), we get 


t 
[OPT -['@]P <—5 if, oP) [xo]? as 


1 ae Pas 
< -5[x()]” ' f eo(2) ds, 


or 
a _ 1 se 
[OP <P @))" - sb) a (22) ds 


for t >t). This and (10.49) imply [x’(t)]?~! < 0 for t large enough. This is a contradiction. 
Thus, (10.34) is oscillatory. 
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EXAMPLE 10.3. Consider the functional differential equation 
[(x'(1)) |’ + &(x¢/2)) =0 (10.50) 


where p > 1. Clearly, 


t 2 pl 1 t 
lim sup / is/2) ds = lim sup if ds = 00. 
t>0o 5 DPN 5.60 


Thus, it follows from Theorem 10.8 that (10.50) is oscillatory. 


11. Half-linear Sturm—Liouville problem 


In this section we show that the solutions of the Sturm—Liouville problem for half-linear 
equation (0.1) have similar properties as in the linear case. Of course, we cannot consider 
the problem of orthogonality of eigenfunctions since this concept has no meaning in L?, 
p # 2. As far as we know, an open problem is whether the system of eigenfunctions is 
complete in L?. 


11.1. Basic Sturm—Liouville problem 
We start with the problem 
(D(x'))’ + Act) P(x) = 0, x(a) =0=x(d), (11.1) 


under the assumption that c(t) > 0 and c(t) 4 0. The value A is called the eigenvalue if 
there exists a nontrivial solution x of (11.1). The solution x is said to the eigenfunction 
corresponding to the eigenvalue A. Clearly, according to the assumption c(t) > 0 and the 
Sturm comparison theorem, only values 4 > 0 can be eigenvalues. The main statement of 
this subsection is taken from the classical paper of Elbert [85]. 


THEOREM 11.1. The eigenvalue problem (11.1) has infinitely many eigenvalues 0 < h < 
Az <+++ <dn <-+++, An > C asin — oo. The nth eigenfunction has exactly n — \ zeros 
in (a, b). Moreover, if the function c is supposed to be positive in the whole interval (a, b), 
the eigenvalues satisfy the asymptotic relation 


Un 
fi (11.2) 


mon TP efetoar 


PROOF. The proof of the first part of the theorem is a special case of the problem treated 
in the next subsection, so we present only its main idea. Let x(t; A) be a solution of (11.1) 
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given by the initial condition x(a; 4) = 0, x’(a; 4) = 1 and let g(t; A) be the continuous 
function given in all points where x’(t; 4) 4 0 by the formula 


x(t; 2) 
x(t A)’ 


p(t; 4) = arctan, 


i.e., p(t; A) is the angular variable in the half-linear Prifer transformation for x(t; A). This 
means that g(t; A) satisfy the differential equation 


x 
g=\s@r 22 s@ 


=a P. g(a; r) =0, (11.3) 


where S is the half-linear sine function. The proof is based on the fact that g(b; A) is a 
continuous function of 4 and y(b; A) > oo as 4 > oo. The continuity property follows 
from the general theory of continuous dependence of solutions of first order differential 
equations on the right-hand side. The limit property of g(b; A) is proved via the comparison 
of (11.1) with the “minorant” problem with a constant coefficient 


(D(y’)) +AEP(y) =0, ya’) =0= yD), (11.4) 


where [a’, b'] c [a, b] is such that c(t) > 0 on [a’, b’] and ¢ = minyeta’p c(t) > 0. The 
eigenvalues and eigenfunctions of (11.4) can be computed explicitly and if @(¢; 4) is de- 
fined for this problem in the same way as g(t; A) for (11.1), we have 


g(b; 24) > 0(b;4) > oO, asrrow. 


Now, the eigenvalues are those 4 = 4, for which g(b; An) = np and taking into account 
that g(t; A) is increasing in ¢ (this follows from (11.3)), zero points of the associated 
eigenfunction x, (t) = x(t; An) are those %, k= 1,...,n — 1, for which g(t,, An) =kzp, 
k=1,...,n—1. 

Concerning the proof of the asymptotic formula (11.2), first suppose that the function 
c(t) =c, > 01s a constant function and consider the problem 


(P(’))' +Ac1G(z) =0, za) =0=2z(b). (11.5) 


A nontrivial solution of the half-linear equation in this problem satisfying z(a) = 0 is 
z= S(4/Ac1(t — a)) and hence the k-th eigenvalue is given by 4/Axc1(b — a) = k7p, thus 


ue He 
kta Yer 
i.e., the asymptotic formula (11.2) is automatically satisfied in this case. 

Now let us consider the original Sturm—Liouville problem (11.1) and its k-th eigenfunc- 


tion x(t; Ax). This function has zeros at t9 =a < t) < to <-++<te_] <t =b. PutA=dAx 
in (11.1) and in (11.5) and define 


ciit= min c(p), cii= max c(t), i=1,...,k. 
t—1 <0; 15th; 
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Then the differential equation in (11.1) is a Sturmian majorant of the differential equation 


in (11.5) wit c) = c1,; on the interval [t;_1, t;]. Hence the solution $(2/Ax¢1,i(¢ — ti-1) of 
(11.5) has no zero on (f;—1, t;) so that 


Vdneri (ti — ti-1) < Hp. (11.6) 


By a similar argument we have wp < 4/Ax€2,i (t; — ti-1). On the other hand, 


ti tj tj 
/ marie < f W/dxc(t) dt <| /hxc2,i At, 
ti ti-1 t-1 


and consequently 


ti 
Tp -[ UY Xgc(t) 
ti-1 


tj 
I VAR k/e2,3 — &/C1,7) dt. (11.7) 
t-1 
Let w(f, 5) be defined for any continuous function f on [a, b] by 


o(f,5) = max{| f(t1) — f(t)|: [tr — 21 <5, 1, t2 € [a d]}. 


Making use of this definition we deduce from (11.7) that 


Tp ia ; 
_ 4/ c(t) dt 
Yk ti-1 


Let cj = minj— 


<o(W/c, ti — ti1)|ti — ti-11. 


kCli- Then by ad 1.6) 


rea 


ae oh Yep dt 
Yk a 


By the first part of the proof Ax; — oo as k > oo. Therefore the continuity of the function 
c yields the formula which has to be proved. 


< o( ve up Jo- a). 


UEC] 


11.2. Regular problem with indefinite weight 


The results presented in this subsection can be found in [133]. We consider the Sturm- 
Liouville problem 


(r(t)B(x'))' + Act) P(x) = 0, (11.8) 
Ax(a)— A’'x'(a)=0, Bx (b)+ B’x'(b)=0. 


It is supposed that r, c are continuous in [a, b] and r(t) > 0 in this interval. No sign restric- 
tion on the function c is supposed. A, A’, B, B’ are real numbers such that A? + A’? > 0, 
B? + B’* > 0, A isa real-valued eigenvalue parameter. 
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THEOREM 11.2. Suppose that AA’ > 0, BB' > 0 and A? + B? > 0. Further suppose 
that the function c takes both positive and negative values in [a,b]. Then the totality of 
eigenvalues of (11.8) consists of two sequences {Aj }°° 9 and {A;, }°°.9 such that 


1 <AL <r <p <AQ <0 <Ag <Ap <- <Ap< 


and 


lim Ae =O, lim A, = —oo. 
n—->Ooo n—>oo 


The eigenfunctions x = x(t; A) and x = x(t; 4) associated with 4 = and d5 have 
exactly n zeros in (a, b). 


PROOF. The proof is again based on the half-linear Prifer transformation. Let A € R and 
let x(t; A) be the solution of 


(r(t)B(x'))' + Aci) P(x) =0 (11.9) 


satisfying the initial conditions x(a) = A’, x’(a) = A. Note that this solution satisfies the 
boundary condition Ax(a) — A’x’(a) = 0. According to the continuous dependence of 
solutions on a perturbation of the functions r,c, in (0.1), the function x(t; A) depends 
continuously on A. In particular, if A; > 4 as i > oo, then x(t; Aj) > x(t; A) uniformly 
on [a, b] asi > oo. If x(t; A) satisfies the second part of the boundary conditions Bx(b) + 
B'x'(b) = 0 for some A € R, then d is an eigenvalue and x(t; 4) is the corresponding 
eigenfunction. 
For A = 0 we can compute x(t; 4) explicitly, 


t 
x(t; 0) = A’ + aa | r!4(s) ds 


and it is easy to see that this solution does not satisfy the condition at t = b, so A = 0 is not 
an eigenvalue. 

In what follows we suppose that A > 0. For the solution x(t; 4) we perform slightly 
modified Priifer transformation, we express x(t; 4) and its quasiderivative in the form 


x(t; A) = p(t; A)S(o(t; A), 
19! x! (tA) = AIT! p(t: NC(GU A)). (11.10) 


Here S,C are the generalized half-linear sine and cosine functions introduced in Sec- 
tion 1.1. The function p(t; 4) is given by 


pa:n=[[neal+ (2) x’ ay? i 
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The functions p and ¢ satisfy the first order system 


Pe oe ke des 0) é 

Q -(=) IC(@)| tq , 

; a\! ca) 

p =»|(=) = _|e(swjcw (11.11) 


with the initial conditions 


q . 
pias) =[ia' + (2) ad 


ta 
g(a; 4) = arctan Be es F (11.12) 
\lr@) A 


where tan, = S/C =sinp /cos,. Since AA’ > 0, we may assume without loss of general- 
ity that 


0<e@ <=, if A +0, (11.13) 
Tp 
e(a,4)=72, if A=0. (11.14) 


Observe that as soon as g(t; 4) is known, p = p(t; 4) can be computed explicitly and 


t E \ER - ee 
p(t; A) = p(a, a) exo} f (=) — = _|o(s(ocs AD))C((s; d)) as}. 


Thus, it is important to discuss the initial value problem (11.11), (11.12). We denote by 
f(t, g,4) the right-hand side of (11.11). It is clear that, for each 4 > 0, the function 
f(t, @,4) 1s bounded for t € [a, b] and g € R. In view of the Pythagorean identity (1.5) 
the function f(t, g, 4) can be written in the form 


ee de Nar ety . 
reen=(F) +1-(5) +2S sor. 


Similarly as in the standard half-linear Priifer transformation, the function f(t, g, A) is Lip- 
schitzian in g, hence unique solvability is guaranteed and the solution g = g(t; 4) depends 
continuously on (ft, 4) € [a, b] x (0, co). 

It is easy to see that A > 0 is an eigenvalue of (11.8) if and only if 4 satisfies 


q-|p 


g(b; A) = arctan p (-(=) =) +(n+ 1)rp (11.15) 
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for some n € Z. Here, by virtue of BB’ > 0, we assume without loss of generality that the 
value of the function arctan, in (11.15) is in (—(tp/2), 0] if B 4 0 and equals —(z)/2) if 
B=0. 

Observe that the function (0; A) is strictly increasing for A € (0, co). Indeed, denote 
as before f(t, gy, A) the right-hand side of (11.11). Clearly, f(t, y, 4) is nondecreasing 
function of A € (0, co), and, since AA’ > 0, the initial value y(a; A) given by (11.12) is 
also nondecreasing for A € (0, co). Then a standard comparison theorem for the first order 
scalar differential equations implies that g(t; 2) is a nondecreasing function of A € (0, co) 
for each fixed t € [a, b]. Now, let 0 < A < py be fixed. Since the function g(t; 4) 1s nonde- 
creasing with respect to A, we have g(t; 4) < g(t; w). Assume that g(t; 2) = g(t; w) for 
all t € (a,b). Then y'(t; A) = g'(t; w), and so we have f(t, y(t; A), A) = f(t, o(t; w), Ww) 
from which follows C(g(t; A)) = C(g(t; w)) = 0. This implies that g(t; A) = (m+ 5)Xp 
for some integer m € Z, and hence, by Equation (11.11), c(t) = 0 for t € (a, b). This is 
a contradiction to the assumption that c(t) > 0 for some t¢ € [a,b]. Therefore we have 
(to; A) < v(to; w) for some to € (a,b). Then applying a standard comparison theorem 
again, we conclude that y(b; A) < g(b; LL). 

Now we claim that x(t; 4) has no zeros in the interval (a, b] for all sufficiently small 
A > 0. As stated before, x(t; 4) > x(t; 0) as A > 0+ uniformly on [a, b]. We note that 
x(t; A) satisfies 


‘ r(a) x q-2 
sA)=A H+ — @D _ I x 
x(t;) +f Pow 16:2) 
r@) 5 
_ I x 
«{ ee - ron pfs 


for alla <t <b, where 
S 
I(s; A) = c(t) ®(x(r; d)) dt, a<s<b. 
a 


Then it is easy to find that if A =0 or AA’ > 0, then x(t; A) has no zero in the closed 
interval [a, b] for all sufficiently small A > 0, and that if A #0 and A’ = 0, then x(t; A) 
has no zero in the interval (a, b] for all sufficiently small 1 > 0. Further, since 


t 
r(t)®(x'(t; A)) = r(a)®(A) — if c(s)®(x(s; A)) ds 


fora <t <b, we see that if A 40, then x’(t; A) has no zeros in [a, b] for all sufficiently 
small 2 > 0. 

Next we claim that the number of zeros of x(t; A) in [a, b] can be made as large as 
possible if A > 0 is chosen sufficiently large. To this end, we consider the equation 


(S(x'))' + (p— Dp? P(x) = 0, 


where jz > 0 is a constant. Clearly, S(ut) is a solution of this equation, and has zeros 
t= jmp/u, j € Z, S(-) is the generalized sine function. Since c is supposed to be positive 
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at some t € [a, b], there exists [a’, b’] C [a, b] such that c(t) > 0 on [a’, b’]. Letk € N be 
any given positive integer and take yz > 0 so that S(t) has at least k + 1 zeros in [a’, b’]. 
Let r* > 0 and A, > 0 be numbers such that 


r* = max r(t), Ax min c(t)=(p—I1)r*y?. 
te[a’,b’] te[a’,b’] 


Then, comparing the half-linear equation in (11.8) with A > A, and the equation 
(r*B(x'))’ + (p—Dr*u? G(x) =0, a’ St <U, 


we conclude by the Sturm comparison theorem that all solution of the equation in (11.8) 
with A > A, have at least k zeros in [a, b]. Since k was arbitrary, this shows that the number 
of zeros of x(t; 4) in [a, b] can be made as large as possible if 4 > 0 is chosen sufficiently 
large. 

Since the radial variable p(t; A) > 0, it follows from (11.10) that x(t; 4) has a zero at 
t =c if and only if there exists j € Z such that g(c; A) = jap. Moreover, if p(c; A) = 
jap, then by (11.11) we have g’(c; A) = (A/r(c))47! > 0. Therefore we easily see that if 
g(c; A) = jmp, then g(t; A) > jmp for c <t < b. Consequently, we have 

(i) For all A > 0 sufficiently small 


0 <(b;A) < 2, if A 40, 
0<g(b;A)<ap, ifA=0. 
(ii) limy—+o0 9(b; A) = co. 
Now we seek i > 0 satisfying (11.15) for some n € Z. The left-hand side g(b; A) of 


(11.15) is a continuous function of A € (0, co), and it is strictly increasing for A € (0, co), 
moreover, it has the following properties 


O< lim gb: <2, ifA¥o, 
A—>0+ 2 


0< gum gb; A)<mp, ifA=0, 


and 
lim g(b; 4) =o. 
A 00 


On the other hand, by virtue of BB’ > 0, the right-hand side of (11.15) is a nonincreas- 
ing function of 4 € (0, co) for each n € Z. More precisely, in case BB’ > 0, it is strictly 
decreasing and varies from (n + 1)» to (n + 5) Xp as A varies from 0 to oo. In the case 
B' = 0, it is the constant function (n + 5)x p 


300 Half-linear differential equations 


From what was observed above we find that, for each n = 0,1,2,..., there exists a 
unique A;* > 0 such that 


at \4q-! Br 
(bd; Mr) = arctan, (-(=5) =) +(n+1)rp. 


Then, each A+ is an eigenvalue of (11.8), and the associated eigenfunction x(t; A) has 


exactly n zeros in the open interval (a, b), where n = 0,1, 2,.... It is clear that 
Ay <Af <eee cay ag <r, lim Ayr = 00. 


The proof concerning the sequence of negative eigenvalues A, and the number of zeros of 
associated eigenfunctions can be proved in the same way. 


11.3. Singular Sturm—Liouville problem 


The results of this subsection are taken from the paper [91], for related results we refer to 
[133,134]. We consider the equation 


(®(x'))’ + Act) ®(x) =0, tE[a,o), (11.16) 
where A > 0 is a real-valued parameter and c is a nonnegative piecewise continuous even- 
tually nonvanishing function. A solution x9 = xo(t; A) of (11.16) is said to be subdominant 
if 

lim xo(t; A) = ko, (11.17) 

t> oo 
for some constant kp # 0, and a solution x; = x1 (t; 4) is said to be dominant if 

Jim [x1(t 4) — ki(t— a)] =0 (11.18) 
for some constant k; 4 0. We will show that the subdominant and dominant solutions are 


essentially unique in the sense that if xo(f; 4) and x; (t; A) denote the solutions of (11.16) 
satisfying 


lim x9(t; 4) = 1 (11.19) 
t> ~ 

and 
im, [x1 (¢; A)-(t- a)| =0 (11.20) 


then x(t; A) = koxo(t; A) and x1 (t; A) = k,x1(t; 4). According to the results presented in 
Section 6, any eventually positive solution (11.16) has one of the following asymptotic 
behavior: 
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(i) limy+o9 ®(x'(t; A)) = const > 0; 
(ii) limp soo O(x'(t; A)) = 0, limp 00 x(t; A) = 0; 

(iii) limy+o0 P(x'(t; A)) = 0, lim; 09 x(t; A) = const > 0. 

In view of this result, the dominant and subdominant solutions investigated in this subsec- 
tion correspond to cases (i) and (iii), respectively. 

The proofs of three statements presented in this subsection are rather complex, so we 
skip them and we refer to the above mentioned paper [91]. We note only that these proofs 
are again based on the half-linear Prifer transformation, this time combined with a detailed 
asymptotic analysis of solutions of (11.16). 


THEOREM 11.3. Suppose that 


oo oo q-1 
; (/ c(s) as) dt <oo. 
t 


Then for every i Equation (11.16) has a unique solution xo(t; 4) satisfying (11.19) and 
there exists a sequence Oe, of positive parameters with the properties that 
(i) 0O= Pe < a << © <-++, limp—+oo 1 =O; 
(ii) forrE Oa: n=1,2,..., X9(t; A) has exactly n — | zeros in (a, oo) and 
Xo(a; 4) # 0; 
(iil) for A = ee n=1,2,..., Xo(t;A) has exactly n — 1 zeros in (a,oo) and 
Xo(a; A) = 0. 


THEOREM 11.4. Let the sequence he Ve be defined as in the previous theorem. Then 
the number of zeros of any nontrivial solution x(t; A) on [a, 00) can be 

(i) exactly n if = nO, | ie ey re 

(i) eithern —1lorn eee <A< ©, and both cases occur. 


THEOREM 11.5. Suppose that 


(oe) 
/ t?c(t) dt < oo. 


Then for every X > 0 Equation (11.16) has a unique solution x\(t; A) satisfying (11.20) 
and there exists a sequence a es, of positive parameters with the properties that 
(i) 0O= dae < ae << A <-++, limy+soo hee =O; 


li) forre Gi? ey; n=1,2,..., the solution x\(t;) has exactly n zeros in 
n=l 
(a, 00) and x\(t; 4) #0; 
(iil) forA = gi n=1,2,..., the solution x(t; 4) has exactly n zeros and x\(a; 4) = 
0; 


iv) the parameters po and a have the interlacing property 0 =>) =~ < 
Dp & property 0 0 
re aa” <ce eal) <1 <cee 
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12. Perturbation principle 
12.1. General idea 


In the previous sections devoted to oscillation and nonoscillation criteria for (0.1), this 
equation was essentially viewed as a perturbation of the one-term equation 


(r(t) P(x’) =0. (12.1) 


As we have already mentioned, for oscillation (nonoscillation) of (0.1), the function c must 
be “sufficiently positive” (“not too positive”) comparing with the function r. In this section 
we use a more general approach, Equation (0.1) is investigated as a perturbation of another 
(nonoscillatory) two-term half-linear equation 


(r(t)B(x'))' + (Ox) =0 (12.2) 
with a continuous function ¢, i.e., (0.1) is written in the form 

(r(t)B(x'))' + (G(x) + (c(t) — E(t) O(a) = 0. (12.3) 
The main idea is essentially the same as before. If the difference (c — Cc) is sufficiently 
positive (not too positive), then (12.3) becomes oscillatory (remains nonoscillatory). 


Note that in the linear case p = 2, the idea to investigate the linear Sturm—Liouville 
equation (1.1) as a perturbation of the nonoscillatory two-term equation 


(r(t)x’)’ +e(1)x =0 (12.4) 


(and not only as a perturbation of the one-term equation (r(t)x’)’ = 0) brings essentially 
no new idea. Indeed, let us write (1.1) in the “perturbed” form 


(r(t)x’)’ + &(t)x + (c(t) — E(t) x = 0. (12.5) 


Further, let / be a solution of (12.4) and consider the transformation x = h(t)u. This trans- 
formation transforms (12.5) into the equation 


(r(t)h? (t)u’)’ + [e(t) — E@) a? Du = 0 (12.6) 


(compare (3.2)) and this equation, whose oscillatory properties are the same as those of 
(1.1), can be again investigated as a perturbation of the one-term equation (r(t)h?(t)u’)! = 
0. In the half-linear case we have in disposal no transformation which reduces nonoscilla- 
tory two-terms equation into a one-term equation, so we have to use different methods and 
this “perturbation principle” brings new phenomena. Note also that some ideas used in this 
section have already been applied in Section 8. 
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12.2. Leighton—Wintner type oscillation criterion 


Recall that if {°° r!~4(¢) dt = 00 and [™ c(t) dt = 00, then (0.1) is oscillatory. This direct 
extension of the classical linear Leighton—Wintner criterion has been proved in Section 2. 
This criterion characterizes exactly what means that for oscillation of (0.1) the function c 
must be sufficiently positive comparing with the function r in one-term equation (12.1). 
Here we extend this result to the situation when (0.1) is investigated as a perturbation of 
(12.2). The results of this subsection are presented in [69]. 


THEOREM 12.1. Suppose that h is the principal solution of (nonoscillatory) equation 
(12.2) and 


lee) b 
y (c(t) — E(t))h? (1) dt := lim / (c(t) — E(t))h? (1) dt = 00. (12.7) 
Then Equation (0.1) is oscillatory. 


PROOF. According to the relationship between disconjugacy of (0.1) and positivity of the 
functional F mentioned in Section 2, to prove that (0.1) is oscillatory, it suffices to find 
(for any T € R) a function y € W!:?(T, 00), with a compact support in (7, 00), such that 
F(y; T, 00) < 0. Hence, let T € R be arbitrary and T < to < t) < ty < fg (these points will 
be specified later). Define the test function y as follows. 


0, T <t<bh, 
f@), to<t<h, 
yQ)=7,h@), tnk<tK<h, 
gt), n<t<h, 
0, t<t<o, 


where f, g are solutions of (12.2) given by the boundary conditions f(t) = 0, f(t1) = 
h(t), g(t2) =h(t2), g(t3) = 0. Denote 


TOS) _ 7Pr) ee) 


Pep ey OE aay? 


Le., Wf, Wg, Wh are solutions of the Riccati equation associated with (12.2) generated by 
f,g,h respectively. Using exactly the same computations as in the proof of Theorem | 
from [58], one can show that 


g 
Fy; T, 00) = K — / (c(t) — (t))h? (1) dt +h? (t2)[wa(tr) — we(tr)], 
t 
(12.8) 
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where 

K :=F(f3 t,t) +h? (t) [we (t) — walt) | 
and & € (f2, 13). Now, if « > 0 is arbitrary and T < fo < fy are fixed, then, according to 
(12.7), t2 can be chosen in such a way that ii (c(s) — €(s))hP(s) ds > K + € whenever 


t > 2. Finally, again using the same argument as in [58] we have (observe that w, actually 
depends also on £3) 


Jim, h? (tp) [wna (t2) — we(tr)] = 9, 


hence the last summand in (12.8) is less than « if f; is sufficiently large. Consequently, 
F (93 to, 3) < 0 if fo, t1, t2, f3 are chosen in the above specified way. 


Ifr(t) = 1 in (0.1) and c(t) = Z, y= (2 )?, 1.e., (12.2) is the generalized Euler equa- 
tion with the critical coefficient (4.20), then the previous theorem reduces to the oscillation 
criterion given by Elbert [87]. 


12.3. Hille—Nehari-type oscillation criterion 


The results of this subsection can be viewed as an extension of Theorems 5.4 and 5.9 to 
the situation when (0.1) (or (6.16)) is viewed as a perturbation of a one-term equation. 


THEOREM 12.2. Let Oey r!—4(t) dt = 00 and c(t) > 0 for large t. Further suppose that 
equation (12.2) is nonoscillatory and possesses a positive solution h satisfying 


(i) h'(t) > 0 for large t; 
(ii) it holds 


[ rowoyra = 00; (12.9) 


(11) there exists a finite limit 


Jim r(Qh()® (h'@) =:L>0. (12.10) 

Denote by 
Beye) es Os 12.11 
w= r(s)h2(s)(h'(s))P2 any! 


and suppose that the integral 


ioe) b 
/ (c(t) = ce)? ar = im. f (c(t) — E(t))h? (t) de (12.12) 
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is convergent. If 
ie 1 
lim inf cw | (c(s) a é(s))h?(s) ds > — (12.13) 
too t 2q 
then Equation (0.1) is oscillatory. 


PROOF. Suppose, by contradiction, that (0.1) is nonoscillatory, 1.e., there exists an even- 


tually positive principal solution x of this equation. Denote by p := (ng. Then p 
satisfies the Riccati equation (2.1) and using the Picone identity for half-linear equations 
(2.5) we have 


t 
[ oo? -eeiyt?)as 
t 
= p(s)lyl? |p + | r'~4(s)P(r4-!y’, p®(y)) ds 
for any differentiable function y, where P is given by (2.6), and integration by parts yields 
t 
[ ber? - copy )as 
t t 
=i) [rosdiy’ P= e0oyin1"]as — f (c(s) — é(s)) yl? ds 
t i y 
= r(s)y6(y')| i y[(r@) Wr)’ — e(s)@()] ds 
T 


t 
-[ (c(s) - é(s))|y|? ds. 


Substituting y = h into the last two equalities (h being a solution of (12.2) satisfying the 
assumptions (i)—(ili) of theorem), we get 


t t 
ne pilp= | (c(s) — (s))h? dst p | r!~4(s)P(r4—'h’, p®(h)) ds, 
: 7 (12.14) 


where 6 = acre Since [~r!~4(t) dt = co, w = 0 is the distinguished solution of the 


Riccati equation corresponding to the equation (r(t)®(x’))’ = 0 and since c(t) > 0, by 
Theorem 7.2 p(t) > 0 eventually. Hence, with L given by (12.10), we have 


L+h?(T)(p(T) — 6(1)) 


t t 
>| (c(s) —e(9))n? as + p | r1~4(s)P(r4'h’, p®(h)) ds, 
T a 
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and since P(u, v) > 0, this means that 
i: r1~4(t)P(r4—! ()h' (1), p(t) ®(A(0))) dt < 00. (12,15) 


Now, since (12.10), (12.12), (12.15) hold, from (12.14) it follows that there exists a finite 
limit 


Jim h? ()(0() — BO) =: B 


and also the limit 


fia Oe) ae (12.16) 
oo A(t) mohP(Npn — L 


Therefore, 
h? )(o(t) — p(t) -B=C) +p i !-4(5) P(r" h’, p@(h)) ds, 
t 


where C(t) = f° (c(s) — &(s))h?(s) ds. 
Concerning the function P(u, v), we have for u, v > 0 


P qd 1 v4 1 
Plu,v) = “wt ~ = (22 =u Pe ~) = u? O(vu'—?), 
Pp qd q uP D 
(12.17) 
where Q(A) = ri —A+ ; for A > 0 with equality if and only if A = 1 and 
oe _ (12.18) 


m — 
erent; Raa hy Bs 


Hence for every ¢ > 0 there exists 5 > 0 such that 


2 
Plu, v) > (4+ -2)ur(- 1) ; (12.19) 


whenever |vu!~? — 1| < 6. This implies that 6 = 0 in (12.16) since the case 6 4 0 contra- 
dicts the divergence of {~ r(t)(h’(t))?~! dr. If we denote 


1 


fO:=WO(0O-/M), HO = r(t)h2(t)(h'(t))P-2” 
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then using 


fs >ca)t ja -8) [~ r(s)(h'(s))? (2 - 1) 
Se: (4 = :) i: H(s) f2(s) ds, (12.20) 
where é = pe. Multiplying (12.20) by G(r) we get 
GIF) > GHC + (4 = a)ow fo H(s) f2(s) ds. (12.21) 
Inequality (12.21) together with (12.13) imply that there exists a 3 > 0 such that 


Gf) >— res 5+ (4 = ow [a ae “ [a0 fof as (12.22) 


for large ft. 
Suppose first that lim inf;o. G(t) f(t) =: c < oo. Then for every € > 0 we have 
[G(t) f(r > (1 — &)c? for large t and (12.22) implies 


cP y +5+($-8)a-a2 


Now, letting ¢, € > 0 we have 


but this is impossible since 1 — 24(5 +8) <0. 
Finally, if 


lim infG(t) f(t) =o, (12.23) 
> 00 
denote by m(t) = inf; <,{G(s) f(s)}. Then m is nondecreasing and (12.22) implies that 


Gif) >K+ (4 = =) 20H), 


where K = oT + 6 Since m is nondecreasing, we have for s > t 


Gnfoy> K+ (4-8) 2(s) > K+ ($-8)m 2, 1<s, 
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and hence 


mt) > K+ (4 = =) m2) 


which contradicts (12.23). The proof is complete. 


When (12.3) reduces to the below given Euler-type equation (12.24), some technical 
assumptions on the function / in the previous theorem are satisfied and Theorem 12.2 
simplifies as follows. 


COROLLARY 12.1. Letr(t) = 1, c(t) > 0 and 


Se 
nie 7=-(F) 


Then (12.3) is the generalized Euler equation with the critical coefficient 
1\\/ Y 
(S(y")) + ae) =0 (12.24) 


-1 
and the solution h(t) = a of this equation satisfies all assumptions of Theorem 12.2 with 


paz 
G(t)= (4) let. 
p-1 


Hence Equation (9.1) is oscillatory provided 
ve 1fp-1\?' 
timintigr | sles = 2) aes: (=) 
t—>0o ss gP 2 Pp 


12.4. Hille—Nehari-type nonoscillation criterion 


Now we turn our attention to a nonoscillation criterion which is proved under no sign 
restriction on the function c and also under no assumption concerning divergence of the 
integral  !—4(t) dt (compare Theorem 12.2). 


THEOREM 12.3. Suppose that Equation (12.2) is nonoscillatory and possesses a solution 
h satisfying (i), (iii) of Theorem 12.2. Moreover, suppose that 


a dt 
/ rhe (DP (12.25) 
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If G(t) is the same as in Theorem 12.2 and 


lim sup Go |} (c(s) — (s))h?(s) ds < ss (12.26) 
t>oo 
and 
lim inf G(?) oe (c(s) — &(s))h?(s) ds > = (12.27) 
> 0o t 


then (0.1) is nonoscillatory. 


PROOF. Denote again 


C(t)= es (c(s) _ é(s))h?(s) ds. 
t 


To prove that (0.1) is nonoscillatory, according to Section 5.3 it suffices to find a differen- 
tiable function p which verifies the differential inequality (5.4) for large t. This inequality 
can be written in the form (with w = h7?(p + C)) 


1 reat C h' 
p< -p[ Pee ra y(2=) sus ole (h'yP — e(r)yh? 
q| A h p 


1 c\4 c\ 1 
raf tee _ pty (PEE) + =n’? | +r(h')? —éh? 
q| fh h P 


Cc 
= —pr-ap (rt or ) + r(h'y? ch? 


We will show that the function 


1 


p= rane (h'(O) + eG 


(12.28) 


satisfies this inequality for large r. To this end, let v = © ete u=r4—'h’. The fact that the 
solution h of (12.2) is increasing together with (12.25), (12.26), (12.27) and the assump- 
tion (iii) of Theorem 12.2 imply that 

vo p(t) + CM) 1+2qC(1)G(t) 


Plu) h(tyr(OA' (1) 2WGMrOhGh'(0)) 


as t > oo. Hence, using (12.17) and the same argument as in the proof of Theorem 12.2, 
for any ¢ > 0, we have (with Q satisfying (12.18)) 


qd 
Hal tere = n'r1( P48) i mane 
q| Ah h P 
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go 1 ; (1+ 2qGc) 


q 1 (1+2qGc) 
= (Sb pe |\=5-555 
2 rh2(h’)P-2 4G2q? 


as t > oo. 
Now, since (12.26), (12.27) hold, there exists 6 > 0 such that 


—34+6 
2q 


< Gc <—" => |1+2qG(nc@| <2-6 


for large t, hence ¢ > 0 can be chosen in such a way that 
1+2q¢G@Cc())? 1 
re G+ 2gGOMc@Oy 1 
2 4q? 2q 
for large t. Consequently (using the fact that h solves (12.2)), we have 


] q C h’)P 
-pria[ PRE ss piy(P=e) nn ~ + r(h'yP — e(tyh? 


q 1 (1+2qGC)* Aig che 
2 -(4 ieee +r(h yP —¢(t)h? 


eae en [rndcn')] =| rho ch’) + oe ies p! 
2qG2rh2(h’)P-2 2qG 


The proof is complete. 


COROLLARY 12.2. If (12.2) is the generalized Euler equation (12.24) then by the previ- 
ous theorem Equation (9.1) is nonoscillatory provided 


limsuplgr [ (co = 1 se ds < (=) 
too t sP 2 Dp 


- 3(p-1\?! 
limintige [ (co = rer des -3(-"*) 
t>oo t gP 2. Dp 


12.5. Perturbed Euler equation 


and 


The results of this subsection can be found in the paper [94]. If we distinguish the cases p € 
(1, 2] and p > 2, the following refinement of oscillation and nonoscillation criteria from 
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the previous subsection can be proved. We present the main results of [94] here without 
proofs since these proofs need several technical lemmata. 


THEOREM 12.4. Consider the half-linear equation 


Ant oe p—-1\?'8(t) a os 


(12.29) 
and the linear second order equation 
o(t 
(ty) + Oy =0. (12.30) 


Suppose that the integral 
[o,@) 
6 
o(t):= i: ats) ds 
t K) 


is convergent and oa (t) > 0 for large t. 
(i) Let p > 2 and (12.30) is nonoscillatory. Then (12.29) is also nonoscillatory. 
(ii) Let p € (1, 2] and half-linear equation (12.29) is nonoscillatory. Then linear equa- 
tion (12.30) is also nonoscillatory. 
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CHAPTER 3D 


Related Equations and Problems 


In this chapter we discuss various problems related to the oscillation theory of half-linear 
differential equations. First we deal with boundary value problems associated with (0.1), 
where a particular attention is focused to the half-linear Fredholm alternative. In Section 
14 we briefly mention the so-called quasilinear equations, i.e., equations, where in addition 
to additivity, also homogeneity of the solution space of equations is lost. Section 15 is de- 
voted to partial differential equations with p-Laplacian and the last section of this chapter 
presents basic facts of the oscillation theory of half-linear difference equations. 


13. Half-linear boundary value problems 

There is a voluminous literature dealing with boundary value problems of the form 
(S(x')) + (t,x) =hO), xO) =0=x(zp), (13.1) 

(or some other boundary conditions, e.g., periodic, Neuman, mixed, ...) and even a brief 

survey of these results exceeds the scope of this treatment. For this reason we focus our 

attention only to some particular boundary value problems. We refer to [52,53,73,76,77, 

80,82, 164—168] as to a sample of papers dealing with half-linear boundary value problems. 


13.1. Basic boundary value problem 


Under the “basic” boundary value problem we understand the problem 


| (©(x'))’ +2@(x) =0, aap) 


x(0)=0=x(zp), 
where A is the eigenvalue parameter. Here zr, is the same as in the Section | and its value 


is defined by the formula 


=f ds (13.3) 
PS“ Io Wis? 


Eigenvalue problem (13.2) is a special case of the general Sturm—Liouville problem for 
half-linear equations treated in Section 11, but its simple structure enables to determine 
completely the eigenvalues and eigenfunctions. The situation is essentially the same as 
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in the linear case where the eigenvalues are 4, = n? with the associated eigenfunctions 
X(t) = sinnt. 


THEOREM 13.1. The eigenvalues of (13.2) are An = (p — 1)n?, n EN, and the cor- 
responding eigenfunctions are (up to a nonzero multiplicative factor) xp(t) = sinp(nt), 
where the half-linear sine function sin p is defined in Section 1. 


PRooF. The proof if this statement follows immediately from the homogeneity of the 
solution space of half-linear equations and from the unique solvability the initial value 
problem for these equations. The function x1 (ft) = sin, ¢ is a solution of (13.2) with A = 
(p — 1) and satisfies x (0) = 0 = x (zp) (by the definition of this function in Section 1), and 
Xn(t) = simp (nt) is a solution of (13.2) with A, = (p — 1)n?. 


13.2. Variational characterization of eigenvalues 


In the linear case, the Courant—Fischer minimax principle provides a variational charac- 
terization of eigenvalues of the classical Sturm—Liouville eigenvalue problem. This char- 
acterization is based on the orthogonality of the eigenfunctions corresponding to different 
eigenvalues. In the half-linear case the meaning of orthogonality is lost, but eigenvalues 
can be described using the Lusternik—Schnirelman procedure, for general facts concerning 
this approach we refer to [103]. The specification of this method to (13.2) presented here 
can be found in [80]. 

Let us introduce the functionals over V := Wy PO,n p)» endowed with the norm ||x || = 


1 
(fo? Ix’ |P dt)”, 
1 f7?_, 1 [7 
A(x) = - | |x’|? dr, B(x) = a |x|? dr. 
P JO P JO 


Eigenfunctions and eigenvalues of (13.2) are equivalent to critical points and critical values 
of the functional 

A(x) 

B(x) | 


E(x)= 


We also introduce the notation 
S={xeX: Bx)=1}, 


(hence E(x) = A(x), E’(x) = A’(x) — A(x) B'(x) for x € S, where A’, B’, E’ are differ- 
entials of the functionals A, B, E, respectively). After some computation one can verify 
that E| 5 satisfies the so-called Palais—Smale condition: if {xx} € S is a sequence such that 
E(xx) is convergent and E’(xz,) > 0 in X* (the dual space of 1’), then {xz} contains a 
convergent subsequence (in the norm of 1’). 
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Let us recall also the definition of the Krasnoselskii genus of a symmetric set AC. 
Let 


F :={ACA#: Ais closed and A = —A} 
and let 

M = {m EN: 3h e€ C(A; R” \ {0}) such that h(—x) = —h(x)}. 
Then the Krasnoselskii genus of A is defined by 


_fintM, ifM sD, 
vo fe ifM =0. 


Using the above given concepts we can now present the formulas for variational charac- 
terization of all eigenvalues of (13.2). 


THEOREM 13.2. Let 

Fx:={AeF: 0€¢A, yA) 2k}, 

Fy ={Ae Fe: ACS, Ais compact} 
and let 


Be = min max E(x). (13.4) 
AcF, xeA 


Then By = An = (p — Wn? forneN. 


PROOF. We present only a brief outline of the proof of this statement. First it is proved 
that the nth eigenvalue A, satisfies An < B,. Then, via the construction of a suitable set 
Aéef, it is shown that A, > B,. We refer to [80] for details. 


13.3. Nonresonance problem 


In this subsection we consider the nonhomogeneous problem 


| (D(x'))' +AP(x) = f(O), (13.5) 


x(0) =0=x(zp). 


Let 


Fos f"\rolra-* ["\eopra-[" roxoa 
P JO P JO 0 
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and suppose that A is not an eigenvalue, i.e., A # Ax. For simplicity we deal with f € 
C[0, z»] and solution of (13.5) is understood in the classical sense, i.e., it is a function 
x such that (x’) € C![0, stp] and equation and boundary conditions in (13.5) are satis- 
fied. Similarly as in the previous subsection, the critical points of 7 ; are in one to one 
correspondence with solutions of (13.5). 

Due to the variational characterization of the least eigenvalue 


Tp / Pd 
vy Spo ee (13.6) 
Jo? Ix@) |? de 


where the minimum is taken over all nonzero elements of Wy? (0, zp) and due to the 
monotonicity of the operators 


A’, B': Wo’? (0, xp) > (Wy’? 0, xp)” 


defined by (note that these operators are differentials of operators A, B defined in the 
previous subsection) 


(aur = [ow oa. (B’u, v) = [P euojooa 
0 0 


(here (-,-) is the duality pairing between (Wy? 0, p))* and Wy? 0, Ip)) it is easy to 
prove that for 4 < 0 the energy functional 7 t has a unique minimizer in wy? (0, Tp) 


for arbitrary f € (wy? (0, z,))*. In particular, it follows from here that given arbitrary 
f €C[0, zp], the problem (13.5) has a unique solution. So, from this point of view, the 
situation is the same for p = 2 (linear case) and p #2. 

The case 4 > 0 is different. It is well known that for p= 2 anda 4#Ax,,k =1,2,..., 
for any f € C[0, z)] the problem (13.5) has a unique solution, which follows e.g. from 
the Fredholm alternative. Let us consider now p 4 2 and 0 < 4 < d,. Due to the varia- 
tional characterization of A, given by (13.6), the energy functional is still coercive but the 
monotone operators A’, B’ “compete” because of the positivity of A. While in the linear 
case p = 2 this fact does not affect the uniqueness, for p 4 2 the following interesting 
phenomenon is observed. 


THEOREM 13.3. There exists functions f € C[0, 2p] such that Ti has at least two critical 


points. One of them corresponds to the global minimizer of FT} on wy? (0, 1p) (which does 
exist due to 2 <1) and the other is a critical point of saddle type. 


Examples which illustrate these facts were given in [101] for 1 < p <2 and in [52] for 
Pp > 2. The results were generalized for general 2 > 0 in [82]. 
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13.4. Fredholm alternative for the scalar p-Laplacian 


This is perhaps the most interesting part of the qualitative theory of half-linear differential 
equations, since one meets there phenomena which are completely different comparing 
with the classical Fredholm alternative for the linear boundary value problem 


u" +mu=h(t), u(0)=0=u(z), 


which has a solution if and only if 
as 
/ A(t) sinmt dt = 0. (13.7) 
0 


In this subsection we discuss the extension of the Fredholm alternative to (13.5). We 
suppose that 4 = Ax for some k € N, so the problem (13.2) possesses a nontrivial solution 
X(t) = sin, (kt). The half-linear version of (13.7) when A = A; and m = 1 is 


i f(t)sinp tdt = 0. (13.8) 
0 


The next theorem show that (13.8) is sufficient but generally not necessary for solvability 
of (13.5) with 4 = 41. The statements of this section are taken from [49]. We present them 
without proofs since these proofs are technically rather complicated. 


THEOREM 13.4. Let us assume that f € C'[0, tpl, f #0 and (13.8) is satisfied. Then 
(13.5) with X = 41 has at least one solution. Moreover, if p # 2, then the set of possible 
solutions is bounded in C'[0, Tp). 


Observe that this result really reveals a striking difference between the cases p ~ 2 and 
p = 2, since in the latter case the solution set is an unbounded continuum. It would be 
natural to expect the number of solutions under (13.8) be generically finite if p # 2. 

Note also that in the proof of Theorem 13.4 it appears that the degree of the fixed point 
of a certain associated operator in a large ball of C![0, mp] becomes +1 if p > 2 while 
equals —1 if p <2. 

The eigenvalue problem (13.5) with 4 = A; and f = 0 is closely related to the L?- 
Poincare inequality 


Ip Ip 
i |x’(e)|? dt > cf |x(t)|? dt, for all x € Wy’? (0, zp). (13.9) 
0 0 


The constant C = A, is precisely the largest C > 0 for which (13.9) holds. Then Nhs |x’|P — 


At fhe |x|? > 0 for all x € Wy PO, 1p) While it minimizes and equals 0 exactly on the 
ray generated by the first eigenfunction sin, ¢. Now we consider the following question: 
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What is the sensitivity of this optimal Poincare’s inequality under a linear perturbation? 
We consider then the functional 


Rigel] wigs | pas |. pea 
f (x)=— |x|? dt — — |x|? dt + fx dt 
P JO P JO 0 


and ask whether oe is bounded from below. It 1s easy to see that a necessary condition 
for this is that f satisties the orthogonality condition (13.8) for otherwise E, is unbounded 
below along the ray generated by the first eigenfunction. If p = 2, an L?-orthogonal expan- 
sion into the Fourier series yields that this condition is also sufficient for the boundedness 
from below. However, this approach seems to be of no use when p ¥ 2. Under the ad- 
ditional assumption f € C![0,z p], the answer answering the sufficiency is provided by 
the following result. Note that some of its conclusions are already implied by the previous 
theorem. 


THEOREM 13.5. Assume that f € C'[0, 2p], f #0, and (13.8) holds. 
P 
i) For 1 < p <2 the functional J*' is bounded from below. The set of its critical 
P f 
points is nonempty and bounded. 
ii) For p > 2 the functional J*' is bounded from below and has a global minimizer. 
P f 


The set of its critical points is bounded, however J ; ' does not satisfy the Palais— 
Smale condition at the level 0. 


It is anergsuine to see that changing p from p > 2 to p < 2 shifts the structure of this 
functional 7 6 from global minima to a saddle point geometry for its level sets. If p = 2 
the functional is convex with a whole ray of minimizers. This result seems to be open 
and interesting issue concerning the geometry of L? spaces where the absence of a good 
orthogonality notion makes the structure of Poincaré-type inequality fairly subtle. 

On the other hand, the statement (ii) in the last theorem sets a word of warning in the use 
of min-max schemes based on the Palais—Smale condition in resonant problems involving 
the p-Laplacian. Here a very natural example arises of an equation with a priori estimates 
for the solutions for which the Palais—Smale condition in the associated functional fails to 
hold. We refer to the paper [49] for details. 

Our next result states in particular another interesting difference with the linear case 
p=2.If p #2, then the set of functions f for which (13.5) with A = A, is solvable has 
nonempty interior in L® (0, rp). 


THEOREM 13.6. Let p # 2. Then there exists an open cone C C L™® (0, 1p) such that for 
all f €C problem (13.5) with = i, has at least two solutions. Moreover 


[OP rosinprar go (13.10) 
0 


forall f €C. 
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A by-product of the proof of this theorem is the following general fact. For any f € 
L®(0, 2p) such that (13.10) holds, one has that the set of all possible solutions of (13.5) 
is bounded and the degree of the associated fixed point operator equals 0. Combining this 
and Theorem 13.4 yields in particular that for any f 40 of the class C! and p $2, there 
are a priori estimates for the solution set. 

The proof of the results presented in this subsection are based on the analysis of the 
initial value problem 


(D(x'))! +(p-)O@)=f), x(0)=0, x0) =a, 


with f € Ly [0, oo). Here, x is a globally defined solution of this problem and for a 
sufficiently large (positive or negative) a first zero t{' > 0 exists. Moreover, t{’ > mp as 
|a| + oo. The key matter is a detailed analysis of the relative location of r/’ with respect 
to 2» for large |w|. Of course, one has a solution of (13.5) with A = A; whenever r/’ hits 
exactly zp. In particular, in the asymptotic expansion of the dependence of t/' on a yields 


that under assumptions of Theorem 13.4, one has 
y <p ifp<2- ‘and t) > xp, if p>2, 


whenever |q@| is sufficiently large. 


13.5. Homotopic deformation along p and Leray—Schauder degree 


The Leray—Schauder degree of a mapping associated with the investigated BVP is one of 
the most frequently used methods when dealing with this problem. In this subsection we 
briefly present the main ideas of [52] which deals with solvability of (13.1). First consider 
the associated problem 


(p(x) =f), x@0)=0=x(zp), (13.11) 


(note that &, = ®) and the energy functional corresponding to this problem 


W(x) = ~[" Wola [" porns. (13.12) 
P Jo 0 


Here we use the index p by © and W to stress their dependence on the power p. The 
functional WY, is coercive, continuous and convex over Wy PO. p) and hence it possesses 
the unique global minimum which is the critical point and hence a solution of (13.11). 
This means that we have correctly defined mapping Gp: L1(0, 7p) > C ‘To, 1p] which 
assigns to the right-hand side f of (13.11) the solution x of this problem. This map- 
ping is completely continuous. Moreover, if py is a real sequence such that py, > p and 
fn € L1(0, zp) is such that f, — f € L7(0, 2») (— denotes the weak convergence), then 
limn—+o0 Gp, (fr) = Gp(f) as it is shown in [52]. 
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Now, for fixed p > 1, we define T, : C[0, 2p] > C[0, zp] by Tp(x) = x — Gp(A®p(x)) 
with 4 € R. Obviously, the equation T,(x) = 0 has a nontrivial solution if and only if 
A =An(p) = (p — 1)n? and this solution is x,(t) =a@ siny(nt), a € R,a £0. 

The following statement concerns a homotopic deformation along the power p of the 
Leray—Schauder degree of the mapping T,,. Note that the classical result of the linear theory 
is that the Leray—Schauder degree of T2 with respect to the ball 


B(0,r):= {u EC[0, xp]: llullc = max_|u(s)| <r} 
1€[0,zp] 


d(T, B(0,r),0) =(-1)", (13.13) 
where n is the number of the eigenvalues of (13.2) with p = 2 which are less than A. 


THEOREM 13.7. Let p > 1 be arbitrary, ) 4 An(p) = (p — 1)n”, n EN. Then for every 
r > 0, the Leray—Schauder degree d(T», B(r, 0), 0) is well defined and satisfies 


A(T BO; 0), 0) = (-1)’, (13.14) 
where n is the number of eigenvalues of (13.2) which are less than x. 


PROOF. Suppose that p > 2 anda >A, =(p-— 1), 1¢,A=(p— I(n+s)? for some 
s €(0, 1) andn EN. In the remaining cases the idea of the proof is the same. We will show 
that d(Tp, B(r, 0), 0) = (—1)" for every r > 0. 

Let A:[p, co) > R be defined by A(@) = [(n+5)7a/7p]*, where zy is given by (13.3) 
with @ instead of p. Obviously, 2, depends continuously on a and hence A is continuous. 
Next, define the mapping 


T (a,x) =x — Gy (A(a) ®q (x)). 
The mapping G(a, Xx) = Gg(A(a)@q(x)) is completely continuous and T (a, x) 4 0 for 


alla € [p, co) (for details see [52, Theorem 4.1]). Hence, from the invariance of the degree 
under homotopies and from (13.13) we obtain the required statement. 


THEOREM 13.8. Suppose that there exists n € N such that the nonlinearity g in (13.1) 
satisfies 


t ES 
An X< a(t) := fim int 2 25) < lim sup gts) 


|s|>oo ® S) |s|— 00 P(s) 


=: b(t) < dns 


uniformly on [0, 1p], the first and the last inequalities being strict on a subset of positive 
measure in [0, 1p]. Then the BVP (13.1) has a solution. 
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PROOF. Let v € (An, An41). According to the previous theorem, it suffices to construct a 
homotopic bridge connecting (13.1) with the problem 


(P(x')) +vO(x)=0,  x(0) =0=x(zp). 


The degree of the mapping associated with this problem has been computed in the previous 
theorem. This homotopy is defined as follows 


H(t, x) = Gp(tv®(x) + (1— t)g(t,x(0))). 


Using the standard method it can be proved that there exists r > 0 such that x — H(t, x) £40 
for x € dB(r, 0) for every t € [0, 1] if r > 0 is sufficiently large. This proof goes by con- 
tradiction. Supposing that there exists x, € C[0, wp] and with ||xp||c > 00 and ty € [0, 1] 
such that x, = H(tn, xn), functions v and c are constructed (using essentially the same 
construction as in the linear case) in such a way that the half-linear equation 


(S(v'))' t+e()SW) =0, v(0) =0= v(t) 
with Ay» < c(t) < Angi has a nontrivial solution. Since each of the previous inequalities 


is strict on the set of the positive measure, we have a contradiction with the Sturmian 
comparison theorem. 


13.6. Resonance problem 


In the previous subsection, the nonlinearity was “situated” between two consecutive eigen- 
values, 1.e., it did nor “interacted” with the spectrum of the half-linear part. This situation is 
usually regarded as a nonuniform nonresonance. Now we deal with the situation when the 
nonlinearity is of the form A,®@(x) + g(x) with a bounded function g, so the nonlinearity 
(perhaps, a better terminology would be “nonhalf-linearity”) is “around” an eigenvalue of 
the half-linear part. This situation is referred to as the resonant case. The paper of Lan- 
desman and Lazer [145] published in 1970 is the pioneering work along this line in the 
linear case. Since that time, the conditions ensuring solvability of BVPs in resonance (the 
so-called Landesman—Lazer conditions) have been extended in many directions. The next 
theorem, taken from [80], establishes the Landesman—Lazer solvability conditions for the 
half-linear BVP 


(D(x) + an@x) + g(x) =h(), (0) =0=x(tp). (13.15) 


It is supposed that there exist finite limits limy—.+00 g(x) = g(+00). By g we denote 
the eigenfunction corresponding to the nth eigenvalue, ie., A, = (p — 1)n?, g(t) = 
Qn SiNp(nt), where a, > 0 is such that ||gn||z7 = 1. 
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THEOREM 13.9. The boundary value problem (13.15) has a solution provided one of the 
following two conditions is satisfied 


g(co) [ ” ot @) dt + g(—00) i. " p(t) dt 
> / ” on (t)h(t) dt 
0 


> ¢(o) i ” p(t) dt + g(—00) [ "px (t) dt, 


a 
g(00) [ ” ot (t) dt + g(—00) [ ox (a) dt 
< [ ” on(tyh(t) dt 
< g(00) [ ” ox (@)dt + g(—00) [ ” ot (0) dt, 


where g,, = max{0, gn}, g, = min{0, gp}. 


We skip the proof of this statement because of its technical complexity. This proof is 
based on a variant of the saddle point theorem and relies on the variational characterization 
of eigenvalues of (13.2). 


14. Quasilinear and related differential equations 


In this section we change the notation which we used throughout the whole treatment. Till 
now, q was the conjugate number of p, i.e., g = —4. In this section q is any real number 
satisfying q > 1 and the conjugate number of p will be denoted by p*. The main part of 
this section will be devoted to the equation 


(r()Pp(x'))' Fe(t) g(x) =0, p(s) =|s|?7s, Gg(s):=|s19*s, (14.1) 


we will briefly treat also some more general equations. The functions r, c satisfy the same 
assumptions as in (0.1). Note that using the substitution r®,(x’) =: u, Equation (14.1) can 
be written as the first order system of the form 


x’ =aj(t)|u|*! sgnu, u’ = ap(t)|x|*2 sgnx (14.2) 


with suitable functions a}, a2 and real constants 41, A2. The last system has been investi- 
gated in several papers of Mirzov and the results are summarized in his book [178]. As a 
sample of papers dealing with (14.1) and related equations we refer to [16,34,132,144,205] 
and the references given therein. 
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14.1. Equation (14.1) with constant coefficients 


The results of this subsection are taken from [78]. First we focus our attention to the initial 
value problem 


(Dp (x')) +AGg(x)=0, x (0) =a, x'(0) =b. (14.3) 


We will modify the method used in the definition of the half-linear sine function sin, and 
of other half-linear trigonometric functions. 


THEOREM 14.1. For any 4 > 0, the initial value problem (14.3) has a unique solution 
defined on the whole real line R. 


PROOF. The crucial fact used in the proof is that 


(t)|P q P q 

WO? , 0H _ [olP |, Jal? aes 
P q P q 

as can be verified by differentiation. Clearly, if a = 0 = b, the last identity implies that 
the trivial solution is the unique solution. If a = 0 or b = 0, supposing that there are two 
different solutions x;, x2 satisfying the same initial condition, we find that the absolute 
value of their difference z = |x; — x2| satisfies a Gronwall-type inequality and hence z = 0. 
This idea, slightly modified, applies also to the case when both a 4 0 andb 40. 


The remaining part of this subsection will be devoted to the initial value problem 
(®,(x')) +A®g (x) =0, x(0)=0, x’(0)=a>0. (14.5) 
Denote by ty the first positive zero of the derivative x’, i.e., x(t) > 0, x(t) > 0 forte 


(0, ty). Further denote by R := x(f,). Then using the same idea as above we have the 
identity 


on (14.6) 


Go? | xt) _ 4 
P q q 


Solving this equality for x’ and integrating, we find 


Rok 
(4)'/ Oey (14.7) 
APY) 10 (Ra = x4(s))? 


which after a change of variables can be written as 


a x 
yas q P hi R ds (14.8) 
x * qg-P a5 
P Rep 40 ({—54)? 
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For t € [0, $], let us set 


2t 


ra d. 
aLCsiN pg = z f : eae (14.9) 
—s1)P 


1 
and note that this integral converges for ¢ € [0, 4). Substituting t = 77 in (14.9), we obtain 


t 8 (— d (2)’) (14.10) 
arcsiNpg t = ~B{ —, —, | — ; : 
2 \q p* \@ 


~f{1 1 Y o1iy Lt 
Bi yey = wt? “(l—t) ? dt 
q P 0 


denotes the incomplete beta function. Next, substituting t = 4 in (14.10), we define 


: q 1 1 
pg = 2 arcsinyg > =B a ; 


where B denoted the classical Euler beta function. When p = q, the definition of arcsin pg 
and of 2 pq coincides with the definition of arcsin, and zp in Section 1.1. 

The function arcsinp, : [0, 4] — [0, 5), so we can define first sin pg : [0, “4 | — [0, 4] 
as the inverse function of arcsin,, and then to define this function for f € R in the obvious 
Way: SiNpg t = SINpg (pq — t) fort € (=, I pq| and then extend this function over R as 
odd and 27p, periodic function. It is a simple matter to verify that sin,, is the unique 


(global) solution of the initial value problem 


where 


249 
(Pp (x y+ Fo Pa (*) = 0, x (0) = 0, x'(0)=1. (14.11) 
p*qt— 
Similarly as in case p = q we denote coSpqt = 4 sin pqt. Then from (14.4) and (14.11) 
we have 
2\4 
| COSpg t|? + (=) | sinpg t|? =1. (14.12) 
q 


From (14.8) and (14.9) we find that 


2 b-4 : qx 
t=— TF P aLCSiN pg aR (14.13) 
(Ap*)?qr 


and hence 


1 
2R Ap*)? qr a-p 
x(t) = —sinpg (See ') (14.14) 
q 
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for allt ER. 
From (14.6) we can express R in term of @ to obtain 


Substituting this expression into (14.14), and setting 


1 
F 


Q]- 


Ap*)*qt gp q 
cr ae a 
we find that the solution of (14.5) is 
a 
x(t) = ———__ Si pg (A pg (la, A)t), (14.15) 


and this solution is t(@)-periodic function with 


2 pg 


—__—— = 4ty. 
A pq (@, A) ° 


tT(a) = 


THEOREM 14.2. For any given a # 0, the set of eigenvalues of the problem 


(,(x'))! +A®g(x)=0, (0) =0=x(T) (14.16) 
is given by 
2nT pg \* |a|P~4 
way = (“ee ge neN, (14.17) 


with the corresponding eigenfunctions 


aan (e ) (14.18) 
- ; 
Tl pg T 


Xn,a (t)= 
n 


PROOF. Fora givena € R, by imposing that x in (14.15) satisfies the boundary conditions 
in (14.16), we obtain that A is an eigenvalue of this problem if and only if 


iol lap 
(p*)*qF A \a| 7 T=napq, neN, (14.19) 


NI eR 


and hence (14.17) follows. The expression for eigenfunctions follows then directly from 
(14.15). 


326 Half-linear differential equations 
14.2. Emden—Fowler type equation 


In this subsection we recall very briefly some results concerning asymptotic behavior of 
the quasilinear equation (14.1) and of the associated system (14.2). As we have mentioned 
before, the solution space (14.1) and of (14.2) is no longer even homogeneous, hence the 
investigation of these equations and systems is more complicated than in case of half-linear 
equations (0.1). Equation (14.1) and system (14.2) are sometimes called Emden—Fowler 
type equation (system) since if p = 2 in (14.1), this equation reduces to Emden—Fowler 
equation (1.3) mentioned in Section 1.1. 

Recall that a solution x of (14.1) is called the singular solution of the first kind if x 
becomes eventually trivial, i.e., there exists T € R such that x £0 fort < T and x(t) =0 
fort > T, anda solution x is singular solution of the second kind if there exists a finite time 
T such lim;_, 7— |x(t)| = 00. The set of singular solution of the first and second kind we 
will denote by S; and So, respectively. A solution which is not singular is called proper. 
Recall also the classification of nonoscillatory solutions of (0.1) which can be extended 
under the assumption that c(t) 4 0 for large ¢ also to (14.1) 


M* = {x solution of (14.1): At, > 0: x(t)x'(t) > 0 fort > tr}, 


M~ = {x solution of (14.1): At, > 0: x(t)x/(t) < 0 fort > ty}. 
Results of [43,44,178] imply the following statement. 


THEOREM 14.3. Suppose that r(t) > 0, c(t) < 0 for large t. 
(i) If p=q, i.e, (14.1) reduces to (0.1), then S; =B, So=9, M7 4G and Mt £9. 
(i) [fp <q, thenS; =%,S249,M #9. 
(iii) If p > q, then S; 4B, Sp =G and M* #9. 


In Section 6 we have seen that certain integrals of functions r, c play an important role in 
the asymptotic classification of nonoscillatory solutions of (0.1). As an illustration of the 
extension of these results to (14.1) we give two statements. The first one is proved in [33] 
using the Schauder—Tychonov fixed point theorem, while the second one follows from the 
results of Kvinikadze [143], see also [33]. 


THEOREM 14.4. Suppose that r(t) > 0, c(t) < 0 for large t, [> rie (t) dt < co and 


[ 4( [or eras) dt < oo, 


where ®g(s) = |s|?-! sens. Then there exists at least one solution x of (14.1) in the class 
M~ such that lim;-+o0 x(t) = 0 and 


x(t) 


lim ————————- = £,, 0<,<o. 
t—00 J r!-P*(s) ds 7 - 
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THEOREM 14.5. Suppose that r(t) > 0, c(t) < 0 for large t, p <q and 


[o,e) rs 

i Pr Odn( f |e(s)| as) dt <a 
[o.e) t % 

/ jn|ea( f ri-P (4) dt < oo. 


Then M* contains a one parametric family of the so-called strongly increasing solutions, 
i.e., solutions satisfying 


or 


Jim x(t) =00, lim r(t)®p(x'()) = 00 (14.20) 


and a one parametric family of the so-called positive weakly increasing solutions, i.e., 
positive solutions where both limits in (14.20) exists finitely. 


Another results concerning asymptotic properties of nonoscillatory solutions of (14.1) 
and of more general equations of this type can be found in [34,35,138,141,180,205,210, 
218]. 

14.3. More about quasilinear equations 
The results of this subsection can be found in [120] and concern the equation 

((x'))' + f(x) =0 (14.21) 
under the assumptions that the function f satisfies sgn f(t, x) = sgnx for t € [f9, 00). 
THEOREM 14.6. All proper solutions of (14.21) are oscillatory if one of the following 


three conditions is satisfied: 
(i) for all5 >0 


[o,@) 
inf | f(t, y)| dt = 00, 
| mle | 
(11) for some 0 <2 < p—landall5>0 


[o,e) 
i Paap PO ae oe 


1 
d<iyl |y|P7 


(iii) for all 6, 5’ with &’ > 5 >0 


lo) 
inf 
d<lyl<s’ 


f(t, y)| dt =00, 
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and there exists a positive continuous function 9 satisfying tis y(y) dy = oo, such that 
If(t, y)| 2 eC yl) for large t and large |y\. 


PROOF. To illustrate ideas used in the proof, we prove the part (11), the proof of the re- 
maining two statements is analogical. Suppose, by contradiction, that (14.21) has a proper 
solution x which is positive for large t (if x is negative, we proceed analogically). Then 
from (14.21) we have that also x'(t) > 0 and we put w(t) = ae - (compare the remark (ii) 
in Section 9.1). Then w satisfies the Riccati-type equation 


Ft,x@) _ 


! = p* 
w+(p—1)|wl? + iG) = 


0, (14.22) 


recall that p* denotes the conjugate number of p. Multiplying (14.22) by r* and integrating 
over [fo, t], to sufficiently large, we have 


t t . 
w(t) —2f s*—!w(s) ds + (p — vf s*(w(s))? ds 
to to 


t 
+ pis Ae) goon (14.23) 
t 


» = xP Hs) 


where c > 0 is a real constant. 
Suppose first that [Ps s’—lw(s) ds < 00. Then it follows from (14.23) that 


t t 
/ pe acct | s*—!w(s) ds, 
t 10 


se KS) 


and taking the limit as t > oo, we get 


foe aot 
to 


Pts) 


However, this is impossible since assumptions of our theorem imply that for fo sufficiently 
large 


Co Co 
/ pg acta ds > i) s* inf eau ds = 00, (14.24) 
to xP—*(s) to b<x XPT 
where 6 = x(fo) > 0. 
Suppose next that 
[oe 
i s*—!w(s) ds = 00. (14.25) 


Then, by (14.23), 
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t t : ig 
/ oe) as<e+nf s*lw(s) ds — (p — vf s*|w(s)|" ds. 
to xP (s) 10 a) 
(14.26) 


Note that the second integral in Equation (14.26) is estimated by means of the Hélder 
inequality as follows 


t t 
[ sv woyas= f gA-P)/P sMP-D/Pwy(s) ds 
to 


to 


P Bay, toes i 
P . 
< @) sh-P es) (/ s*w?*(s) as) . 
to to 
A—ptl \ 4 t a 
t, D ¥ 
p-1-A to 


(RP (p— 1-2)? 
Si st wP*(s) ds)? 


t 
i s*w? (s) ds. (14.27) 
to 


Since (14.25) implies that 
t * 
i. s*w? (s)ds—> 00, ast—>oo, 
10 
we see from (14.27) that there exists t; > to such that 
: Dp- 1 E * 
/ sl w(s) ds < pf s*w? (s)ds, t>h. 
to a 10 


Using this inequality in (14.26) we conclude that 


ie an f(s, x(s)) 
i) 


xP-l(s) 


s 


in contradiction to (14.24) which holds also in this case. 


15. Partial differential equations with p-Laplacian 
Similarly to the boundary value problems for half-linear ordinary differential equations, 
also partial differential equations with p-Laplacian are treated in many papers. Recall that 


the p-Laplacian is the partial differential operator 


A pu(x) = div(||Vu(x) I? 7Vu(a)), x = (1, .--,.4N) ERX, (15.1) 
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where div := sy on is the usual divergence operator and Vu(x) = Ce 104 a 


the Hamilton nabla operator. 


) is 


15.1. Dirichlet BVP with p-Laplacian 


In this subsection we deal with the properties of the first eigenvalue and the associated 
eigenfunction of the Dirichlet boundary value problem 


Ce +A®(u)=0, xE€2QCR’, (15.2) 


u(x) =0, xe€d2, 


where £2 is a bounded domain in R”. 
The solution of problem (15.2) is understood in the weak sense; we say that A is an 
eigenvalue if there exists a function u € Wy ?(Q), u £0, such that 


[ivr eeu, ymax =a. f P(u)n dx, (15.3) 
2 2 


for every 7 € wy? (), where (-,-) denotes the scalar product in R”. The function u is 
called the eigenfunction. 
The first eigenvalue A; = A; (S2) is obtained as the minimum of the Rayleigh quotient 


Voll? d 
jase ued (15.4) 
v J gq lulP dx 
where the infimum is taken over all v € W, ? Q,v #0. Ifu realizes the infimum in (15.4), 
so does also |u|, this leads immediately to the following statement. 


THEOREM 15.1. The eigenfunction u associated with the first eigenvalue i, does not 
change its sign in 82. Moreover, if u > 0 then actually u > 0 in the interior of 2. 


PROOF. The statement concerning the positivity of u follows from the Harnack inequality 
(213, p. 724]. 


In the proof of the main result of this subsection we will need the following inequalities, 
for the proof see [160]. 


LEMMA 15.1. Let wi, w2 € RY. 
(i) If p > 2, then 


||w2 — wil? 


ose (15.5) 


Iwai? > pllwill?(w1, (w2 — wi) + 
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(ii) If 1 < p <2, then 


||w2 — will? 


\|w ||? > pilwil|?(wi, (w2 — w1)) + C(p) —————_—_ 
| (I/wrl| + ||wel))?-? 


(15.6) 


where C(p) is a positive constant depending only on p. 
The main statement of this subsection reads as follows. 


THEOREM 15.2. The first eigenvalue of (15.2) is simple and isolated for any bounded 
domain 2 CRN. 


PROOF. Here we follow Lindqvist’s [160] modification of the original proof of Anane [11] 
where it is supposed that the boundary 02 is of the Hélder class C“. This assumption 
on the boundary of £2 is removed in Lindqvist’s proof by introducing the functions u + ¢, 
uv +e instead of u, v, respectively (used by Anane). 

Suppose that u, v are eigenfunctions of (15.3) with A = A). Let ¢ > 0 and denote vz = 


v+e,u,=u +e. Further, let» = ue —vbus ?, = ve —ubve ”. Then n, i € Wy’? (2) 


and 
Ue \? yee 
vn={1+(p- (=) |vu— (=) Vv. 
Us Ue 


A similar formula we have for V7. Inserting the test functions n and 7 into (15.3) and 
adding both equations, we get 


pol p-l 
M aie ate (uP — v?) dx 
p-l p-l € € 
2 LU, Us 


Ve . Ug P 
-| {1+ @- (=) Jivust? + {1+(—v() jive.ar as 
2 Ug Ve 
Ae 
-[ |>(=) [Ve ]?-7 (Vue, Vive) 
Q Ug 


pol 
Uu 
+0(*) Ive l-2(V 04, Yr) | a 


€. 


=|. (uP — vP)(IIV Iguell? — ||V lg vell?) dx 


-[ pu ||V lguell? 7(V lgue, (Vlg ue — V lgue)) dx 
2 


2 / pub ||V lg vel]? 7(V Ig ve, (V lgue — Vlg ve)) dx (15.7) 
2 


and the last term is nonpositive by the inequality given in Lemma 15.1. 
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It is obvious that 


; ye! yP-} 
lim —— — —— |(u? —v?) dx =0. (15.8) 
e>0+ Ja Ly?! ve! 


Let us first consider the case p > 2. According to inequality (15.5) we have 
1 1 1 p 
0< >p-1_ 1 ss Oe Ue Vue — Up Ve ||? dx 


cn (2) (6) om 


for every ¢ > 0 (here we have used inequality (15.5) with wy) = Vigue, w2 = Vigue and 
vice versa). In view of (15.8), taking a sequence ex, — 0+ as k > oo and using Fatou’s 
lemma in the previous computations we finally arrive to the conclusion that vVu = uVvu 
a.e. in 2. Hence there is a constant « such that u = xv a.e. in 2 and by continuity this 
equality holds everywhere in 22. 

Now we turn the attention to the case 1 < p < 2 where the situation is similar as in the 
previous case. Applying the inequality (15.6) in (15.7) we obtain 
|| Us Vule — Us Vvell7 
(v¢||Vuel] + well Vvell)?-? 


caf (2) - (2) Jeane 


for every ¢ > 0. Using (15.8), we again arrive at the desired dependence u = xv for some 
constant k. 

As for the isolation of the first eigenvalue A), we proceed as follows. Since A, is defined 
as the minimum of the quotient (15.4), it is isolated from the left. If v is an eigenfunction 
associated with an eigenvalue A > 1 then v changes its sign in 92. In fact, suppose that v 
does not change its sign in £2. Then using the same method as in the previous part of the 
proof we get (for details we refer to [11]) 


0< cw) | (uc de)? (ub + vP) 
2 


11 
ts P_qP — = ee 
o< faa au? — v?) dx = (1 (> -) 


what is a contradiction. 

Now, suppose, by contradiction, that there exists a sequence of eigenvalues A, > A,+ 
and let uy, be the sequence of associated eigenfunctions such that ||uv,|| = 1. This se- 
quence contains a weakly convergent subsequence in wy? (2), denoted again uy, and 
hence strongly convergent in L? (QQ). Since uy = =! (®(uy)) (this is a usual argument 
in the theory of partial equations with p-Laplacian, we refer, e.g., to the monograph [103]), 
the sequence u, converges strongly in wy? (£2) to a function of the wy? norm equal to 
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1 associated with A;. However, by the Jegorov theorem, the sequence u, converges uni- 
formly to a function u except for a set of arbitrarily small Lebesgue measure. However, this 
is a contradiction with the fact that the eigenfunction associated with the first eigenvalue 
does not change its sign in 92. 


15.2. Picone’s identity for equations with p-Laplacian 


Picone’s identity as presented in this subsection was proved in [118]. However, this identity 
can be found in various modifications (sometimes implicitly) also in other papers, e.g. in 
[9,10,83]. 

Consider a pair of partial differential operators with p-Laplacian 


I[u] := div(r(x)||Vul]?-2Vu) + c(x)®(u) = 0 
and 
Llu] := div(R(x)|| Vul]? ?Vu) + C(x) ®(u) = 0. 


It is assumed that r,c, R, C are defined in some bounded domain G C R% with piecewise 
smooth boundary 0G and that r, R € C! (G) are positive functions in G, andc,C €C(G). 
The domain D;(G) of / is defined to be the set of all functions of the class C!(G) with 
the property that r||Vul|?-2Vu € C!(G) M C(G). The domain D,(G) of L is defined 
similarly. 

The proof of the below given N-dimensional extension of Picone’s identity is similar to 
that given in Section 1. 


THEOREM 15.3. Letu € Dj(G), v € DL (G) and v(x) £0 for x € G. Then 


tiv( [S(v)r(x)||Vul|??Vu — PW )REMIVUI? 0] 


p-2 7 
(wn (“vv) | 
v 


= [r(x) — R@)J Vall? + [C@&) — c@)]lul? 


a Roo |v? pips p|*ve 


P Uu 
- p|*ve 
v 


u 


7 P(v) 


[@(v)l[u] — ®(u)L{v]]. 
Taking r = R, c= C in the previous theorem, and using the fact that if v is a solution of 


[[v] = 0 for which v(x) 4 0 in G, then the function w = reolvulF ve is a solution of the 
Riccati-type partial differential equation 


divw +c) + (p— Dr'%(x)I]wI4 =0, q=—, 
a 
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we have Picone’s identity in the special form 


r(x)||Vull? — c(x)|ul? 


a div(w(x)|u|?) + pr'~4 (x) P(r?! (x) Vu, w(x)®(u)), 


where 


_ [xll? lly Il 


q 


P(x, y) — (x,y) + 


As a consequence of Theorem 15.3 we have the following extension of the Leighton 


comparison theorem. The proof of this statement is again similar to the “ordinary” case, 
compare Section 8.1. 


THEOREM 15.4. Suppose that the boundary 4G is of the class C'. If there exists a non- 
trivial solution u € Dj(G) of I[u] = 0 such that u=0 on 0G and 


[lace -reojivar - [C(x) — e(a)]lul?} dx <0, 


then every solution v € Di (G) of L[v] = 0 must vanish at some point of G, unless v is a 
constant multiple of u. 


Another consequence of Picone’s identity is the following Sturmian separation theorem. 


THEOREM 15.5. Suppose that G is the same as in the previous theorem and there exists 
a nontrivial solution u € Dj(G) of l[u] = 0 with u = 0 on OG. Then every solution v of 
I[u] = 0 must vanish at some point of G, unless v is a constant multiple of u. 


REMARK 15.1. (i) There exist numerous papers dealing with various oscillation and spec- 
tral properties of PDEs with p-Laplacian. We recall here at least the papers [12,18,47,48, 
70,75,80], but this is only a very limited sample of papers where equations with the p- 
Laplacian are treated. 

(i1) If we study properties of solutions of PDEs with p-Laplacian 


div(||Vul|?~-?Vu) + c(x)P(u) =0 (15.9) 
in a radially symmetric domain G = Br = {x € R™: |x|] < R} with a radially symmetric 


potential c, i.e., c(x) = b(||x||) for some b: R4 — R, then one can look for solutions in the 
radial form u(x) = v(r) = v(||x||) and then v solved the ODE of the form (0.1) 


This method of the investigation of oscillatory properties of (15.9) has been used, e.g., in 
[70,136], see also the references given therein. 
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15.3. Second eigenvalue of p-Laplacian 


In this subsection we briefly mention the results of the paper [13] which deals with the 
variational description of the second eigenvalue of p-Laplacian and with a nodal domain 
property of the associated eigenfunction. We again suppose that 2 is a bounded domain in 
R". 

We consider the eigenvalue problem (15.2) and we introduce the functionals 


1 1 
Aw == f Vu? dx, Bw =— f lu|? dx, 
PJIQ PJIQ 


F(u) = A*(u) — B(u). 


It is clear that the critical point u of F associated to a critical value c (i.e., F(u) = c and 
F'(u) = 0) is an eigenfunction associated to the eigenvalue 


1 
Ie 


Conversely, if u #0 is an eigenfunction associated to a positive eigenvalue A, v = 
1 
1 


A= 


and v is a critical 


(2AA(u)) ?u will be also an eigenfunction associated to 4 = 


TAQ) 
point of F associated to the critical value c = — ee 
Let us consider the sequence {cy}nen defined by 
Cn = inf sup F(v), (15.10) 


KEAn veK 


where 
An = {K € Wy’? (2): K symmetrical compact and y(K) > n} 


and y(K) denotes the Krasnoselskii genus of K, i.e., the minimal integer n such that there 
exists a continuous odd mapping of K — R” \ {0}. It can be proved (using the Palais—Smale 
condition for F’) that the sequence c, consists of the critical values of F and c, — 0—. The 
sequence of eigenvalues A, defined by 


1 
ha = T= (15.11) 
is positive, nondecreasing and tends to oo. Note that it is an open problem whether (15.11) 
describes all eigenvalues of (15.2) (in contrast to the scalar case N = 1, compare Sec- 
tion 13.2). 
We denote by Z(u) = {x € 2: u(x) = 0} the so-called nodal contour of the function u 
and let N(w) denote the number of components (the so-called nodal domains) of 2 \ Z(u). 
For each eigenfunction u associated to 4 we define 


N(A) = max{N(u): w is a solution of (15.2)}. 
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Now, at the end of this subsection, we present without proof the main result of [13]. 
In contrast to the scalar case, it is not known whether (15.10) and (15.11) describe all 
eigenvalues of (15.2). The next statement shows, among others, that the second eigenvalue 
Az can be characterized by (15.11). 


THEOREM 15.6. For each eigenvalue d of (15.2) An@) <4. Moreover, the value X2 given 
by (15.11) satisfies 


AQ= inf {A: A positive eigenvalue of (15.2), 4 >A4 I. 


15.4. Equations involving pseudolaplacian 


Another partial differential equation which reduces to half-linear equation (9.1) in the “or- 
dinary” case is the partial differential equation with the so-called pseudolaplacian 


a 
A,u:= ¥ —o( — ). 
Sd 
We consider the partial differential equation 


Apu +(x) ®(u) =0 (15.12) 


and the associated energy functional 


N 
Fy (us aim fd 


i=1 


P 
a . coor | dx 
Ox; 


=f tuvuip — ccapiut?y ax 


where ||x||p = Oo |x;|?)!/? denotes the p-norm in R%. Another important object as- 
sociated with (15.12) is a Riccati-type equation which we obtain as follows. Let u be a 
solution of (15.12) which is nonzero in 2 and denote 


GG) a 
v:=|{@| —],...,@ ; w:= ——. 
Ox] OXn P(u) 


Then, using the fact that (15.12) can be written in the form div v = —c(x)®(u), we have 


divw = D(u) divv — &'(u)(Vu, v)} 


= Pw! 
ia p-2 
= —c(x) — (p— 
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0 (Any) 
u 


= —e(x) —(p—DllwllZ, 


N 
=-c(x)-(p-)>> 


i=1 


where (-,-) denotes the usual scalar product in R, g := aa is the conjugate exponent 


of p and ||x||g = ess |x;|7)!/4 denotes the g-norm in R%. Consequently, the vector 
variable w satisfies the Riccati-type equation 


div w + c(x) + (p— 1)||w||Z =0. (15.13) 

For Equation (15.12) we can establish oscillation theory and theory for eigenvalue prob- 
lems similar to that for classical p-Laplacian. An important role in this theory is played by 
the following Picone-type identity. For its proof and other results concerning PDEs with 


pseudolaplacian we refer to [25,26,28,62] and the reference given therein. 


THEOREM 15.7. Let w be a solution of (15.13) which is defined in 2 and u € W':P(Q). 
Then 


Fy(u: 2)= f |u(x)|? w(x) dS 
a2 


P 
pf {OTe — (wuts), &(uo))w(0) 


2 lwr)IGlP ux) |4 fie 
q 


Moreover, the last integral in this formula is always nonnegative, it equals zero only if 


u#0in Q and 
@ : 
OXn 


1 ( (=) 
w= ——| &( — }...., 
P(u) Ox 


16. Half-linear difference equations 


In the last two decades, a considerable attention has been devoted to the oscillation theory 
of the Sturm—Liouville difference equation 


A(reAXk) + cexK+1 = 9, (16.1) 
where Ax, = x41 — Xz is the usual forward difference, r, c are real-valued sequences and 


rp # 0. Oscillation theory parallel to that for the Sturm—Liouville differential equation (1.1) 
has been established and almost all oscillation and nonoscillation criteria have now their 
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discrete counterparts for (16.1). We refer to monographs [1,6,124] for general background. 
Basic tools of the linear discrete oscillation theory are the discrete quadratic functional 


N 
Fa(x;0,N) = >— [re(Axn)? — cexgyi], 
k=0 
the Riccati difference equation (related to (16.1) by the substitution w = rAx) 
Awx + cK + ws 0 (16.2) 
W Cc = 
k k re + Wh 


and the link between them, the (reduced) discrete Picone identity 


N 

ANG 1 
Fa(x; 0, N) = weyz | ¥ +> 
k=0 


7k AXk — WkXk 
rk +w Y 


w being a solution of the Riccati equation, which is defined fork =0,..., N+ 1. 

A natural idea, suggested by similarity of oscillation theories for linear equation (1.1) 
and half-linear equation (0.1), is to look for half-linear extension of these results and to 
establish a discrete half-linear oscillation theory parallel to that for (0.1). Therefore, the 
subject of this section is the half-linear difference equation 


A(reP(Axk)) + ckP re+1) = 0, (16.3) 


where r, c are real-valued sequences and r; 4 0. We will see that the results for (16.3) are 
similar to those for (0.1), but the proofs are sometimes more difficult. The reason is that the 
calculus of finite differences and sums is sometimes more cumbersome than the differential 
and integral calculus. For example, we have no discrete analogue of the chain rule for the 
differentiation of the composite function. On the other hand, there are some points where 
the discrete calculus is “easier”, for example, if an infinite series }~~° ag is convergent, 
we have limps oo dn = 0, while the convergence of the integral [ © f(t) dt gives generally 
no information about lim; f(t). Most of the results of this section are taken from the 
papers of Rehak [194-199]. 


16.1. Roundabout theorem for half-linear difference equations 


The basic results of the discrete half-linear oscillation theory are established in the series 
of papers [194-199]. Here we present principal results of this theory. 

First of all, let us note that in contrast to the continuous case, there is no problem with 
the existence and uniqueness for solutions of (16.3). Expanding the forward differences, 
this equation can be written as 


kp 1 P (XK42 — X41) — EP (XK — XK) + KP (XK41) = O 
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and hence 


= 1 
Xk+2 = X41 +P '(- [reP rer — x4) — (0): 
+ 


This means that given the initial conditions x9 = A, x1 = B, we can compute explicitly all 
other xz. Moreover, given any N €N, the values x2,...,xy depend continuously (in the 
norm of RN— ry on x9, x1. Let us also emphasize that general discrete oscillation theory can 
be established under the mere assumption r; 4 0, while we have to suppose that r(t) > 0 
in the continuous case. 

Oscillatory properties of (16.3) are defined using the concept of generalized zero points. 
We say that an interval (m,m + 1] contains a generalized zero of a solution x of (16.3) if 
Xm #0 and XmXm+ilm <0. Ifrm > 0, a generalized zero of x is just the zero of x atm-+1 
or the sign change X)Xm+1 <0. 


THEOREM 16.1. The following statements are equivalent: 
(1) Equation (16.3) is disconjugate on [0, N], i.e., the solution x given by the initial 
conditions xo = 0, ro®(x1) = 1 has no generalized zero in (0, N + 1]. 
(11) There exists a solution of (16.3) having no generalized zero in [0, N + 1]. 
(iii) There exists a solution w of the Riccati-type difference equation (related to (16.3) 
by the substitution wx = rp (Axx /Xxx)) 


rk 
A 1 — ———_—————— ] = 0 16.4 
meter + oe( ao on) oe 
which is defined for every k € [0, N + 1] and satisfies ry + wz > 0 for k € [0, N]. 
(iv) The discrete p-degree functional 


N 


Fa(y;0,N)= D> [relAyal? — celyeeil?] 
k=0 


is positive for every nontrivial y = ye satisfying yo = 0 = yn41. 


PROOF. (i) > (11): Consider the solution x of (16.3) given by the initial condition x9 = , 
x, = ®~!(1/ro), where ¢ > 0 is sufficiently small. Then according to the above men- 
tioned continuous dependence of x2,...,xN41 On x0, x1 we still have rpxpxp+1 > 0, 
k=1,...,N, when ¢ > 0 is sufficiently small, and rox9x1 > 0 as well, i.e., the solution x 
has no generalized zero in [0, N + 1]. 

(11) = (iii): Let x be a solution of (16.3) having no generalized zeros in [0, N + 1], and 
let wp = ae Then 


= A(rgeP (Axx) P (xg) — 1B (Axx) (P (X41) — (XK) 


Awk 
P (Xk-41) P (Xk) 
Se clige Siig) eNOS CS ag) ast tn eR 
P (xp + Axx) P (xz) O(1 + SH) 
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1 
Tees m( ~ @U+ =) 


=a Seta ra) 
Moreover, rpxgxe41 > 0S rp P (xz) P (x41) > O and 
TED (XK )D (Xk 1) = KP (XK) P (XK + AxK) 
= euo(o'n) ip ony) 
=P? (xp) B(B (rg) + B | (wx), 


hence rpxxxK41 > 0 1f and only if D-!(r,) + ©! (wx) > O, i.e., if and only if rz, + wz > 0. 
(iii) = (iv): Let w be a solution of (16.4) such that 7, + wy > 0,4 =0,..., N. Then 


Vk Wk 


k+l = —Ck FEET) + BT we) 


and for any sequence y = {yx} AB we have 


A(welyel?) = wesilyeril? — welyel? 


reWk| Yk + Ayg|? 
D(D-! (we) + Bl (r4)) 
— welyel? + relAyel? — rel Ayel?. 


= —cxlyegil? + 


Using the fact that yo = 0 = yy+1, the summation of the last equality from k = 0 tok = N 
gives 


TKWK|Vk + Ayg|? 


Fa(y; 0,N) =rg|Ayx|? — ——— 
daly )=rx|Ayze| POG) es 


— wxly«l?. (16.5) 


The right-hand side of (16.5) is always nonnegative and it is zero if and only if w, = 
rp (Aygx/ yx) (see [195]), but this means that y = 0 since yo = 0. Hence Fy(y; 0, N) > 0 
for every nontrivial y with yo = 0 — yy41. 

(iv) => (i): Suppose that Fy > 0 and (16.3) is not disconjugate in [0, N + 1], ie., the 
solution x given by the initial condition x9 = 0, x} = ®~!(1/ro) has a generalized zero in 
the interval [0, N + 1], Le., rmXmXm+1 <0 or Xm+1 = 0 for some m € {1,..., N}. Define 


y= {ye} as follows 


| Xk, k=0,...,m, 
ae Le = ee 


Half-linear differential equations 341 
Then we have (using summation by parts applied to Fg(x; 0,m — 1)) 


Fa(y; 0, N) = Fa(x; 0,m—1)+ [rml Aym|? | = re® (Ax) XK |p + rm |xml? 


D(AXxm) 


Se Bl 
lXm| E D(Xm) 


+r _ [xm l? [wm + Pm] <0 


since Wm + rm < 0 if and only if 7mXmXm+1 <0 as we have shown in the previous part of 
this proof. 


REMARK 16.1. (i) The previous theorem shows that (16.3) can be classified as oscillatory 
or nonoscillatory in the same way as in the continuous case. Equation (16.3) is said to be 
nonoscillatory if there exists N € N such that (16.3) is disconjugate on [N, M] for every 
M > N, in the opposite case (16.3) is said to be oscillatory. 

(11) Theorem 16.1 also shows that not only Sturmian separation, but also Sturmian com- 
parison theorem extends verbatim to (16.3). In particular, if 0 A Ry < rz and Cy > cx for 
large k and the equations 


A(Rx®(Ayg)) + Ce® (ve41) = 0 
is nonoscillatory, then (16.3) is also nonoscilatory. The argument in the proof of this state- 
ment is the same as that for (0.1). 
16.2. Discrete Leighton—Wintner criterion 


In this criterion, similarly as in the continuous case, Equation (16.3) is viewed as a pertur- 
bation of the one-term equation 


A(rp® (Axg)) = 0. (16.6) 
In accordance with the continuous case, we need (16.6) to be nonoscillatory in this ap- 
proach, so we suppose that r; > 0 for large k, otherwise this equation is oscillatory—each 


sign change of r; is a generalized zero of the constant solution x, = 1. 


THEOREM 16.2. Suppose that rx > 0 for large k, 


CO 


[oe 
Yin 7 =00 and YS cy =00. (16.7) 
Then (16.3) is oscillatory. 


PROOF. We present here the complete proof in order to show that its idea is exactly the 
same as in the continuous case. Let N € N be arbitrary. Define the class of sequences 


DIN) :={y={yd ey. yy =0, IM > N: ye =0 fork > M} (16.8) 
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and for N <n <m < M (which will be determined later) define a sequence y € D(N) as 
follows 


0, een 
(So Oe eae ieee 
j=N"j j=NTj , <k<n, 
eas n+1<k<m-l, 
M-1 1 M-1_1 1 
Oo Ue an te S RR MT, 
0, k>M. 
Then we have 
eS M-1 
Faly; N,00) =) [relAyel? —cxlyenil?] = D7 [rel vel? — celyeail?] 
kN k=N 


n—1 m-1 M-1 


yo+ + & )fntant? abut 


(x k=n = k=m 


n=l “lope m=1 M-1 
1-— 
re ‘ — So celyesil? — do ce — DS calyeril? 


k=N k=n k=m 


Now, using the discrete version of the second mean value theorem of the summation cal- 
culus (see, e.g., [57]), there exists m € [m — 1, M — 1] such that 


M-1 m 
Yo celyeril? > Do ce. 
k=m k=m 


Let n > N be fixed. Since (16.7) holds, for every ¢ > 0 there exist M > m >n such that 


ma M-1 -l 
Yo cx > Fa(y; N,n—1)+e whenever m > m and ( ss nt) <é. 


k=n k=m 


Consequently, we have 


in M-1 -1 
Faly; N,0) < Faly; Nn — b-Yar(Se) <0 


k=n k=m 


what we needed to prove. 
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In Section 9 we have presented an alternative proof of the continuous Leighton—Wintner 
criterion—based on the Riccati technique. Next we show difficulties in the attempt to fol- 
low this idea also in the discrete case. The “Riccati” proof goes by contradiction. Suppose 
that (16.7) holds and (16.3) is nonoscillatory, i.e., there exists a solution of (16.4) satisfy- 
ing ry + wz > O for large k. The summation of (16.4) from N to k — 1, where N,k are 
sufficiently large, we have 


ee a oY (oe ee 
We = WN DSi yw (1 eo) 


: 
<- i 1-— nee) =: Gx. 
zi BOM j)+ Ow)” 


In the continuous case we obtained the analogous inequality 


t 
w(t) <-(p- vf r!~4(s)|w(s)|* ds =: G(r) 
T 


which leads to the inequality 


G'(t Iq 
Eis ae (16.9) 
G4(t) nae 862) ds 
and integrating this inequality we got [ * +!~4(t) dt < oo, a contradiction. 

The discrete analogue of (16.9) is the inequality wy < G, and to get a contradiction 
from this inequality is a difficult problem even in the linear case p = 2. 


16.3. Riccati inequality 


The equivalence of disconjugacy of (16.3) and solvability of (16.4) (satisfying rz, + wz > 
0), coupled with the Sturmian comparison theorem for (16.3) mentioned in Remark 16.1, 
lead to the following refinement of the Riccati equivalence. 


THEOREM 16.3. Equation (16.3) is nonoscillatory if and only if there exists a sequence 
wk, with rp + wz > 0 for large k, such that 


7 is, pad ee, 
R[w x] := Avi bot un(( soe <0. (16.10) 


PROOF. The part “only if” follows immediately from Theorem 16.1. For the part “if”, let 
us denote /[ux] := A(rg®(Aug)) + cx (ugs 1). We will show that if there exists uz, such 
that 


reugues, >O and ugajllug] <0 (16.11) 
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for k €[N, oo), N EN, then (16.3) is disconjugate on [N, oo) and thus nonoscillatory. 
Therefore, suppose that a sequence ux satisfying (16.11) on [N, 00) exists. Then S_ := 
—ux+1l[ux] is a nonnegative sequence on this discrete interval. Further, set r, = rz, and 
Ck = CK — Sk/|uR+1|?. Hence cz, > cz and 


S 
nD ac =0. 


A (FP (Aug)) + EP (Ung1) = A(reP (Aug) + (« > 
|ux+i|? 


Thus equation A(7,@(Aux)) + CrP (uz+1) = 0 is disconjugate on [N, oo) and therefore 
(16.3) is also disconjugate on [N, oo) by Sturm comparison theorem. 

To finish the proof, it remains to find a sequence ux satisfying (16.11). Let w, satisfy 
(16.10) with rz; + wz > 0 on [N, oo) and let 


k-1 
ue=][ (+1 @j/r)), k>N, 
J=N 


be a solution of the first order difference equation 
Aug= 7! (wy/re uk, un =1, 


Then uz 4 0 since 


14+ 07! (wy/rx) = Dl (rg) +B! (we)] £0, 


—| 
Bl (rg) 
recall that ®—! (rz) + O~! (wy) > 0 if and only if wy +r, > 0. Further, 


Juxgi|Pre® (Aug) AP (ux) 
us tl[uK] = uepi[A(re® (Aug) + ce® (Ur+1)| — OO 


PD (ug) P (Uzi) 
Juxsi|Pre® (Aux) AP (ug) 
P (ug) P (Uzi) 
A(rg® (Aug))P (ug) — re (Aug) AP (ux) 
= Ug BU) a 
PD (ug) P (Uzi) 
al P (ug) ) 
lead Cee ee | 
PN ES Epa) Pues 
= |ug+i|? R[ wx] <0, 
: — reP(Aug) 
for k €[N, 00), since wy = Se TCT aE and 
PD (ux) 1 rk 


Pues) BUF S48) SOM )+ OM) 


This completes the proof. 
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16.4. Hille—Nehari nonoscillation criterion 


The following theorem is the discrete version of Theorem 5.4. This statement is one of the 
main results of [71]. 


THEOREM 16.4. Suppose that rg > 0 for large k, ~~ ce = limp oo 3 cj; is convergent 
and 


1—-q 
rr eee (16.12) 
k>00 yo nee 
If 
k-1 P-17 o& =i 
- iy psry? 
limsup ( )>r;~4 dicj <2 (2=*) (16.13) 
k-0o Gk P P 
and 


k-1 P-17/ & Pen ee 
imine Yor) (So«j) = —22=*(224) (16.14) 


then (16.3) is nonoscillatory. 


PROOF. It is sufficient to show that the generalized Riccati inequality (16.10) has a so- 
lution w with rz, + wz > 0 in a neighborhood of infinity. We recommend the reader to 
compare this proof with the proof of Theorem 5.4 to see difference between discrete and 
continuous case. 

Set 


k-1 I-pw 
w=e(Se] +> ej, (16.15) 
j=k 


where C is a suitable constant, which will be specified later. The following equalities hold 
by the Lagrange mean value theorem 


k-1 l-p 
l-q l-q_-—p 
a( ) Pe =(1-p)r, *n,", 


where )*~! r Be ie a Similarly 


rk 


(pe ee 
D(D-!(r~) + O-! (wy) 
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= 1 
BB") + Bl (wy)) 


2 p=! 
~ @(@-l(rp) + -!(wy)) 


{®(@-\(ru) + B!(we)) — O(@! (rx) 


E/P- 7" (we), 
where & is between ®~!(7,) and ®—! (rz) + ®—! (wy). Hence 


Do" (rg) —|@7! (we)| < & < O! (re) + |B" (wx)| 


and 


c+(Er)" (Sah 


jk 


I= -1 
|we| se: ( ry q ) 
= k—-1_1-q 
rk ; 
ao ay 


Hence w ;/rz > 0 for k > oo according to (16.12), (16.13) and (16.14). 
Further, we have 


rk 
pe a(t ~ SV) + im) 
en teg —p , — (P— DiwelteP? 
eee CoE RIC) 
= [welt lg lP2rg C 
Sipe re 4 CHEE 
ee cores eres) np 


= = ee a = ~1 
, ria fee 11 1) Oc glt Eel rd 


1 ————— ay 
TEE ap D(P-!(r~) + O—!(wy)) 


oa pe | 


P 
k-1 P-l17/ & 
1 
c+( rj ; ( ) “) 
jak 


Nk 


Vk — a ae 


: Snare 
Oo ry yp 


Pall de lyr, 4 
OD a 


where 


—2,,1-q 
l&x |? “ry 


eS OO) +O (we) 
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Concerning the asymptotic behavior of this sequence and of ede d ns 4y(>* i 4)-1. 
we have 


since (16.12) holds. Further, 
él? -2rp 4 re (D1 (ry) + ©! (wel)? - 
BP" (ry) +O—"(wy))  — B(G" (ru) — S"(Qwx)) 


as k — oo since Hol — 0ask —> oo. Consequently, 


lim sup yz < I. (16.16) 


k->0o 


Now, inequalities (16.13), (16.14) imply the existence of ¢ > 0 such that 


2p—1fp—1\?"! 
-=2=1(2=*) ‘esis 
Pp Pp 


k-1 P-1 7 0 p-l 
l-q 1 p-1 
<< ( y Er: ( y «/) < -(2—) —€ (16.17) 
jak Pe 


1 
for k sufficiently large. Let % =y,’, € = (ser and let C= (ey in (16.15). Ac- 
cording to (16.16) %< a for large k and 


1 Dp pol 
e<—az i> |1-(2) eh 
1l-—é p-1 
| pr) =] p-l 1 1 p-l is 
= (5) GEN 
P Pp p P p-l 
Pp 
= Ta 4S?" tp eae" 7 
el (arre aa | Graw tars Gre es 
P Pp P\ Pp 
1 
Cl7—-ChH 1fp—1\?"! 
a Soh, Ae) = 


Vk P 


Therefore, the second inequality in (16.17) implies 
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By a similar computation (using the first inequality in (16.17)) we get 


-ct fer)" (Eo) p 


Consequently, 


(Ey (Ee) 


for large k and hence R[w ;] < 0. Finally, since rz > 0 and wx/rz, — 0 as k > ov, we have 
rp + wz > 0 for large k and the proof is complete. 


q 
<C 


REMARK 16.2. If we compare the previous statement with Theorem 5.4 (which is a con- 
tinuous counterpart of this theorem), we see that assumption (16.12) has no continuous 
analogue. This is a consequence of the fact that we have no equivalence of the differen- 
tiation chain rule in the discrete case, and its partial discrete substitution—the Lagrange 
mean value theorem—need additional assumptions. 


16.5. Half-linear dynamic equations on time scales 


By a time scale T (an alternative terminology is measure chain) we understand any closed 
subset of the real numbers R with the usual topology inherited from R. Typical examples 
of time scales are T = R and T = Z — the set of integers. The operators p,o :T — T are 
defined by 


1 


o(t)=inf{s ET: s >t}, p(t) =sup{s ET: s <t} 

and are called the right jump operator and left jump operator, respectively. The quantity 
[L(t) = o(t) —¢ 1s called the graininess of T. If f :T — R, the generalized A-derivative is 
defined by 


fla(s)) — FM 


st, o(s)At o(s)—t 


fMO= 


and f4(t) = f(t) if T=Rand fA(t) =Af() = ft+)— fo. 


Now consider the linear dynamic equation on a time scale T 
(r(t)x4)* + c@)x? =0, (16.18) 
where x° =xoo andr,c:T —> R, and its half-linear extension 


(r(t)@(x4))* + c()@(x7) =0. (16.19) 
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Obviously, (16.19) reduces to (0.1) if T = R and to (16.3) if T = Z, respectively. The basic 
facts of the time scale calculus can be found in [109] and the general theory of dynamic 
equations on time scales is presented in [29,30]. 

Concerning (16.18), oscillation theory of this dynamic equation is established in [97]. 
The half-linear extension of this theory can be found in the recent paper [200], where it is 
shown that under the assumption r(t) 4 0, the times scale Riccati equation 


w + c(t) + Slw, r](t) = 0, 


where 


S[w,r](@¢) =. lim {00 pee}: 
Asp) A &(@-!(r(t))) + A@—! (w(t) 


and the p-degree functional (involving the time scale integral) 


b 
Feysa.b)= f [r(t)|y4|? —c@)|y? |? ]At 


a 


play the same role as their continuous and discrete counterparts. We refer to the above 
mentioned paper [200] for details. 
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Abstract 

This paper constitutes a short survey of the subject of radial solutions for quasilinear elliptic 
partial differential equations where the underlying domain is either a ball, an annular region, 
the exterior of a ball, or the whole space. In case the dependence of the equation on the 
independent variable is only in the radial direction, special solutions of such equations may be 
sought which depend only on the radial variable and as such are solutions of a boundary value 
problem for an associated nonlinear ordinary differential equation. 
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1. Introduction 


In this paper we provide a survey of several results concerning radial solutions of qua- 
silinear partial differential equations where the independent variable is a spatial variable 
varying over a domain with radial symmetry, such as a ball centered at the origin, an an- 
nular domain determined by concentric spheres centered at the origin, an exterior domain 
exterior to a ball, or the whole space. If the equation at hand also has the property that 
the dependence upon the independent variable is radial, then special radial solutions of the 
problem at hand may be sought and it is often the case that certain solutions having special 
properties, in fact, must be radial solutions. 

The situation is well illustrated by the very classical problem of finding the radial eigen- 
values and eigenfunctions of the Laplace operator subject to zero Dirichlet boundary condi- 
tions on the unit disk in the plane. Another illustration is the following classical Liouville— 
Gelfand problem which is concerned with the existence of positive solutions of the equa- 
tion 


A Ae’ = 2 
| utre’=0, xe, (1.1) 


u=0, xE€dL, 


where A > 0 and @ is a bounded domain in RY. If it is the case that 2 = {x e RY: 
|x| < 1} := B,(0), then it is reasonable to ask whether Equation (1.1) has solutions which 
only depend upon the radial variable. It follows from the maximum principle for elliptic 
equations that solutions of (1.1) can only assume positive values in the interior of the 
domain and then it follows by the classical result of Gidas, Ni, and Nirenberg [50] that all 
solutions of (1.1) are radially symmetric and (1.1) is equivalent to the ordinary differential 
equation’s boundary value problem 

a Naty’ the" =0, re(0,b, (1.2) 

u’(0) =u(1) =0, 


for the profile u(r) = u(|x|). Note that the originally discrete parameter N is now allowed 
to vary continuously. The results of [50] are valid for much more general situations and it 
follows that if f :IR — R is a suitably smooth function (e.g., Lipschitz continuous), then 
any positive solution of 
oe xe, (1.3) 
u=0, xE€d, 


with §2 a ball, must be radially symmetric about the center of the ball and similar results 
hold for the case that 2 is the whole space or a suitable exterior domain. It, on the other 
hand fails to hold for the case that 2 is an annular domain, in which case it often may 
happen that radial solutions undergo symmetry breaking bifurcations (some such results 
will be discussed in this paper). 

If it is the case that 


2 ={x eR: 0<a<|x| <5}, 
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then radial solutions of (1.3) are solutions of the boundary value problem 

”" N-1_7 _ 

{" + u'+ fu)=0, re(a,b), (1.4) 
u(a) =u(b) = 0. 


For N = | these problems are amenable to reduction of order methods, and hence may 
be explicitly solved. For other values of N, this is, of course, no longer the case in gen- 
eral and other methods must be employed to study the solution structure of a given equa- 
tion. We shall give a detailed account of problems related to (1.1) and related equations, 
a subject that dates back to Liouville in 1853 [71]. In 1914 Bratu [15] found an explicit 
solution to (1.2) when N = 2. Numerical progress for (1.2) when N = 3 was made by 
Frank-Kamenetskii (see [40]) in his study of thermal ignition problems. Further progress 
for N = 3 was made by Chandrasekhar [20, IV: §22—27], where (1.2) appears as a model 
for the temperature distribution of an isothermal gas sphere in gravitational equilibrium. 
Gelfand [49] built upon Frank-Kamenetskii’s work when N = 3 and used Emden’s trans- 
formation to prove the existence of a value of 4 for which (1.2) has infinitely many non- 
trivial solutions. 

In 1973 Joseph and Lundgren [61] completely characterized the solution structure 
of (1.2) for all N and hence, because of [50] also of the corresponding problem (1.1) 
in the case the domain is a ball. Other related examples arise from a larger class of partial 
differential operators, for example the work of Clément, de Figueiredo, and Mitidieri [22], 
Azorero and Alonso [44], Jacobsen [57], and Jacobsen and Schmitt [59], who consider 
existence and multiplicity results for the model equations 


Aput+rac’=0, x EQ, (1.5) 
u=0, xE€dL2, ; 
where A, = div(|Vu|?~?Vu) is the p-Laplace operator [56,74] and 
pecee x€EQ, (1.6) 
u=0, x€dQ, 


where S,(D?u) is the k-Hessian operator [108], defined as the sum of all principal k x k 
minors of the Hessian matrix D2u. For instance S}(D2u) = Au and Sy(D?u) = det Du, 
the Monge—Ampere operator. 

Note that both equations are extensions of (1.1). In particular, the results of Joseph and 
Lundgren explain the radial case of (1.5) for p = 2 and of (1.6) when k = 1. In [22], the 
authors consider (among other topics) the radial case of both (1.5) for p = N and (1.6) for 
N =2k. 

All of the above problems are simply special cases of the more general family of prob- 
lems 


rV(r@|u' Ful)’ + fa,u)=0, re, 
u>0, ré (0,1), (1.7) 
u’(0) =u(1) =0, 
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or 


r-¥(r|u' Pu) + fQ,uw)=0, re(a,b), 
u>0, ré(a,b), a) 
u(a) =u(b) = 0,7 


where certain inequalities are to be imposed on the parameters involved in the equation. 
Here’ denotes differentiation with respect to r. For instance, if 2 = B, (0) is the unit ball, 
then Equation (1.7) with f(A, u) = Ae” arises from (1.5) and (1.6) as a consequence of 
a priori symmetry results (see [35] for (1.6) and [7] for (1.5)). Similar problems may be 
posed also for exterior domain and whole space problems. 

Much work has also been devoted to boundary value problems and other qualitative 
studies for more general differential operators of the form 


r¥ (r*b(u'))' + fA, u) =0, (1.9) 


where ¢:R — R is an increasing homeomorphism of R, with ¢(0) = 0. Such problems 
arise in a very natural way in diffusion problems where diffusion is governed by rapidly 
growing terms. We shall survey some such problems below. 

In most of the discussion to follow the parameter @ is taken to equal the parameter y 
and is denoted by N — 1, to indicate the partial differential equation origin of the problem, 
where N denotes the dimension of the underlying domain. In the discussion, however, 
N — 1 may simply denote a nonnegative parameter. The equations stated above also may 
depend on other parameters, denoted by 4, which dependence may be in a linear or nonlin- 
ear fashion, thus this parameter may occur as a multiplicative factor or simply as a variable 
in the function evaluation. Should this parameter play no role in the result at hand, we 
simply shall suppress the dependence. 

The paper is organized as follows: We first discuss boundary value problems on a ball 
related to the differential operator (1.9) and rely mainly on the recent work in [45—-47,54, 
53]. We then proceed to discuss problems on annular domains based on some work in [9,10, 
25,30,29,74]. Next, we present a detailed discussion of Gelfand type problems. Following 
the Gelfand case study we return to general theory and present a range of related topics 
including some classical oscillation and nonoscillation theorems, problems for which radial 
solutions can undergo symmetry breaking bifurcations (relying on work in [67,68,80-82]), 
and problems concerning radial ground states of problems defined in all of space. 

We shall denote by || - || the supremum norm in C[a, b] for any interval [a, b] CR. 


2. Boundary value problems on a ball 
2.1. Introduction 


In this section, we consider the existence of positive solutions for the boundary value prob- 
lems 


Coo Oe aks (2.1) 


u’ (0) = u(R) = 0,7 
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where ¢ is an odd increasing homeomorphism on R and A is a positive parameter (i.e., we 
consider the case that a = y = N — 1). 
As pointed out before, Equation (2.1) arises in the study of radial solutions for quasilin- 
ear elliptic boundary value problems of the form 
Pe ee xER, (2.2) 
u=0, xE€dL2, 


where @ is a ball of radius R in RY. 

We first discuss existence results for (2.1) when f (0) = 0. These results are of bifurca- 
tion type and are based on the work [45,46]. We then discuss the cases when f (0) < 0 or 
f() > 0, and f is @ superlinear at oo. In the former case there exists a positive, decreas- 
ing solution to (2.1) for A small. The asymptotic behavior of the solution (as 4 > 0) will 
also discussed. This generalizes the results in [19,2] (see also [100]) in which ¢(x) =x, 
and complements those in [31,74] where similar problems were considered on an annulus. 
In the latter case, there exists a positive number A* such that (2.1) has at least two positive 
solutions for A < A*, at least one for 4 = A*, and none for 4 > 4*. This result complements 
corresponding results in [3,29] on annular domains. We refer to [100] for the literature on 
problem (2.2) with A(x) = x on bounded domains. The approach used here depends on 
degree theory and also uses results about upper and lower solutions. Such results can be 
found in, for example, Lloyd [72], Berger [13], Deimling [32], and Schmitt [99]. 


2.2. The case when f (0)=0 
The prototypical example in this case is the partial differential equation 


P= 
ae 0, xe, (2.3) 


u=0, x€E€d2, 


where p > 1. Note that u = 0 is a solution to (2.3). One approach to finding nontrivial 
solutions is to consider it as a perturbation of an eigenvalue equation 


Au+au+u? =0, (2.4) 
and study solution continua, i.e., curves in the solution set 
S={(A,u): (A, uw) satisfies (2.4)}. 


For instance, if S contains a point (0, w) with u 4 0, then we obtain a nontrivial solution 

to (2.3). Viewing (2.1) with this motivation, we now consider the equation 

_.1-N(,.N-1 a ry\! 

rl NN lo’)) =Aptu) + gQ.u), O<r<R, (2.5) 
u’ (0) =u(R) = 0, 
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where ¢:IR > R and w:R — R are odd increasing homeomorphisms of R, which both 

vanish at the origin. We further assume that g(A, 0) = 0 for all A € R. A solution to Equa- 

tion (2.5) is a function u € C![0, R] with ¢(u’) € C![0, R] which satisfies (2.5). 
Furthermore we will require that ¢, w satisfy the asymptotic homogeneity conditions: 


ie ge? for allo € R,, for some p > 1, (2.6) 
s—>0 w(s) 
and 


mm $29) gt 
s>too W(s) 


for allo € Ry, forsome gq > 1. (2.7) 


We note that if the pair ¢,  W satisfies the asymptotic homogeneity conditions (2.6) 
and (2.7), then the function @ satisfies both of these conditions with yw replaced by @ 
and also y satisfies both of these conditions with ¢ replaced by w. Such conditions appear 
in a variety of contexts (see, e.g., [95]). 

Let u(r) be a solution of (2.5). By integrating the equation in (2.5) we see that u(r) 
satisfies the integral equation 


R 1 XY 
u(r) = i eo! a / ENN (Aw (u(E)) + g(a, u€))) ae| ds. (2.8) 
r 0 
This equation will be fundamental for much of the subsequent analysis. 


2.2.1. Index calculations. Let us consider (2.5) with g = 0: 


ei he =Ayv(u), O<r<R, (2.9) 
u'(0) =u(R) = 0. 


A value 4 such that (2.9) has a nontrivial solution is called an eigenvalue of (2.9). 
From (2.8) it follows that u is a solution if and only if wu is a fixed point of the completely 
continuous operator T* : C[0, R] + C[0, R] defined by 


R 1 Ss 
renin = [ ola eta (ue) a] a (2.10) 


If $(t) = W(t) = |t|?~7t, then it is known that the eigenvalue problem (2.9) has a se- 
quence of eigenvalues {A,, = Am(p), m= 1,2,...}, with A»(p) > oo, as 4 > oo, and 
this set has been completely described (see, e.g., [34,36] and the earlier papers [4,69]). We 
need the following lemma from [46]: 


LEMMA 2.1. Consider the problem (2.9). 
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If (2.6) holds, then the Leray—Schauder degree of I — T*. is defined for B(O, €), (the 
open ball centered at zero with radius ¢ in C[0, R]), for all sufficiently small ¢. Fur- 
thermore we have 


1, A<Ai(p), 


Xr a 
deg, s(7 — T*, BO, £), 0) = | (-1)™, 2 € (Am(p), Am+1(P))- 


(2.11) 


If (2.7) holds, then the Leray—Schauder degree for I — T” is defined for B(0, M), for 
all sufficiently large M, and a similar formula to (2.11) holds, namely 


1, A<A1(q), 


(-1!, Ae (aq), Av @)). aa 


deg, (1 — T*, B(O, M), 0) = | 


where {hi(q), |= 1,2,...} is the set of eigenvalues of (2.9) with o(t) = W(t) = 
\t|-7¢. 


Lemma 2.1 may be applied to obtain an existence result for nontrivial solutions. 
THEOREM 2.2. Consider problem (2.9) and suppose that ¢, W are odd increasing home- 
omorphisms of R with (0) = 0 = w(0), which satisfy (2.6) and (2.7) with p # q. Assume 
that for some j € N, 4j(p) #4; (q) and that i € (A, B), where A = min{A;(p), 4; (q)} 
and B = max{dj;(p),4;(q)}. Assume furthermore that (A, B) does not contain any other 
eigenvalue from {Am(p)} or {Am(q)}. Then problem (2.9) has a nontrivial solution. 
PROOF. Assuming for example that 4. ;(q) > 4;(p), it follows from Lemma 2.1 that 

deg, 5(I — T*, B(O, €),0) =(-D/, (2.13) 
for € > 0 small, and that 


deg s(1 — T*, BO, M),0) =(—1)/", (2.14) 


for M large. Thus combining (2.13) and (2.14) with the excision property of the Leray— 
Schauder degree, we obtain that 


deg, 5(I — T*, BO, M) \ BO, 2), 0) £0, (2.15) 


yielding the existence of a nontrivial solution with ¢ < ||u|| < M. 


This theorem suggests the existence of a branch of solutions to (2.5) connecting 
(A;(p), 0) with (Aj; (g), 00), for each j € N, generalizing the well-known property for the 
homogeneous case. We will return to the structure of the eigenvalue set in Section 2.2.4. 
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Fig. 1. Possible continua of Theorem 2.2. 


2.2.2. On initial value problems. In this section we discuss some results for the initial 
value problem associated with (2.5), i.e., 


—r!-N(rN-l gv’) =Avw)+gQ,u), O<r<R, 
u(0) =d, (2.16) 
u’(0) = 0, 


which will be needed in the next section. Throughout we shall assume that 
ug(A,u)>0, forallA,weR. (2.17) 


The following proposition follows from an application of the contraction mapping principle 
applied to (2.8): 


PROPOSITION 2.3. Suppose that g(A, u) = O(|w(u)|) near zero, uniformly for r and 2 in 
bounded intervals. Then the only solution to the problem 


—r!-N(rN-l go’)! =Avw) + gQ,u), O<r<R, 
u(ro) = 0, (2.18) 
u'(ro) = 0, 


with ro € [0, R] is the trivial solution u = 0. 
The next result concerns the oscillation of nontrivial solutions. 
PROPOSITION 2.4. Suppose that g(A,u) = O(|wW(u)|) near zero, uniformly for % in 


bounded intervals, then nontrivial solutions of the initial value problem (2.16) are oscilla- 
tory, i.e., solutions are defined on all of (0, 00) and have infinitely many zeros. 
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PROOF. Let u be a nontrivial solution of (2.16) and assume that d > 0. If u does not vanish 
in (0, co), then u is decreasing on (0, co). Integrating the equation from 0 to s € (0,r) we 
find 


1 AY 

“w= 0" [ E—" (ap (ul&)) + (2. &))) a8). (2.19) 

Integrating (2.19) from r/2 tor yields 
uir/2)> | j o( | “e'y(ue) a8) ds, (2.20) 

r/2 Ss 0 

r x r/2 

>| o( =f ey (u(r/2)) a8) ds. (2.21) 

r/2 r 0 


Hence 


$Fu(r/2)) | Ar Wur/2)) 


=e ; 292 
(ulr/D) *~ N2N o(ulr/2) ee 


for any r > 0. But for r > 2 the left-hand side of (2.22) is less than 1 while the right- 
hand side can be arbitrarily large. Hence we conclude that u must have a zero which, by 
Proposition 2.3, is simple. 


We remark here that by the same argument any nontrivial solution of the initial value 
problem 


—(rX— 60) =r8— law) +X! 9A, v), 0<r<R, 
v(ro) = d, (2.23) 
v'(ro) = 0, 


must have a first isolated zero to the right of r9 and such solutions may be continued to oo 
and are oscillatory on the whole real line. 

For each d ¥ 0, let og denote the first zero of a solution u of (2.5) such that u(0) = d. The 
next two propositions show that solutions to (2.5) have Sturm type separation properties as 
one has for linear equations (see, e.g., [55]): 


PROPOSITION 2.5. Suppose that g(d,u) = O(|\W(u)|) near zero, uniformly for X in 
bounded intervals. Then, for each R > 0 there exists A(R) such that for all } > A(R) 
and all d £0 we have that pq < R. 


PROPOSITION 2.6. Let pa; denote the jth zero of a solution u of (2.5) such that u(0) = d 
and suppose that g(A,u) = O(|W(u)|) near zero, uniformly for in bounded intervals. 
Then, for all L > 0 and j €N there exists Aj;(L) > 0 such that for all } > Aj(L) and all 
d #0 we have that paj < L. 
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2.2.3. Bifurcation of solutions. In this section we consider bifurcation problems at zero 
and at infinity. See [21,32,94,64] for definitions. 
Let u be a solution of problem (2.5). Then u satisfies 
u=F(a,u) (2.24) 


where 


r 


R 1 Ss 
Fa, u(r) = / (a5 [ E(u) + (2 u(8) A) a 
(2.25) 


It is clear that F:R x C[0, R] > C[O, R] and it is a completely continuous operator. Con- 
cerning (2.24), the following theorem is proved by a standard argument which considers a 
sequence of solutions approaching a bifurcation point, appropriately renormalized to take 
advantage of the condition on g: 


THEOREM 2.7. (i) Suppose that g:R x R > R is continuous and satisfies g(A,s) = 
0(|@(s)|) near s = 0 uniformly for d in bounded intervals, and that @ and wW satisfy (2.6). 
If (A, 0) is a bifurcation point for (2.24), then i = dm(p), for some m EN. 

(11) Suppose that g:R x R > R is continuous and satisfies g(X, 5) = o(|@(s)|) near 
infinity, uniformly for 2 in bounded intervals, and that ¢ and wy satisfy (2.7). If (2, ©) is a 
bifurcation point for (2.24), then = dm(q), for some m EN. 


The next theorem is the main result on bifurcation of solutions to (2.24): 


THEOREM 2.8. Suppose that g:R x R— R is continuous and satisfies g(A,s) = 
0(|@(s)|) near s = 0, uniformly for i in bounded intervals. 
(i) If¢ and w satisfy (2.6), then for each k € N there is a connected component Sx C 
R x C[0, 1] of the set of nontrivial solutions of (2.5) whose closure S% contains 
(Ax (p), 0). Moreover, Sx is unbounded in R x C[0, 1] and if (A, u) € Sx, then u has 
exactly k — | simple zeros in (0, R). 
(ii) Ifug(A, u) > 0, then there exists My € (0, 00) such that if (A, u) € Sx, thend < Mx. 


PROOF. The proof of the existence of the connected component Sz such that (A; (p), 0) 
belongs to Sx and that Sy is unbounded or contains another bifurcation point (A j(P), 9), 
J #4, is entirely similar to that of [94]. The fact that (Ax (p), 0) € Sx and that (A, uw) € S; 
implies u has exactly k — 1 simple zeros in (0, R) is in turn similar to that of Theorem 4.1 
of [34] and uses the results of Section 2.2.2. The existence of M; such that A < M; follows 
directly from Proposition 2.6. 


The following will serve as examples to illustrate the above results. 


THEOREM 2.9. Suppose that ¢, W are odd increasing homeomorphisms of R with $ (0) = 
w (0) = 0, which satisfy (2.6) and (2.7) with p #q and ug(A, u) > 0. Then for any j € N, 
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there exists a connected component Sj of the set on nontrivial solutions of (2.5) connecting 
(A;(p), 9) to (Aj(q), 00) such that (A, u) € S; implies u has exactly j — | simple zeros in 
(0, R). 


PROOF. It follows from Theorem 2.8 that for any j € N, there exists an unbounded con- 
nected component S; of the set on nontrivial solutions emanating from (A ;(p), 0) such that 
(A,u) € S; implies u has exactly j — 1 simple zeros in (0, R). Since there is an M; such 
that (A, uw) € Sx implies that A < My and since there are no nontrivial solutions of (2.5) for 
A = 0, it follows that for any M > 0, there is (A, uw) € S; such that ||u|| > M. Hence (ii) of 
Theorem 2.7 implies that as ||u|| > oo with (A, u) € Sx, it must be that 4 > A; (q). 


The second application is motivated by a result of [34]. 


THEOREM 2.10. Consider the problem 


oo ee O<r<R, (2.26) 
u’(0) =u(R) = 0. | 


Assume @ is an increasing homeomorphisms of R with (0) = 0 and which satisfies (2.6) 
and (2.7) with ¢ = w. Further suppose that g:IR > R is continuous with ug(u) > 0 and 
that there exist positive integers k and n, with k <n, such that 


ot ee OSD) coh ee OLS) 
i= me ©" Ak(P) <An(q) < v= qk rr 


Then for each integer j € (k,n) Equation (2.26) has a solution with exactly j — 1 simple 
zeros in (0, R). Thus (2.26) possesses at least n — k + 1 nontrivial solutions. 


2.2.4. On principal eigenvalues. We next present results concerning the existence of pos- 

itive solutions to the problem 

_ I-N(,N-1 a")! — 

rN(rN-loq’)) =Awtu), O<r<R, (2.27) 
u’ (0) =u(R) =0, 


where ¢ is an increasing homeomorphism of R and w is nondecreasing with ¢(0) = 
w(0) = 0. A constant A such that (2.27) has a positive (or negative) solution is called a 
principal eigenvalue. Note that Theorem 2.2 established the existence of solution branches 
to (2.27) which may or may not correspond to positive solutions. 

In the case that N is a positive integer and (uw) = |u|?~2u = w(u) the above problem 
is the problem of the existence of the principal eigenvalue of the p-Laplacian on a ball of 
radius R in R", subject to zero Dirichlet boundary data. As such it is well understood (see, 
e.g., [4,14,41,43,103]). 

The tools that have been used for establishing the existence of such (and higher) eigen- 
values come from variational methods and are usually critical point theorems for smooth 
functionals defined in an appropriate Sobolev space; these methods consequently also yield 
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theorems for the case the underlying ball domain is replaced by an arbitrary bounded do- 
main. 

Here we discuss the general case (2.27) and rely on fixed point and continuation tech- 
niques based on some work in [29,46]. For the special case N = 1, very detailed informa- 
tion is available in [34,48]. 

We will assume further that V > 1 (not necessarily an integer) and @ and w satisfy for 
allx £0 ando > 0, 


g(olsl) 


A(o) < 
Sls) 


< Bo), (2.28) 


where A(o) and B(c) are positive constants depending on o only. 
We introduce some notation to discuss the structure of the eigenvalue set. First, let E 
denote the set of all principal eigenvalues. Next, for each d > 0, let '(d, R) be defined by 


I'(d, R) = {a > 0| (2.27) has a positive solution with u(0) = d} (2.29) 
and set 

I~ (d, R) = infI'(d, R). (2.30) 
Further define 

I, (R) := liminf I~ (d, R), (2.31) 

d>oo 
y, (R):= lim inf r~(d, R), (2.32) 
AT (R) := inf P~(d, R). (2.33) 
d>0 


The main result in this section is as follows: 


THEOREM 2.11. The set E #9 and there exists a smallest 49 > 0 such that for . < do the 
eigenvalue problem (2.27) has no nontrivial solutions. For every d > 0, there exists € E 
and a positive solution u of (2.27) such that u(O) = d. Furthermore, I~ (d, R) > 0 and 
Ty (R), vy, CR), 7 (R) are all nonincreasing functions of R, and 


lm I, (R)= lim y, (R)= lim A; (RN =~, 
R>0+ : ~ ees ) R>0+ 1 ) 
lim I, (R)= li , (R)= lim A, (R) = 0. 
Re 1 ( ) Pua a ) Roe 1 ) 
There is a result dual to Theorem 2.11 for principal eigenvalues with associated nega- 


tive solutions, the set of such eigenvalues may, of course, be different from the set whose 
existence is asserted in Theorem 2.11. 
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el 


“eS oo 


wo W(R) GR) T7(R) 
Fig. 2. Possible continua of Theorem 2.11. 
We break the proof of Theorem 2.11 into several steps. First, a quick calculation shows 


that finding positive solutions to problem (2.27) is equivalent to finding nontrivial solutions 
to the problem 


| (rX—!bqw'))’ +arN—ly(\ul) =0, re (0, R), (2.34) 
u’ (0) = u(R) = 0. 
Let Cr denote the closed subspace of C[0, R] defined by 

Cr={ueC[0, R]|u(R) = 0}. (2.35) 


Then Cp is a Banach space with the inherited norm || - || from C[0, R]. 
Similar to (2.8), we see that a solution u to (2.34) is equivalent to a fixed point of the 
operator 


R ] Ss 
Fo.wer)= | laf ea (ua ds. (2.36) 


Clearly F:[0,00) x Cr —> Cr is a well-defined operator. Define now the operator 
Fe:[0,00) x Cr > Cr, by 


R 1 Ss 
Four = | laf EHH (uC) +6) 8 | a, (2.37) 


where € > 0 is aconstant. We have that F. sends bounded sets of [0, 00) x Cr into bounded 
sets of Cr. Moreover, F, is a completely continuous operator and F, (0, -) = 0. 
Since 


deg, s(1 — F.(0,-), B(O, R),0) =1, 
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there exists a solution continuum Cs Cc [0, co) x Cr of solutions of 
u=F,(A,u) (2.38) 


with Ct unbounded in [0, 00) x Cr. In fact, this solution continuum C+ is bounded in the 
A direction: 


LEMMA 2.12. There exists A > 0 such that if (4, u) solve (2.27), then <i. 


PROOF. Let (A, u) be a solution pair to (2.27). Thus 


lawn) =—a f EN“! (w(|u(&)|) +) dé <0 


and 


R 1 Ss 
uor)= | ola EAH (|u(6))) +6) 46 | ds >0 


Hence, u/(r) < 0 and u(r) > 0 forall r € [0, R]. Also 


x 1 
uor)> f las 


Thus, for all r € [4, 3K), we have that 


He eta (ue) ae ds 


AR 
un > Fo] vu) | 


or equivalently, 


4 
P(Ru(r)) sy 


uty 2 Nat i 


Note that it follows from (2.39) and (2.28) that for all « > 0, sufficiently small, 1 is 
bounded independent of ¢. Thus, there exists €9 such that for each d > 0 and eachO <e < 
€o there exists (Ac, ue) € Ct, with ||ue|| =d > 0 and 0 <Ae <A. We may now let « > 0 
and obtain a nontrivial solution of (2.27), with ||u|| =d, for some A* € (0, A]. 

Similar to (2.30) define 


rt (d, R) =supI(d, R). 


It follows from the above calculations that [+ (d, R) < oo. We now prove I~ (d, R) > 0 
from Theorem 2.11: 
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PROPOSITION 2.13. For each d > 0, I~ (d, R) > 0. 


PROOF. If not, then there exist sequences {uy}, {An}, with ||u,|| = d and A, — 0 such that 
Un = F (An, Un). The complete continuity of F implies {u,} has a convergent subsequence, 
with Un, > u*, and thus u* = F(0, u*). But it follows from (2.36) that F(0, uw) = 0 for all 
u, a contradiction. 


Paralleling our notation above, let us set 


Ty* (R) = lim sup I’ (d, R), (2.40) 
d>oo 
y; (R) = limsup I’ (d, R), (2.41) 
d->0 
AT (R) = sup rt (d, R). (2.42) 
d>0 


Then, we have: 
PROPOSITION 2.14. Under the above hypotheses on $ and w, 


Ty (R) > 0, Ti (R) < 0, 

y; (R) > 0, y;' (R) <0, 

d7 (R) > 0, AT (R) <0. 
PROOF. That the numbers in the second column are finite has already been discussed. To 
show that the numbers in the first column are positive we argue as follows. Assume (A, u) 
is a solution of (2.34) with u(0) = d. Then 

[ul] =, 


and 


R 1 S 
uor)= | laf ea (|u(@))a ds. (2.43) 


Hence 
R S 
AiO) <f o|awa=| ay 
0 N 


which implies 


o(d/R) | R 
vd) ~"N 


Using condition (2.28) we obtain a lower bound for A. 


(2.44) 


Radial solutions of quasilinear elliptic differential equations 375 
The above proposition has the following corollary: 


COROLLARY 2.15. Let (A, u) be a solution of (2.34) with u(O) = d and let 0 € (0, 1) be 
fixed. Let ro € (0, R) be such that u(ro) = 6d. Then 


N (1-0 
ro > 74(+*). (2.45) 


PROOF. Using Equation (2.43) we obtain the following 


R 1 s 
a= laf eta ((u(@) ae ds, (2.46) 


and hence 


ro 1 s 
a-od= ola f ea (|u(@))) ae] as, 


from which follows 


a-oa< fo] = [er tawaas| ds, 
0 S 0 


and 


7 _ifav@ro 
(1—6)d < Rd a I 


The result now follows from (2.28). 


The result just proved has the following consequence concerning solutions of large 
norm: 


COROLLARY 2.16. Let {(An, Un)} be a sequence of solutions of (2.34) with un (0) = dy. If 
dn > 00 asn —> ©, then uy(r) > © uniformly with respect to r in compact subintervals 


of [0, R). 


PROOF. Since uy is given by 


R 
un f | 


for 6 € (0, 1) we obtain for r > ro (viz. Corollary 2.15) that 


1 Ss 
af Eat ln (@)) a a 


z 1 1 i N-1 
uni f Q- |= f a iad) ds. 
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The conclusion follows from this inequality. 


Let us consider the initial value problem 


—(r§—"g(w'))’ =arN— yu), r>0, 
u(0)=d>0, (2.47) 
u’(0) = 0. 


To obtain the (local) existence of solutions of (2.47) we obtain solutions of an equivalent 
integral equation whose solutions are fixed points of the operator S defined by 


r 1 Ss 
S(u)(r) =d— [ olan i ea (ue) a] a 


Since u is decreasing and ¢ and wy are increasing we find that for given € > 0, there exists 
Ro such that 


S:{u €C[0, Ro]: |lu—dll <€} > {ue C[0, Ro]: lu—dl| <e} 


and that S is completely continuous. The result thus follows from Schauder’s fixed point 
theorem. We next show that solutions of the initial value problem (2.47) exist globally and 
are oscillatory: 


PROPOSITION 2.17. For each d > 0 and each i > 0 solutions of (2.47) exist globally on 
[0, 00), have only simple zeros and are oscillatory, i.e., the set of zeros is unbounded. 


PROOF. It follows from the above existence argument that a solution u of (2.47), as long 
as it is positive, is decreasing. If u(r) > 0 for r € [0, oo), then using calculations as before, 
we find that for each r > 0 


at] 


u(r) >rp! AS 


and hence (since we may assume r > 1) 


our) ar 
wu(r)) ~ N2N-1? 


which implies, using condition (2.28) that r cannot be unbounded. Therefore u must have 
a first zero. Easy arguments show that the zeros of u must be simple and that wu is oscilla- 


tory. 


We next shall show that 4; (R), y; (R) and I; (R) are nonincreasing functions of R. 
To this end we shall need the following elementary properties of the operator F defined 
by Equation (2.36). We note that the space Cp is a partially ordered Banach space with 
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respect to the partial order < defined by u < v whenever u(r) < v(r) for all r € [0, R]. 
Further if [u, v] = {w € Cr: u < w < v} is an order interval in Cr, then it is a bounded 


closed set in Cr. 


PROPOSITION 2.18. The operator F defined by (2.36) is monotone with respect to the 
above partial order in C[0, R] and hence in Cr and also monotone with respect to x. 


From this proposition and the complete continuity of ¥ immediately follows the follow- 
ing fixed point result: 


PROPOSITION 2.19. Assume there exists [a, 8B] C C[O, R] such that 
F(A,+):[a, B] > [a, BI. 
Then F(A,-) has a fixed point u € CrO[a, B]. 


We note that the hypotheses of Proposition 2.19 will hold, whenever we can find a pair 
{a, B} C C[O, R] such that 


and 

a<F(r,a), F(A, B)< B. 
Using these facts we can now establish the following result: 
THEOREM 2.20. A4,, ¥, , 1 are nonincreasing functions of R. 


PROOF. Assume there exist constants R,; and Rj, with R, < R2, such that 4; (Ri) < 
i; (R2). Then there exists  € (A; (Ri), 4; (R2)), such that (2.27) has a nontrivial solution 
a for R= R; and A= yw. Furthermore, there exists v > A; (R2) and a nontrivial solution 
B of (2.27) for R = R2 and A = v, with 6(0) = d as large as desired. It follows from 
Corollary 2.16 that for d sufficiently large B(r) > a(r), for each r € [0, Ri]. Define 


Then the operator F (ju, -) for R = Ro satisfies in the space C[0, R2] 


acF(u,a),F(u, B)<B, 


as may easily be verified. Thus by Proposition 2.19 this operator will have a fixed point in 
la, 8], contradicting that 4 < 1} (R2). The monotonicity of the other functions is proved 
using virtually similar arguments. 


378 J. Jacobsen and K. Schmitt 


REMARK 2.21. 
1. Theorem 2.20 implies that problem (2.27) has no nontrivial solutions for A < A; (R). 
2. Solutions of (2.27) are a priori bounded for 4 in compact subintervals of (—oo, 
Ty (R)). 
3. The calculations and results also imply that for 6 > 0, sufficiently small, the degrees 


deg (1 — F(a, -), B(0, 4), 0), 
deg, s(1 — F(b, -), B(0, 8), 0) 
are defined for a < y,; (R) and b > vir (R) and equal 1 and 0, respectively. Hence 


it follows from global bifurcation theory that an unbounded continuum of positive 
solutions of (2.27) will bifurcate from [y, (R), y;*(R)]. 


We conclude this section with a few remarks concerning the nonhomogeneous equation 


| (gw) +ar% wa) =r%he), re (0, R), (2.48) 


u’ (0) =u(R) = 0,7 
where h € L™(0, R) is a given function. In this case, one has the following theorem: 


THEOREM 2.22. There exists hg > 0 such that for every i < X09 and every function h € 
L™ (0, R) the nonhomogeneous problem (2.48) has a solution. 


As is to be expected, Ao in this theorem is to the left of the set of principal eigenvalues 
associated with both positive and negative eigenfunctions. 


PROOF. The existence of solutions to the nonhomogeneous problem is equivalent to the 
existence of fixed points of the operator T (A, u, h) defined by 


R 
Tawny = f o| 


r 


1 AY 
= | EP" aah (ute) ~ ht) | (2.49) 


One establishes the existence of a fixed point of T in the space Cr using Proposition 2.19. 
To this end, we define 


Ao = inf{A: A is a principal eigenvalue of (2.27)} 


and consider problem (2.48) for values of 4 < A9. Let A be so chosen and choose jz such 
that A. < 4 < Ao and consider the boundary value problem: 


| (1p) + urXlWww =0, O<r<R, (2.50) 


u’ (0) = u(R) = 0. 
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It then follows from the results considered earlier that there exists a solution u with u(0) = 
d as large as we like. Then u satisfies also 


R 1 S 
ur) = | loaf ety (wie) a | ds. 


Further u(r) may be made arbitrarily large uniformly on compact subintervals of [0, R] by 
choosing d sufficiently large. Hence 


R 1 S 
ur) = | las f Eb (u(e)) a8] a 


R 4 1 Ss rome 
=f ofa [ov (we) ~ nae 


1 Ss a 
+ a [ il (= Ay (u(6)) +) | ds 


2T(A,u,h)(r) 


provided 


1 AY 
crt ff EN M(u— (ul) +H) de> 0, Fors € 10, RI 


which may be accomplished for a given h € L© (0, R), by choosing d sufficiently large. In 
a similar manner we may construct a negative w such that a < T(A, a, h). We now apply 
Proposition 2.19 to complete the proof. 


2.2.5. Existence and nonexistence. We next consider existence and nonexistence ques- 

tions for the following class of problems: 

N-la cn)! 4 .N-1 

{© gu')) +r""'g@)=0, re(0,R), (2.51) 
u’ (0) = u(R) = 0,7 


where @ is an odd increasing homeomorphism of R and g:R — R is a nondecreasing 
continuous function such that g(0) = 0. 

Motivated by the case of the p-Laplace operator and related work (see, e.g., [29,48]), 
we will assume that ¢ satisfies: 


lim sup Eos) <o, forallo>1 (2.52) 
S00 p(s 
and 
imei forallo > 1. (2.53) 


b 
s>0 Ss) 


380 J. Jacobsen and K. Schmitt 
Let 
S AY 
2=f ema,  ae=f einer 
0 0 


and denote by 


: P(s) 
T':=limsw ; 
a so(s) 


and for 6 € (0, 1), 


69 := liminf . 
S00 sg(s) 


The main existence result is the following: 


THEOREM 2.23. Suppose that I <1 and 


lim es) =, lim 8) =0o (2.54) 
0 g(s) 500 $(5) 

Further let there exist 0 € (0, 1) such that 59 > 0 and 
Nbdg>NI —-1. (2.55) 


Then (2.51) has at least one positive solution. 


Condition (2.55) has been used in [48] to indicate subcritical growth of g with respect 
to . In the case of powers, i.e., when p(s) = |s|?~2s and g(s) = |s|°~'s, with 1 < p< N 
and 6 > 0, this condition reads 


N(p—l)+p 
<r 
N-p 


5 ; (2.56) 


which is known to be optimal in the sense that there are no positive solutions to (2.51) if 


N(p—l)+p 


62 
N-p 


(2.57) 


On the other hand, if we let #(s) = In(1 +|s|)|s|?~7s then one has a solution for p <5 < 
ae Thus if we allow slightly faster growth we can include equality in (2.56) [23]. 
In the case of general ¢ and g, the main nonexistence result is the following: 


THEOREM 2.24. If 


NGOs) — NOS) _ 
s>0 Sg(s) 820 s$(s) 


1, (2.58) 


then (2.51) does not have a positive solution. 
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Condition (2.55) is related to a condition that appears to have been first used by Cas- 
tro and Kurepa in [18,17] for the linear operator, i.e., when ¢(s) = s. De Thélin and 
El Hachimi [37] extended the results in [17] to the p-Laplacian case by assuming that 
NG(s) — 7—P s9(s) is bounded from below for all s €¢ R and for some 0 € (0, 1), 


N = 
NG(@d) - © 


dg(d)>0, ford large. (2.59) 


We note here that although condition (2.59) seems to relax the conditions in [18], it can be 
proved to be equivalent when p = 2 and g is increasing (see [47]). 


PROOF OF THEOREM 2.23. By radial symmetry, finding positive solutions to prob- 
lem (2.51) is equivalent to finding nontrivial solutions to the problem 
N-1ac ty)! 4. ,N-1 = 

u’ (0) =u(R) = 0. 


Recall from (2.35) that Cr is the closed subspace of C[0, R] defined by those u that 
vanish at R. Let u be a solution of (2.60). If To: Cr — Cr is defined by 


R 1 S 
Tunir= [ || el |ut@)) | a (2.61) 


then Jo is well defined and fixed points of To will provide solutions of (2.60). Define now 
the operator G:[0, R] x Cr > Cr, by 


R 1 Ss 
G0..wir)= f las f e"(¢(|u(@)) +48) a | ds, (2.62) 


where hh > 0 is aconstant to be fixed later. We find that G sends bounded sets of [0, R] x Cr 
into bounded sets of Cr and G(0, u) = To(u). Moreover, G is a completely continuous 
operator. 

Also, let us define the operator S :[0, R] x Cr > Cr, 


R 
so.u =f | 


Again, we see that S is completely continuous and note that S(1, -) = To. 

One proves the existence of a fixed point of Jo, and hence of a positive solution to (2.51), 
by using suitable a priori estimates and degree theory. Indeed, one may show that there 
exist Rj > 0 and €o > 0 such that 


Xx AY 
af £1 4( lute) | a (2.63) 


deg; s(J — To, B(O, Ri), 0) =0 
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and 
deg; s(J — To, B(O, <0), 0) = 1 


and thus, using the excision property of the Leray—Schauder degree it will follow that there 
must exist a solution of the equation 


u=To(u) 
in B(O, Ri) \ B(O, €0). 
To establish these facts, we need to prove that solutions (A, u) € [0, R] x Cr of the 
equation 
u=G(A,u) (2.64) 


are a priori bounded. To do this one considers the auxiliary problem 


| (rX1p(w))' + rN“! (g(Iul) +h) =0, re@,R), (2.65) 
u' (0) = u(R) = 0. 


and proves the following lemmas: 
LEMMA 2.25. There exists ho > 0 such that problem (2.65) has no solutions for h > ho. 


PROOF. We argue by contradiction and thus assume that there exists a sequence {hp }nen, 
with hy, — oo as n > oo such that (2.65) has a solution u,. Then, uw, satisfies 


(ui, (r)) = sah EN! (¢(|un(&)|) + An) dé <0 


and 


R 1 Ss 
unr) = f las f £"(¢(ln(€))) +n) 6 | ds > 0. 


Hence, u!,(r) < 0 and un (r) > 0 for all r € [0, R]. Also, 


_ _1(rhn 
Un(r) 2 (R—r)d (= 


) for all r € [0, R] 


and thus, ifr e [4, 32], 


ee if Rhn 2.66 
unr) 2 7e (F). (2.66) 
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Since we also have that for r € [4, 3Ky 


3R 


1 AY 
une f : ola f £1 4( un €))) 45 | ds, 


by (2.66), the fact that u, is decreasing, and the second assumption in (2.54), we have, that 
given arbitrary A > 0, there exists n; € N such that forn > n, 


3R 
a A AY 
min > fo lf E"6(un(@)) a8 | ds 


3R 4 
> [ols f £0 (n(6)) a | ds, 


and, since @(up(-)) 1s decreasing, 


3R 
A N 
un(r) > i: . | A oluntr)| ds. 


Using now that a <res< 3K we obtain 
Bes, dA 
NsN-1 i ’ 


where d is a constant. Thus, by the monotonicity of ¢~!, for all r € [4, 4), we have that 


R 
Uun(r) > zo (dAb(un (r))), for alln >n, 
or equivalently, 


b(zun(r)) 


————_ 2 dA, 2.67 
b(un(r)) ne 


for all n > n, and for all re [4, £}. 


It is clear that (2.67) cannot hold for A large if R > 4. If R < 4, by (2.66), condi- 
tion (2.52), and the fact that A is arbitrary, we obtain a contradiction for n > no for some 
no Sn. 


Let us fix h > ho, for ho given in Lemma 2.25, and consider the family of problems 


{Ooh ) +e Glin) HAA) =O. re .8 (2.68) 


u'(0) = u(R) = 0, 


for 2 € [0, 1]. 
The next lemma has a lengthy proof, see [47] for the details. 
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LEMMA 2.26. Solutions to (2.68) are a priori bounded. 


Let S be as defined by (2.63). In order to complete the proof of the main result of this 
section we need one more lemma. 


LEMMA 2.27. There exists an €9 > 0 such that the equation 

u=S(A,u) (2.69) 
has no solution (A, u) with u € 0 B(0, €9) and 2 € [0, 1]. 
PROOF. We argue by contradiction and thus we assume that there are sequences {u,} and 


{An} with ||uy|| = &, > 0 asn > oo and dA, € [0, 1] such that (Ay, uy) satisfies (2.69) for 
each n EN. We have that (A,,, uy) satisfies 


R Ks S 
unr [ oss f Eun) a | ds 


which implies, by the first assumption in (2.54), that for sufficiently large n 
_ LR 
en<o! (ont) R, 
where jz is a positive arbitrarily small number. Thus 


En LR 
(=) < Wy Plea): (2.70) 


If R < 1, we immediately reach a contradiction. If now R > 1, let us set €, = €,/R. Then 


O(REn) gah 
o(En) ~ UR 


and we reach a contradiction by condition (2.53) and the fact that yu is arbitrary. 


It now follows from Lemmas 2.25 and 2.26, that if uv is a solution to the equation 
u=GiA,u), AE€[0, 1], 


then ||u|| < C, where C is a positive constant. Thus if B(0, R) is the ball centered at 0 in 
Cr with radius R; > C, then we have that the Leray—Schauder degree of the operator 


I-—G(A,-): BOO, R1) > Cr 
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is well defined for every A € [0, 1]. Then, by the properties of the Leray—Schauder degree, 
we have that 


deg, s(/ — To, B(0, Ri), 0) = degys(Z — GUI, -), B(O, R1), 0) =0, (2.71) 


since (2.64) does not have solutions on {1} x B(O, R1). Also, by Lemma 2.27 and the 
properties of the Leray—Schauder degree, it follows that for ¢9 > 0 small enough, 


deg; s(/ —S(A,-), B(O, €0), 0) is constant for all A € [0, 1]. 
Hence 
deg, s(J — To, B(O, e0), 0) = degrs (7, BO, £0), 0) = 1. (2.72) 


Thus, using the excision property of the Leray—Schauder degree we conclude from (2.71) 
and (2.72) that there must be a solution of the equation 


u=To(u) 


with u € B(O, R1) \ B(O, €0). This fixed point corresponds to a nontrivial solution to (2.51), 
thus completing the proof of Theorem 2.23. 


We conclude this section with a proof of the nonexistence result (Theorem 2.24) and 
some applications: 


PROOF OF THEOREM 2.24. Assume condition (2.58) and the existence of a positive so- 
lution u of (2.51). Let 


-1 
&,'(t) = Gael ae 


> TN-DIN 


denote the Orlicz—Sobolev conjugate of ®. Then, multiplying the equation by ru’(r) + 
bu(r), where 


NG(s) 
b=sup 5 
s>0 sg(s) 


one obtains (see [47]) 


d 
ae ®,((u'(r))) + G(u(r))) + br" u(r)o(u'(r)) | 


=r "b+ Do(u'@))u'(r) — NO(u'(@))] 
ie ae [NG(u(r)) — bg(u(r))u(r)] 
<0, 
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and thus, one concludes that 
E(r) =r (®,(¢(u'(r))) + G(u(r))) + brN ur) (u'r) 


is nonincreasing for r € [0, R]. However, E(0) = 0 and E(R) = ®,.(d(u'(R)) > 0, which 
is a contradiction. 


The following two examples will serve to illustrate the above existence and nonexistence 
results. Consider the boundary value problem 


div( Mul V4) +47 =0, xe Bri), 


J 1+|Vul2? 
u=0, x € OBr(0), 


(2.73) 


for R > 0. In this case the function ¢ is given by 


|s|27?-25 
V1 +|s|2? 


and one obtains nonexistence (see (2.58)) whenever 


e()= 


N(Q2p-—1)+2p 
N-—2p 


and existence whenever 


N(p—1)+p 


—-l<gq< 
P q N= 9 


(see Theorem 2.23). 
For the boundary value problem 


div((1 + |Vul2)"= Vu) +ul=0, x € Br(0), 
u=0, x € JBR(0), 


the above conditions imply the existence of positive solutions when 


Nm+m+1 


<q< 
eva N-m-1 


and nonexistence when 


N-m-1”’ 
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2.3. The case when f (0) <0 


We now consider (2.1), 1.e., 
oo ee 0<r<R, (2.74) 
u’(0) = u(R) =0, ; 


and allow for f (0) < 0. In this case the problem has no trivial solution, hence bifurcation 
results (relative to a trivial branch of solutions) will not apply and other methods must be 
used. 
We make the following assumptions: 
(A.1) ¢ is an odd, increasing homeomorphism on R, and for each o > 0 there exists a 
positive number M, > 0 such that 


(os) < Mo G(s) (2.75) 


for every s ER. 
(A.2) f :R* > R is continuous, nondecreasing on [B, 00) for some B > 0, and 


fn (2.76) 
S00 f(s) 
(A.3) There exists 0 € (0, 1) such that 
FO @ 
Winn > max 1 fimsup (s) _ 1.0}, (2.77) 
Saye Sf (Ss) soo SP(S) 


where, as usual, F(s) = f) f(t) dt and ®(s) = fj b(t) dr. 
The main result in this section is: 


THEOREM 2.28. Let (A.1)(A.3) hold and assume that ¢| is concave on Rt. Then there 
exists a positive number i such that for 0 < i < , Equation (2.74) has a positive, decreas- 
ing solution uy, with 


lim uj(r) = co (2.78) 
41> 0 


uniformly for r in compact subsets of (0, R). 


REMARK 2.29, 
1. Condition (A.3) was employed in [47] to establish the existence of positive solutions 
to (2.74) when f (0) = 0. 
2. In the case when #(s) = |s|?~*s, (A.3) becomes 


Fr cate max(~ es 0), (2.79) 
f(s) 
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In particular, if f(s) = 57, (2.76) and (2.77) require that 


Np 


—l<g < —————__- ll. 
R ¢ max(N — p,0) 


3. In the case when ¢(s) = s and N > 2, the existence part of Theorem 2.28 was estab- 
lished in [19] under the assumptions that f is nondecreasing on R and 


ke N/2 
Jim, (wFes) = aos fs)) (=) =o, (2.80) 


for some 6 € (0, 1). Note that (2.80) can be derived from (2.79) with p = 2 when f 
is nondecreasing. 


After several technical computations one proceeds to establish properties for the associ- 
ated operator equations which are defined as follows. For each v € C[0, R], and yu > 0, let 
u = A,v be the solution of 


ee ian 2.81) 
u'(0) = u(R) =0. 


Then A,,:C[0, R] ~ C[0, R] is a completely continuous operator and its fixed points u 
such that u > w on [0, R] will yield solutions of (2.81) and hence of (2.74). To establish 
the existence of such fixed points we shall list some auxiliary result, whose proofs may be 
found in [53]. 


LEMMA 2.30. For each 4 > 0, small enough, there exists a positive number R), with 
limy+09 Ra = co such that all solutions of 


u=OAou, O0<6<l, (2.82) 
satisfy ||u|| # Ry. 


LEMMA 2.31. There exists a positive number [1g (depending on i) such that: If Ay, has a 
fixed point, then tt < [Lo. 


LEMMA 2.32. There exists a function H :R* — R with limg-s 40 H(d) = 00 such that all 
solutions u of u= A,(u) satisfy 


u(r) > A(jul|)C —r), re[0, 1). (2.83) 


LEMMA 2.33. For each v > 0, there exists a positive number C\,, such that all solutions u 


of 
u=A,(u) (2.84) 


with i > v satisfy |\u\| < Cy. 
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PROOF OF THEOREM 2.28. Using the above lemmas we obtain 
deg; (7 — Ao, B(O, C), 0) = degrs(1 — Au, BO, Cy), 0) =0, (2.85) 
where C) is given by Lemma 2.33. On the other hand, Lemma 2.30 implies that 
deg; s(1 — Ao, B(O, R,), 0) = 1. (2.86) 


Hence it follows from the excision property of the Leray—Schauder degree that there 
exists a solution uv, such that 


Ry < |luall < Ci. 


Since R, — oo, as A > 0, it follows from Lemma 2.32 that u, > 0, for A small. The 
remainder of the proof is straightforward. 


2.4. The case when f (0) > 0 


In this section we again consider (2.74): 


oe, O<r<R, (2.87) 


u’ (0) = u(R) = 0, 


and allow for f (0) > 0. We continue to assume the conditions (A.1)—-(A.3) imposed in the 
previous section hold. The main theorem follows: 


THEOREM 2.34. Let (A.1)-(A.3) hold and suppose that f(s) > 0 for s > 0. Then there 
exists a positive number X* such that (2.74) has at least two solutions for i < X*, at least 


one for . = d*, and none for 4 > x*. 


Since we are interested in positive solutions, we define f(s) = f(0) if s < 0. Before 
proving Theorem 2.34 we outline several lemmas: 


LEMMA 2.35. There exists a positive number i such that (2.74) has no solution for 0. > i. 


PROOF. Let u be a solution of (2.74) and r € (0, R). We have 


u(r) sola [ot typanar|iR— (2.88) 
0 
Ar® 
> 01 Fin) ern, (2.89) 


where flu) = infs>, f(s). 
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Hence 


ur) N 
(R=) eae (2.90) 
fu(r)) N 


On the other hand, since there exists a positive number ¢ such that f(x) > ¢ for every x, it 
follows that 


arNe 


un>o"|**]eR=n. (2.91) 


Combining the above, we reach a contradiction if 4 is sufficiently large, since 
G(s) _ 
f(s) 


limys— 00 


LEMMA 2.36. For each js > 0, there exists a positive constant C,, such that all solutions 
u of (2.74) with A > yw satisfy ||u|| < Cy. 


LEMMA 2.37. If A= {dX > 0: (2.74) has a solution} and X* = sup A, then 0 < »* < co 
and V* € A. 


PROOF. Using the Leray—Schauder continuation theorem, it follows that there is a solution 
for 4 small, and so 4* > 0. Also, A* < 00. We verify that A* € A. Let {A,} C A be such 
that 2, > A*, and let {u,} be the corresponding solutions of (2.74) with 4 = 4,. From 
Lemma 2.36, we deduce that {u,} is bounded in C![0, R]. Hence {uj} has a subsequence 
which converges to u € C[0, R]. By a standard limiting process, it follows that u is a 
solution for (2.74) with 2 = i*. 


LEMMA 2.38. Let 0 <A < * and let uy be a solution of (2.74). Then there exists a 
positive number € such that u)* + € is an upper solution of (2.74). 


For v € C[0, R], let A,v = u where u satisfies 


oe 0<r<R, (2.92) 
u' (0) = u(R) = 0. 
Define 
f(a +8), VSuUun« +6, 
fw) =} fv), —e<u<uste, (2.93) 


f(0), v<0, 
and let A, be the operator analogous to A, defined by f. 


LEMMA 2.39. Letu bea solution of u= Au. ThenO0<u<ujyx +e. 
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PROOF. Let u satisfy u = Aju. Then 


| (X16) =-arN fw), O<r<R, (2.94) 


u’(0) =u(R) = 0. 
By the maximum principle, u > 0. We claim that u < ua» + €. Suppose that there exists 
r € (0, R) such that u(r) > uy*(r) + €. Then there exists numbers ro andr; with 0 < ro < 
r) < R such that u'(ro) = u},«(0). u(r}) =uy*(r1) + €, and u > uyx + € on (ro, 71). 
Hence 
(rX—'o(u’)) = —arN—! f(s +e), forr € (ro, ri]. (2.95) 
Since 


(70-6 @2)) < AVN! Fue +8), (2.96) 


we deduce that 


[Xow — b(uh))] >0, forr € (ror), (2.97) 
and so u — (uj* + &) is nondecreasing on (ro, 11]. 
Consequently, 
u(r) <uagx(r) +e, re(roril, (2.98) 


a contradiction. 


We now summarize a proof of the main theorem: 


PROOF OF THEOREM 2.34. Let 0 <A < A*. Since 0 is a lower solution and uw,» is an 
upper solution (see [31,66]), there exists a solution uv, with 0 < uy < u)*. We next establish 
the existence of a second solution. Define 


B={ueC[0, RK]: -e<ucujs +e}. (2.99) 
Then B is open and u) € B. Since A, is bounded for A in compact intervals, 
degy (7 — Ay, B(u,, M),0) =1 (2.100) 
if M is sufficiently large. Here B(u,, M) denotes the open ball center at uv) with radius M 
in C[O, R]. 7 
If there exists u € 0B such that u = Aju then u is a second solution. Suppose that 


ux A,u for u € OB. Then degy sU — Ax, B, 0) is well defined and since Ay has no fixed 
point in B(u,, M) \ B, we have 


degy (I — Ay, B, 0) = deg(J — A, B,0) =1. (2.101) 
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On the other hand, it follows that 

deg, s(7 — Ax, B(O, M),0) =0 (2.102) 
for some large number M. Hence 


degy s(I — A,, BO, M) \ B,0) =—1, (2.103) 


and the existence of a second solution follows. 


3. Problems on annular domains 


We now consider boundary value problems for nonlinear ordinary differential equations of 
the form 


eae le a oa Ri<r<Rp, (3.1) 
u(Ri) = u(R2) = 0, 


where R; > 0. The parameter A plays no role in the considerations to follow, thus it is 
suppressed in Equation (3.1). We again assume ¢:R — R is an odd increasing homeo- 
morphism such that for all c > 0, there exists A; > 0, such that 


Ach(s) <o(cs), forse Rt, (3.2) 
and 

lim Ap=o. (3.3) 

coo 


This assumption implies that there exists B, > 0 such that 
b(cs) < BeP(s), fors ER*, 
and 


lim B. = 0. 


c>0 


Since the only property of the function x we shall use here is its continuity, we will 


consider the more general problem 


er Oo wey, Ri<r<Rp, (3.4) 
u(Ri) = u(R2) = 0, 
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where b:[R,, R2] — R is a continuous function. The nonlinear term f will be assumed to 
be continuous and satisfy 


lim sup <0 (3.5) 
Ss 


and to grow superlinearly (with respect to @) near infinity, i.e., 


Ome 
im = 00 
soo h(s) 


(3.6) 


For such problems we shall establish that (3.4) always has a positive solution defined for 
any interval [R,, Ro]. The results discussed are motivated by problems studied in [30,51, 
62,73]. We remark that the results given are equally valid in case f depends upon r also, 
provided the assumptions made are assumed uniform with respect to r. 


3.1. Fixed point formulation 
Using the integrating factor 


ioe eli b(s) ds 


we may rewrite problem (3.4) equivalently as 


(po'))' + pfu) =0, Ri<r<Ro, G7) 
u(R1) =u(R2) = 0. 


The existence of solutions of (3.7) (hence (3.4)) is established by proving the existence 
of fixed points of a completely continuous operator F: E > E, where E = C[R1, Ro], 
endowed with the norm ||u|| = max;e(R,,R,] |“(r)|. The operator F is defined by the fol- 
lowing lemma: 


LEMMA 3.1. Let ¢ be as above and let c be a given nonnegative constant. Then for each 
v € E the problem 


| (polu’))' —cpd(u) = pv, Ri <r <R), (3.8) 
u(R1) = u(R2) = 0, 


has a unique solution u = T(v), and the operator T : E — E is completely continuous. 


PROOF. For each w € E let u = B(w) be the unique solution of 


(po(u')) —cpo(w) = pv, Ri <r <R), 
u(R1) = u(R2) = 0, 
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given by 


t i =4 1 S 
uor)= | $ (<{o-f pleo(w) +») a} ) as, 
R, Dp R, 


where g is the unique number such that u(R2) = 0. The existence of a fixed point u of B, 
hence a solution u to Equation (3.8), follows from the continuation theorem of Leray— 
Schauder. One may then define the operator T by 

T(v) =u, 


where u is the solution of (3.8). 
To accomplish this, assume u € E and d € (0, 1) such that 


u=AB(u). 
Then 


| (vo())' — cpp) = po, Ri <r < Ro, 
u(Ry) = u(Ry) = 0. 


Multiplying the above by u and integrating we obtain 


Ro u! Ro Ro 
, po(=)u dr +f cpo(u)u dr = -| pvu dr. 
R, A R, R, 


On the other hand, since @ is an increasing homeomorphism, for each € > 0, there exists a 
constant ce such that 


Is| <ed(s)s+ce, forseER. 


Thus we obtain 


Ro 
i pvu dr 
Ri 


and, by choosing € appropriately, 


Ry 
i pvu dr 
Ri 


where c] is a constant. Hence we obtain 


Ro Ry 
< loll f plul dr < wife f pb nudr + ce(Ro~ RO}, 
; R 


1 


Lp 
<5¢ i. (pp (u)u + c1) dr, 
2 Jr, 
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for a constant cz. Therefore 


Rp 
/ lu! |dr <3, 
Ri 


and hence 


lull < cq. 


\(()) 


Since there exists ro such that u’ (ro) = 0, we obtain from the latter inequality that 


u’ 2 
ro(<) S C6 


and hence 


Further 


<5. 
BE! 


llu'Il <e7, 


where c1,...,C7 are constants independent of 4. The complete continuity of B is easily 
established and we conclude from these a priori bounds that B has a fixed point u = T(v). 
If uw; and wz are fixed points, one immediately obtains that 


Ro 
i P(P(u,) — o(u)) (u', — u5) dr 
1 


Ro 
+f cp(b(u1) — ¢(u2)) (41 — u2) dr = 0, 


Ry 


and hence, since ¢ 1s increasing, that wu; = u2. Thus the operator T given in the statement 
of the lemma is well defined. 


Using Lemma 3.1 we obtain a fixed point formulation of problem (3.7) as 
u=F(u)= T(-co (u) — f(u)). (3.9) 


The next lemma is crucial for establishing the existence of nonzero fixed points of (3.9), 
its proof may be found in [74]. 


LEMMA 3.2. Jf u is the solution of (3.8) with v < 0, then 


u(r) 2 collullk(r), Rigr< Ro, 
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where 


1 
k = — — min —R,,Ro- > 
(*) = =p min(r — Ri, Ro — 1) 


and co is a positive constant. 


3.2. Existence results 
We next establish the existence of a nontrivial solution of (3.7) by means of a fixed point 
argument, similar to those used above, (see [65,51]). We need the following auxiliary re- 


sults. 


PROPOSITION 3.3. Assume that f :R — R is continuous and there exists a constant c > 0 
such that 


f(s)+co(s) 20, soo. 
Further assume there exists a constant m > 0 such that 
u=T(A(—cA(\ul) — f(lul))). OSASL, > lull Am, 
and there exists a constant M > m and an elementh € E, h <0 such that 
u=T(—cp(u)— f(lul) +h), 0<A<1, > lull AM, 
further any solution u of 
u=T(—cp(u) — f(lul) +h), 


satisfies ||u|| > M. Then there exists a fixed point u € E of the operator F, F(u) = 
T (—co(\ul) — f (jul) such that 


m <|lul| <M. 


Applying this proposition to the boundary value problem (3.7), we have the following 
corollary. 


COROLLARY 3.4. Assume that f :R — R is continuous and there exists a constant c > 0 
such that 


fw+cou)20, ued. 
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Further assume there exists a constant m > 0 such that for 0 << 1 and any solution u 


of 


| (vd UY — cod u) + depo (ul) + Pf(lul))=0, Ri<r<Rx B19) 
u(R 1) = (R2) = 0, 


satisfies 
|||] Am, 


and there exists a constant M > m and an element h € E, h > 0 such that any solution u 


of 


| (pow'))' — pou) + po(lul) + pf(lul) <0, Ri <r < Ro, (3.11) 
u(R1) = u(R2) =0, 


satisfies ||u|| 4 M, and solutions u of 


pe ey eee Ri<r<Rx (349) 
u(R1) = u(Ro) = 0, 


satisfy ||u|| > M. Then there exists a solution u, u > 0 of (3.9) (hence (3.7)) such that 
m <|lul| < M. 


We next impose conditions on f and further conditions on @ in order that the above 
corollary may be applied. These are conditions about the behavior of the functions near 
zero and near infinity. These conditions in turn will provide the validity of Corollary 3.4 
and hence yield the existence of nontrivial solutions. 


PROPOSITION 3.5. Assume that f :IR > R is continuous and let there exist a constant 
c > 0 such that 


flu)+ceotu) 20, uZ0d. 
Further, let @ be an odd increasing homeomorphism of R which satisfies (3.2) and as- 


sume (3.5) holds. Then there exists a positive number m such that for 0< <1 and any 
solution u of 


(po(u')) — cpd(u) + A(pf (lul) + epo(lul)) =0, Ri <r < Ro, 
u(R1) = u(R2) = 0, 


satisfies ||u|| 4m. 
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PROOF. First note that solutions are nonnegative. Following an indirect argument, assume 
the existence of sequences {A} C [0, 1], fen}, €n \ 0, {un}, ||Un|| = €n, such that the triple 
(En, An, Un) is a solution. Since each u, # 0 has a maximum point, say uy (177) = ||un||, we 
obtain by integration 


An 
p(r) 


/ " p(s) f (Un (s)) es) 


and hence, for given € > 0 we have for large n 


u(r) <o'/ 


An 
pr) 


min<o( / * epis)o(un(s)) a), rrk. 


Integrating once more and using the fact that the integrand is positive and that #7! is 
monotone, we obtain 


Ry i 1 Ry 
lun I <[ G (< ep(s)(un(s)) as)) dr, 
Ri pr) R, 


hence for all large n 
lun ll < (Ra — Ri" (c1e(En)), 


or 


(az) <cieb (En). 


Therefore, if Ro — R,; < 1 we obtain a contradiction for € small, on the other hand if 
R2 — R > 1, then we obtain a contradiction via (3.3). 


The following proposition from [74] cites conditions that guarantee the validity of the 
second part of Corollary 3.4: 


PROPOSITION 3.6. Assume that f :IR > R is continuous and let there exist a constant 
c > 0 such that 


fw+cou)20, ued. 


Further, let @ be an odd increasing homeomorphism of R that satisfies (3.2) and (3.6). 
Then there exists a positive number M such that any solution u of 


| (po(u'))' — cpd(u) + cpd(|ul) + pf(lul) <0, Ri<r< Rb, 
u(R)) =u(R2) =0 


satisfies ||u|| A M. 
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In order to apply Corollary 3.4 to Equation (3.4), we need one further result from [74]: 


PROPOSITION 3.7. Assume the hypotheses of Proposition 3.6 and let M be a constant 
whose existence is guaranteed there. Then there exists h € E,h > 0 such that |\u|| > M for 
any solution of 


ee ee ae Ri<r<R, 
u(R1) = u(R2) =0 


Combining the above propositions and using Corollary 3.4 we have the following theo- 
rem. 


THEOREM 3.8. Assume that f :IR > R is continuous. Further, let @ be an odd increasing 
homeomorphism of R which satisfies (3.2), and let the following conditions hold: 


IW) < imsup $< 
1m su) 
OW) uso GW) 


—0O < fey ie 


fu) | 
im — = 
uo $(u) 


Then the boundary value problem (3.4) has a positive solution. 
Note that the existence of a constant c > 0 such that 
fu)+cotu) 20, uZ0 


follows from the assumptions of the theorem. 
If f :R— R is nonnegative, then the following theorem applies. 


THEOREM 3.9. Assume that f :IR > R is continuous and nonnegative. Further, let } 
be an odd increasing homeomorphism of R such that 2) iis nondecreasing on R* and 


satisfies (3.2); also let the following conditions hold: 


Then the boundary value problem (3.4) has a positive solution. 


We note that in the case @(s) = |s|?~*s the conditions above hold if and only if p > 2 
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3.3. Positone problems 


In this section we are interested in the existence and multiplicities of positive solutions of 
the boundary value problem 


(o(w’))' +Af(ru)=0, Ri<r<Ro, (3.13) 
u(R1) =u(R2) =0, 


with f :[.R1, R2] x [0, 00) — (0, co) continuous. As usual, we assume ¢ is an odd increas- 
ing homeomorphism on R such that 


i (ox) 
im sup 


X00 (x) 


<oo, forallo >0. (3.14) 


Concerning f we also assume there exists [c, d] C (R1, R2), c < d, such that 


=oo, uniformly forr € [c,d]. (3.15) 


The main result in this section is: 


THEOREM 3.10. Let (3.14) and (3.15) hold. Then there exists a positive number X* such 
that the problem (3.13) has at least two positive solutions for 0 << X*, at least one for 
X= and none for r > x*. 


Note that in the special case where ¢(u’) = u’, Theorem 3.10 is classical (see, e.g., 


[30,100]). Related results for the case @(u’) = |u’|?~2u' can be found in [33,62], and the 
references in these papers. 


| 


Fig. 3. Continua suggested by Theorem 3.10. 
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We remark here that the above formulation includes the study of positive radial solutions 
of equations like 


div(|Vul?~*Vu) + Ag(|x|,u)=0, Ry < |x| < R2 


on annular domains, via the change of variables 


N-p 
|N — p| \ PF 
f= ( —— , r=|xi, 
(p—Wr 
and 
( 1) p(N—-1) N : 
= ar = Z 
Hae (a) o( PoP) 
|N — pl (p—1) 


and thus, higher-dimensional problems, as well (see [31]). 

To prove Theorem 3.10, one employs, in addition to continuation methods, also upper 
and lower solution methods. These methods are, of course, standard for semilinear equa- 
tions (see [99,39]) and we refer to [12,31,66], where similar types of theorems for the 
nonlinear case are presented. 

Since we are interested in nonnegative solutions we shall make the convention that 
f(r, u) = f(r, 0) ifu < 0. To prove Theorem 3.10 we first need a lemma which is a special 
case of Lemma 3.2: 


LEMMA 3.11. Let v € CLR}, R2] with v < 0 and let u satisfy 
(ow) =», 
u(R1) = u(R2) = 0. 

Then 
u(t) 2 |lullp@), te[Ri, Rol, 


where 


min(t — R), Ro — ft) 


t)= 
p(t) BOR, 
The next sequence of lemmas allows the use of continuation methods: 


LEMMA 3.12. Suppose that g:[R1, Ro] x Rt > R? is continuous and there exists a 
positive number M and an interval [a,, bi] C (R1, R2) such that 


gr,.s)2M(G(s) +1), reél[ai,az], 520. 
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Then there exists a positive number My = Mo(¢, a1, b1) such that the problem 


($(u’)) = —g(r,u), 
u(R}) =0=u(R2) 


has no solution whenever M > Mo. 


PROOF. Let wu be a solution. Then 


t KY 
ui= | o'e- f g(t, nar | ds, 
R, Ri 


where c = #(u'(R1)). Let ||u|| = u(to), to € [R1, Ro]. Then u’(to) = 0 and hence 


t to 
u(t) = ‘ ¢! |/ g(t, u) ar| ds. 
R, Ss 


If to > ae then 
a,+b1 


ay 7) 
erick >| om f (6(u) + | 
1 a\ 


bi -— 
> (a= Rod "| MO? Fouts) +1] 


where 


é6= min t). 
a<t<hy pa) 


This implies 


(“ ) > MO“) ToC) +1]. 


a;—R, 


If to < “41, then since 


2 
Ry Ss 
u(t) =| ¢! |/ g(T, u) ar| ds, 
t to 
we deduce 


lull) Mii ai) 
(4) > 2 [a (lis) + 1]. 
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Combining the above, we obtain 


M (bi — a) 


o(y lull) > —S 


[o(Ilull5) + 1], 


where y = max(g-. aE Consequently, 


1 M(b, -— 
jet > Sot MO | 
7 2 
and 
6(yllull) M 
oe WAN ES (pi 
solu 


a contradiction, if M is sufficiently large. 


It follows from the above proof, that the problem in Lemma 3.12 has no solution u 
satisfying 


g(t,u(t)) > M(o(u(t)) +1), t E far, al, 


if M > Mo. 
These considerations further imply the following result: 


THEOREM 3.13. There exists a positive number 2. such that problem (3.13) has no solution 
forr7>x. 


It follows immediately from (3.15) that there exists a constant 44 > 0 such that 
fas)>u@(s)+1), sER*, c<r<d. 
Hence the result follows from the previous lemma. We also need the following lemma. 


LEMMA 3.14. For each yt > 0, there exists a positive constant C,, such that the problem 


($(u'))' = -26f (r, uw) — (1 — 0)Mo(|¢(w)| + 1), 
u(R,) =u(R2) =0 


with A > p, 8 € [0, 1] and Mo given by Lemma 3.12, has no solution satisfying ||u|| > Cy. 
Now, let A be the set of all 4 > 0 such that (3.13) has a solution and let A* = sup A. 


LEMMA 3.15. 0<A* <ooand i* € A. 
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PRooF. A function u € C[R1, R2] is a solution if and only if u = F(A, uw), where 
F:[0, 00) x C[R1, Ro] > C[R1, R2] 

is the completely continuous mapping given by 
u=F(,,v), 

with u the solution of 


($(u'))’ =—Af (r, v), 
u(R1) =u(R2) = 0. 


We note that F(0, v) = 0, v € C[R), Ro]. Hence it follows from the continuation theorem 
of Leray—Schauder that there exists a solution continuum C C [0, 00) x C[R1, R2] of solu- 
tions of (3.13) which is unbounded in [0, co) x C[R1, R2], and thus, (3.13) has a solution 
for 1 > 0 sufficiently small, and hence 4* > 0. By Theorem 3.13, 4* < oo. We verify that 
A* € A. Let {An} C A be such that A,, > 2* and let {u,} be the corresponding solutions. 
We easily see that {u,,} is bounded in C 'TR,, Ro] and hence {u,} has a subsequence con- 
verging to u € C[R}, R2]. By standard limiting procedures, it follows that u is a solution 
of (3.13). 


LEMMA 3.16. Let 0 <A < A* and let uy» be a solution of (3.13). Then there exists €9 > 0 
such that uj* +€, 0< € < «Q, is an upper solution of (3.13). 


Theorem 3.10 now follows from these lemmas: 


PROOF OF THEOREM 3.10. Let 0 <A < A*. Since 0 is a lower solution and uw» is an 
upper solution, there exists a minimum solution uy of (3.13) with 0 < ua, < uy*. We next 
establish the existence of a second solution. 

The mapping 


AR uy, OSAKA, 


where uw, is the minimal solution of (3.13), is a continuous mapping [0, A*] > C[R1, Ro]. 
Hence 


{A,ur)i OSA KATE, 


where C is the continuum in the proof of Lemma 3.15. Using separation results on closed 
sets in compact metric spaces (i.e., Whyburn’s lemma [1]), one may use the arguments 
used in the above proof to verify that for each A € (0, A*) there are at least two solutions 
on the continuum C. 


We will discuss consequences of these existence theorems for Gelfand type problems in 
the next section. 
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4. The Liouville-Gelfand equation — A case study 
4.1. Introduction 


The classical Liouville—Gelfand problem is concerned with positive solutions of the equa- 
tion 


A ret = 2 
utre’=0, xEQ, (4.1) 


u=0, x€d0Q, 


for A > 0. Equation (4.1) arises in many settings, including the study of combustible gas 
dynamics [11,49,40], astrophysics [20,38], and prescribed curvature problems [8,63,5]. 
Let us briefly outline the connection with chemical kinetics. Systems such as 


ee =k; Ac; bhi (Cth. xy Cras T), 


(4.2) 
T; =kAT + f(ci,...,¢m,T), 


arise in the theory of chemical reaction kinetics, where the cj represent various chemi- 
cal concentrations with diffusion coefficients k;, T is the temperature, and fj represent 
various nonlinear reactions. This model does not include other important effects such as 
convection. Assuming a constant concentration cg over a short time interval and that the 
temperature does not exceed a base temperature Jo the equation for T in (4.2) can be 
reduced to (see, e.g., [52,11,40,96]) 


u; = koAu + Aet/G-), (4.3) 
for an appropriately nondimensionalized temperature u. Here 
4090C0 e740/To 


2 
To 


h= 


where ao is the activation energy of the substance, qo is the latent heat of the reaction, and 
€ = To/ag. Of particular interest is the existence of steady state solutions to (4.3): 


Au + Aet/(l—e#) — 9, (4.4) 


where A = i/ ko. Equation (4.4) is known as the Arrhenius equation. In the limit of 
infinitely large activation energy (for a fixed temperature 7) one obtains the Frank- 
Kamenetskii approximation 


Au + Ac“ =0, (4.5) 


which is also known as the Liouville-Gelfand equation. Of particular importance in this 
setting is the existence of values of 4 for which a solution to (4.5) or (4.4) will exist. It 
is perhaps not surprising that for large 4 (4.5) has no solution (corresponding to blow-up 
in the parabolic problem). On the other hand, the structure of the solution set to (4.5) for 
small 4 is quite surprising. In the next two sections we discuss this structure as well as its 
extension to the quasilinear case. 
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4.2. Solution set for the semilinear case 


In this section we consider the radial version of the Liouville—Gelfand equation (4.1) with 
Dirichlet boundary conditions: 


”" N-1) ui 
te + Au +r =0, re(0,)), (4.6) 
u’(0) =u(1) = 0. 
To build intuition let us consider carefully the case N = 1: 
" x u — 1 
ie + Ae” =0, ré(0, 1), (4.7) 
u' (0) =u(1) = 0. 
Multiplying by wu’ and integrating one finds 
u'(r) = —,/2A(e* — e*), 
where a = u(0) is a free parameter. A second integration yields the implicit solution 
tanh! (YT =e" /e%) = SV 2h + C. (4.8) 
The condition at r = 0 implies C = tanh! (0) = 0. Thus 
u(r) =a ~2incosh( SV Ie), O<r<l. (4.9) 


From this equation we can determine for each a if there exists a value of 4 for which the 
boundary condition u(1) = 0 holds. Indeed from (4.8) at r = 1 we conclude 
l 1+/1—e*\7" 
pe fy pecan ate (4.10) 
2e% l-VJl—e-@ 


For each a, Equation (4.10) clearly defines a value of 4 for which (4.6) has a solution. It 
is somewhat surprising though that the right-hand side of Equation (4.10) is nonmonotone. 
Indeed, Figure 4 shows that there exists a unique A for which (4.6) has exactly one solution 
and for each smaller 4, Equation (4.6) has precisely two solutions. In terms of the physical 
setting, it can be shown that for a given A the solution with larger w value is unstable [11]. 

The case N = 2 can be solved by the change of variables r = e~! and v(t) = u(r) — 2t 
to obtain v” + Ae” = 0, thus u(r) =a — 2In(1 + A/8e%r7). In this case 


A= 8(e%/? a en) 


A plot of this relation is qualitatively exactly like Figure 4, now with a maximum at A = 2. 
Thus for both N = 1 and N = 2 the solution set to Equation (4.6) has the same structure, 
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2 4 6 8 


Fig. 4. The dependence of A on @ for (4.10). 


there exists a A* such that (1.2) has a unique solution for 2 = 4* and exactly two solutions 
for each A € (0, A*). 

Analytic solutions of (4.6) in the physically important case of N = 3 are unknown. 
Based on the results for N = 1 and N = 2, one might expect a similar solution structure. 
Historically, Emden [38], Frank-Kamenetskii [40], and Chandrasekhar [20] each numeri- 
cally integrated (4.6), with Frank-Kamenetskii finding the maximal 4* ~ 3.32. However, 
in [49], Gelfand showed that the structure of the solution set for N = 3 is quite different. 
The key difference is that for N = 3, the differential equation in (4.6) has a singular solu- 
tion @(r) = —2Inr, corresponding to 4 = 2, which also satisfies the boundary condition 
u(1) = 0. Further, as r ranges from | to 0, ®(r) ranges from 0 to oo. One can use this 
structure to transform (4.6) to a state-space where time is represented by ®(r). With this 
motivation, consider the change of variables 


s=-—lInr, 0<rc<l, 
y=, (4.11) 


w =pAe 25 e", 


Under this transformation, a solution pair (A, u,(r)) to (4.6) is equivalent to a trajectory 
{(w(s), v(s))} in the phase plane of the system 


= w(v —2), 


4.12 
ae pa) (4.12) 

with 
w(0) =A, (4.13) 


v(0) = —u,(1), (4.14) 
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x 


Fig. 5. Heteroclinic orbit for (4.12). The line corresponds to a value of 4 for which (4.6) has three solutions. 


w(co) =0, (4.15) 
v(co) = 0. (4.16) 


An elementary analysis of the system (4.12) shows that there are two equilibrium points 
(0, 0) and (2, 2), the latter corresponding to the singular solution @(r). Furthermore there 
is a heteroclinic orbit connecting the spiral node (2, 2) to the origin. Thus each intersection 
of this orbit with a vertical line w = A > 0 corresponds to a solution pair {(A, u,)} of (4.6) 
(see Figure 5). 

Thus, in contrast to the case N = 1, 2, for N = 3, given any m €N, there exists values 
of 4 such that (4.6) has exactly m solutions. Moreover, for A = 2 it has infinitely many 
solutions. In the context of Emden and Chandrasekhar’s isothermal gas stars, it implies the 
existence of infinitely many equilibrium positions. 

Joseph and Lundgren observed that the change of variables above determines the struc- 
ture of the solution set to (4.6) for all NV. In particular, for N > 2, the transformation (4.11) 
produces the equivalent system 

dw 

i mcs (4.17) 

a = (N-2)u-w, 
with conditions (4.13)-(4.16). For 2 < N < 10 the equilibrium point (2(N — 2), 2) is a 
spiral node, thus for this range of N Equation (4.6) has a solution set similar to that of 
N =3. For N > 10 the critical point becomes a repelling node, which implies that (4.6) 
has a unique solution for each A € (0, 2(N — 2)). Thus we have demonstrated the following 
theorem: 
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THEOREM 4.1. Consider Equation (4.6). The following existence results hold: 

e Case l:1< N <2. There exists X* > 0 such that (4.6) has exactly one solution for 
A = X* and exactly two solutions for each d € (0, A*). 

e Case II: 2 < N < 10. Equation (4.6) has an unbounded continuum of solutions which 
oscillates around the line } = 2(N — 2), with the amplitude of oscillations tending to 
zero, as u(Q) = ||u|| > o. 

e Case Il: N > 10. Equation (4.6) has a unique solution for each X. € (0,2(N — 2)) 
and no solutions for } > 2(N — 2). Moreover, |\u|| > co as A > 2(N — 2). 


Finer analysis of the radial solutions to (1.2) may be found in [11,78,82,79]. For results 
on the Liouville-Gelfand problem on annuli, star-shaped, and more general domains see 
[11,80,81,107,26,42]. 


4.3. Solution set for the quasilinear case 


In this section we discuss extensions of the Liouville-Gelfand problem. The first work in 
this direction is due to Garcia Azorero and Peral Alonso [44] for the nonlinear diffusive 
extension: 


oo xEQ, (4.18) 


u=0, xeEd, 


for a bounded domain S2. Using variational methods they prove the following theorem 
extending the case p = 2 (see, e.g., [26,42]): 


THEOREM 4.2. For each p > | there exists a constant i.) such that Equation (4.18) has, 
for .€ (0, Ap), at least one solution for p < N and at least two solutions for p > N. 


Additional progress for general domains can be found in [6,104]. 

Studies of (4.18) in the radial case for p 4 2 first appeared in [6] (1 < p < N) and [22] 
(p = N). In particular the paper [6] found a “transition” from infinitely many solutions 
(p <N < p* +3p/(p — 1)) to unique solutions (N > p? + 3p/(p — 1)) that extends the 
Joseph—Lundgren theory. Moreover, in [22] for p = N they find the existence of a 4* > 0 
such that the radial case of (4.18) has exactly one solution for A = 4* and exactly two 
solutions for 4 € (0, A*), again extending the Joseph—Lundgren theory. 

In [57], the author considers a Monge—Ampeéere version of the Liouville—Gelfand equa- 
tion defined by 


eee =0, xe, 


4.19 
u=0, x €082, 


on a strictly convex bounded domain S2. Curiously, unlike the Joseph—Lundgren theory, in 
the Monge—Ampére case it was shown that there exists a A* such that (4.19) has at least 
two solutions for each A € (0, A*), independent of the value of NV. 
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Equation (4.19) is one of a family of equations 
2 ue _ 
eA aaa xeEQ, (4.20) 
u=0, x €02, 


where S;(D7u) is the k-Hessian operator discussed in the introduction. The first result 
for (4.20) (k > 1) in the radial case was due to Clément et al. [22] where they considered 
the case k =n in R*”. They found that in this case (4.20) has the same twofold multiplicity 
of solutions as in the case k = 1, N = 2. This motivated the work [58] which determined 
the precise multiplicity of (4.20) in the radial case. Using the transformation (4.11) with 
s =—kInr one finds the equivalent system: 


& = w(v —2), 


dv _[N-2k], 1 0 1-k (4.21) 
¢ =( = |v yez WV ; 


with the additional conditions 
w(0) =A, v(0) = —u’'(1)/k, w(oco) =0, v(co) = 0. 


An analysis of the system (4.21) determines the exact multiplicity of solutions to (4.20). 
Note that we recover the system (4.12) when k = 1. 

In [59] all of these multiplicity results were extended to the class of quasilinear equations 
defined by 


r-¥ (r@|u'|Pu’)’ tact =0, re (0,1), 
u> 0, re (0, 1), ez) 
u’/(0) =u(1) =0, 


where the inequalities 


a>0, (4.23) 
y+l>a, (4.24) 
B+1>0, (4.25) 


hold. For instance, the following operators are included in this class: 


Operator a B y 

Laplacian N-1 0 N-1 
p-Laplacian(p>1) N-1 p-2 N-1 
k-Hessian N- k-1 N-1 
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In this setting the transformation 


s=élnr, 
— — du 

aS, ds? 

w = Agee" 


where &€ =y+1—aandé= 


vipat yield the system 


w= w(s—v), 


: B 1 = (4.26) 
b= (Fee)? + (Gaye)? 
with the additional conditions 
w(0) = Ao, v(0) = —w'(1)/é, w(—oo) = 0, v(—co) = 0 
The analysis in [59] yields the following structure theorem for (4.22): 
A 
i]e|I 
* = (a—B ~1(6EPPE 
(a) (b) 
A | 
| 
| 
| 
| 
| 
| 
| 
(a—p 6b"? 
(c) 
Fig. 6. Illustration of Theorem 4.3. (a)a— B-—1<0,(b)0<a-—B-1< ca , (Cc) BE cy — B-1. 


B+T? ari s 
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THEOREM 4.3. Consider Equation (4.22) with the inequalities (4.23), (4.24), and (4.25) 
satisfied. The solution structure to (4.22) is as follows (see Figure 6): 
e Case l:a—B—1<0. There exists a unique * > 0 such that (4.22) has exactly one 
solution for 4 = 2* and exactly two solutions for 0 <2 <X*. 


e Case :0<a-—B-1< aor Equation (4.22) has a continuum of solutions which 


oscillates around the line 4 = (a — B — 1)(5&)°*!, with the amplitude of oscillations 
tending to zero as ell rr oO. 

e Case lll:a—B-12 > Equation (4.22) has a unique solution for each d € (0, (a— 
B — 1)(6&)8+!) and no solutions for 4 > (a — B — 1)(S&)P+!. Moreover, \|u|| > 00 
as i > (a — B — 1)(6€)8+!, 


5. Rellich—Pohozaev identities 


In this section we discuss both a nonexistence and a uniqueness result for radial solutions 
of semilinear elliptic equations defined on N-dimensional balls. These results are based on 
a well-known theorem due to Pohozaev [89] (see also [77,100]). 

The Rellich—Pohozaev identity (cf. [8]) is an important identity (which since has been 
extended considerably) which has proved useful in establishing that certain nonlinear 
boundary value problems on starlike domains! do not have solutions. The identity is con- 
cerned with smooth solutions of problems, like 

ele cee a x EQ, (5.1) 

u=0, xed, 
where {2 is a starlike domain, which in our case will be assumed to be a ball. Since most 
of the results are easier to write for partial differential equations, we shall write our equa- 
tions as partial differential equations, bearing in mind that in the cases of interest positive 
solutions will be radial solutions and hence solutions of associated ordinary differential 


equations. 
We let 


Faw = f f(x, s) ds 
0 
and obtain the following identity 
/ x: |Vulvds =2N | Fo wae +2 f VF(x,u)-xdx 
dQ Q Q 
_ wa f uf (x,u) dx. (5.2) 
Q 


We have the following immediate consequence: 


'Qis star-shaped if there exists x9 € 92 such that (x — x9)- v > 0 forall x ed. 
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THEOREM 5.1. Assume that f is independent of x, and $2 is a starlike domain and 
2NF(u) —(N —2)uf(u)<0, uso. 
Then (5.1) has no positive solution. 
A consequence of this theorem when f(u) = |u|?~!u, p > 1, is the following result: 


COROLLARY 5.2. Assume that 


then the problem 


eee O0<r<R, (5.3) 


u’ (0) = u(R) = 0,7 
has no positive solutions. 

Refinements of the original Pohozaev argument for proving the above identity (see [77, 
100]) also give uniqueness results for positive solutions of problems like the above con- 
taining a parameter. Namely we have the following: 

THEOREM 5.3. Assume that N > 3, that 


fu)>0, fiw>0, u>0 


and there exists a > 0, such that 


2N F(u) 
we ls—s}{ane fc! on 


Then 


u’(0) =u(R) = 0, 
has a unique positive solution for . > 0 small. 
In particular, we can apply the above result for the case that f(u) = e“ and obtain that 


for small values of 4 the solution found earlier is the unique positive solution. Note that 
the earlier results also tell us that the condition that NV > 3 is needed. 
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5.1. More general equations 
Nonexistence results also exist for the class of equations defined in the introduction, i.e., 


r-V(r*|u' Ful)’ = fru), re (0, R), 
u > 0, r € (0, R), (5.6) 
u'(0) =u(R) = 


In 1985 Pucci and Serrin [91] extended Pohozaev’s identity (5.2) to a larger class of 
variational equations. Let L = L(p, z, x) denote a Lagrangian which is C? on the domain 
RN x Rx 2. Smooth critical points of the associated “energy” functional satisfy the Euler— 
Lagrange equation 


N 
— 2 (Lp (Du, u,x)),, + L<(Du, u, x) =0, in £2. (5.7) 
i=l 


We assume without loss of generality that L(0, 0, x) = 0 in 22. The main identity of Pucci- 
Serrin is due to the following proposition: 


PROPOSITION 5.4. Let u € C?() be a solution of the Euler-Lagrange equation (5.7), 
and let a and h be, respectively, scalar and vector valued functions of class C'(Q). Then 
the following relation holds in Q: 


a[- du 
Pisum) i idx ay u,x)— aL p (Dum) 
ret 
ah du dh; da 
= 5, L(u, u, x) +h; Ly; (Du, u, x) — (Feet HSE) Ep Dasa 
Ou 
= (Fp (Dus. x) +uL(Dinn.x)), (5.8) 
Xj 


where repeated indices i and j are to be summed from | to N. 


The proof is obtained by direct computation, using (5.7). 
If u € C*(2)NC!(Q) solves (5.7) with u = 0 on 82 then ux, = (Gu/dv)v; on A so 


du a 
hj a u,x)vj = 


iG hp (Du,u,x)hjvj ond. (5.9) 


Ox; 


Integrating (5.8) over 92, applying (5.9), vu = 0 on 02, and the divergence theorem one 
obtains the fundamental identity 


i [£(D1,0,29 IN ayy 0,39 |i -v)ds 
aa OX; 
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= / L(Du, u, x) divh + hj Lx,(Du, u, x) 
Q 


(“ ahj 22), & 
— | —— + u— (Du, u,x 
Ox; OX; ax; ) 


= a( FL p (Dy, x) +L (Du,t,3)) dx. (5.10) 
Xj 


For example, if L(p, z) = s|pl — F(z), h= x, and a is constant, then (5.10) reduces to 


1 2 N 2 
_ —|Du|*(x-v)ds = —-1-a]|Du|* — NF(u) + auf (u) dx. 
aa 2 al2 
(5.11) 
The choice of a(x) = (N — 2)/2 makes the |Du|? term vanish and reduces (5.11) to the 


Pohozaev identity (5.2). However, identity (5.10) is applicable to a much larger class of 
equations. For instance, for the quasilinear equation 


eae xe 2, (5.12) 


u=0, xeEdL2, 
with associated Lagrangian L(Du, u) = $|Dul? — F(u), the choice of h = x and constant 


a yields 


-| *|Dul?x-v)as = | [= = 1a ]idur — vr) + aurenas, 
a2 P QLP 
(5.13) 


Now we see the choice of a = (N — p)/p implies 


-| ~|Dul?x-v)as = f eed loons (5.14) 
a2 P Q P 


from which an appropriate nonexistence result can be stated. To determine the critical 
exponent we choose f (uw) = |u|?~!u and find (5.12) has no nontrivial solutions when p < 
n and 
Np (P—DN+p 
q > —— - l= ——_.. 
N-p N-p 
Note that p* = Np/(N — p) is the Sobolev exponent, corresponding to the loss of com- 


pactness for the continuous embedding W!?(2) C L4(Q). Many further applications 
of (5.10) may be found in [91]. 
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Solutions to the k-Hessian equation 


ae =f(x,u), xéEQ, (5.15) 
u=0, x EdD, 
correspond to critical points of the functional 
1 
Kll=-—— | uSi(D2u) dx + f F(x,u) dx, (5.16) 
k+l Je Q 


where F(x, u) = te f (x, s) ds. However, Proposition 5.8 does not directly apply to (5.16) 
since the Lagrangian contains higher order terms, and one needs to derive an appropriate 
higher order analog of (5.8). 

The Euler-Lagrange equation associated with the Lagrangian L = L(D*u, Du,u, x) = 
L(rij, pis Z,x), where rjj =r ji is 


N 92 
pas 2 Z, 5 
aa Axj9X; Ly,,(D u, Du, u, x) Za? u, Du,u,x)),. 
+ L,(D*u, Du, u, x) —0. (5.17) 


In this case the fundamental identity (simplified for our purposes) takes the form (see 
Equation (29) in [91]) 


PROPOSITION 5.5. Let u € C+(Q) be a solution to the Euler-Lagrange equation (5.17) 
with Ly, =O andaeé C?(Q) a scalar function. Then 


0 L+ Ou 4 OLy;; 0 ou + i 
—| x; xj —— +au — —|x—+au 
ax; |" re Ox; Ox; Ca "i 
a7 u 
=NL+x;Lx, —auL, — (a+2)——L,,,. (5.18) 
Oxjaxj; 7 


This identity can be used to determine the critical exponent associated to the operator S; 
[109]. For simplicity we assume F = F(z) (e.g., f(u) = |u|?). 


THEOREM S.6. Let 82 be asmooth domain which is star-shaped with respect to the origin. 
Assume f :(—0oo, 0] > [0, co) is smooth, with f(s) > 0 for s <0 and f (0) =0. Then 


P. e 
eae uy= fu), x€EQ, (5.19) 
u=0, x€02, 
has no nontrivial solutions in C4(2) 0 C!(2) when 
— 2k 
NF(u) — uf(u)>0, foru <0. (5.20) 


k+1 
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ee) 


PROOF. Applying Proposition 5.5 to the Lagrangian L = + F(z) with a = (N — 


2k)/(k + 1) and integrating, one obtains 


1 of N — 2k 
= [bones (D5) as = ff (wa - are uftu)) a 
(5.21) 
which simplifies to 
N — 2k 
-if. (x-v)|Du| *S (Du Joivyas =f (wre - ae uf) a 
(5.22) 


For u < 0 the operator Sj is elliptic [109], thus S‘/ (D?u)v;v; > 0. Hence the left-hand side 
of (5.22) is nonpositive and the result follows. 


Note that when k = 1, (5.20) is equivalent to the Pohozaev criterion (5.2). If f(u) = 
(—u)? then (5.20) reduces to 


oo. (5.23) 


If k > N/2, then (5.23) cannot hold and we obtain no a priori obstructions to solution from 
this method. On the other hand, when k < N/2, then (5.23) is true when p > a toe . Thus 
when k < N/2 the critical exponent y (k) for Sx; is defined by 


N+2)k 
y= (5.24) 


Complementary existence results for radially symmetric solutions for subcritical expo- 
nents (and for all exponents when k > N/2) are proved in [109], thus one can extend y (k) 
to all k via 


) {i k>N/2, (5.25) 
HE I okey 2: 


In particular, there is no critical exponent for the Monge—Ampeéere operator. Heuristically, 
operators “closer” to the Laplace operator have critical exponents, while operators “closer” 
to Monge—Ampéere do not. Note that when p = k one has an eigenvalue problem (see, e.g., 
[70,110,57]). 
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5.2. Critical dimensions 


In 1983 Brezis and Nirenberg [16] observed that lower order perturbations to elliptic 
equations involving critical exponents recover the lost compactness. More precisely, they 
proved the equation 


Au+u®2 +au=0, xe, (5.26) 
u=0, xEdQ, 


has a positive solution if 0 < A < A; and N > 4, where A, is the principal eigenvalue for 
—A on Hy (2). Surprisingly, for the case N = 3 they observed that there exists 4* > 0 
such that (5.26) has a solution for 2 € (A*, 41) and no solution for 4 € (0, 4*). If 2 is a 
ball, then 4* = A, /4. In this context the dimension N = 3 is called a critical dimension. 

Since both A, and S; have critical exponents (when p < N andk < N/2, respectively), 
it is natural to ask if results similar to the Brezis—Nirenberg result exist for these operators. 
Several authors have answered this question affirmatively. Rather than treat A, and S; 
separately, Clément et al. [22] consider the equation 


(r%|u’ Pu’) =r? \u|?-2u, reé(0, R), 
u>0, r €(0, R), (5.27) 
u'(0) = u(R) = 0, 


and the perturbed form 


(r%|u' Pua’)! = r¥ ul?-2u + Ar? |ulFu, ré(0, R), 
u>0, ré€(0,R), (5.28) 
u’(0) =u(R) = 0, 


for various values of exponents a, 6, 5 and y. See the table in Section 4.1 for the relevant 
values of constants for (5.15) or (5.12). 
The critical exponent associated with (5.27) is 


«x (Y+1)(8 +2) 
q. =—_. 


5.29 
=o (5.29) 
For the p-Laplacian, q* = we and for Sx, q* = Ae. 

Concerning the parameters involved, we assume the following inequalities hold: 
q—-\1>B+1>0, y+l>a-—f-1, (5.30) 
a—B-1>0, 6+l>a-—f-1, (5.31) 
y,d>a-—l, (5.32) 


a= pad<s. (5.33) 
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When applied to S;, (respectively A) these inequalities imply g > k + 1 (respectively 


q > p)andk < N/2 (respectively N < p), i.e., one is in the realm of critical exponents. 
The main theorems concerning (5.28) is as follows: 


THEOREM 5.7. Assume (5.30), (5.31), (5.32), (5.33) hold. IfX < 0 and q = q*, then (5.28) 
has no solution. 


THEOREM 5.8. Assume (5.30), (5.31), (5.32), (5.33), B > 0 and q = q"*. If 
(B+ 1)(66+ 1) — (@— B—1)(B +2) > 0, (5.34) 
then there exists * > 0 such that (5.28) has no solution for  € (0, d*). 

In the case of the operators S; and Ap, their parameters satisfying (5.34) correspond to 
certain values of the dimension N, called critical dimensions by Pucci and Serrin [92]. For 
the p-Laplace operator, (5.34) corresponds to N < p”, thus the critical dimensions for A Pp 
are those n with p < N < p*. Note that for the Laplacian p = 2 and we obtain 2 < N <4, 
thus the only critical dimension is N = 3, as observed by Brezis and Nirenberg. For the 
k-Hessian the critical dimensions are those N with 2k < N < 2k(k+ 1). 

The proofs are based on the following identity of Pohozaev—Pucci—Serrin type [22]: 
PROPOSITION 5.9. Let a,b € C![0, 00). Ifu € C7(0, 00) NC![0, 00) solves 

—(r%|u' Pu’) = f(r,u) in (0,00), (5.35) 


then for R > 0 we have 


1 R 
[—reu'w'(au + a mn’) +f r%a’uu' |u' |? dr 
r=R 0 
+1 


B a} p+2 
+f (a+ bi - eal Py (5.36) 
R 
=[bF(r,u)],_p +f auf (r,u) — bF,(r,u) — b' F(r, u) dr. (5.37) 
0 


6. Problems linear at infinity 
In Section 2 we discussed several bifurcation results for boundary value problems which 
had a trivial solution. The bifurcation was detected by writing the problems as an equivalent 


operator equation which was of the form 


u—F(r,u)=0 
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where 
F:RxEOE 


is a completely continuous operator and E is the Banach space of continuous functions on 
[0, R]. For the problems to follow such an equivalence will also be the case, except that F 
will satisfy the following conditions: There exist a < b such solutions of 


u— F(a,u)=0=u-— F(b,u) 
are a priori bounded and 
deg; s(id — F(a, -), B(0,r), 0) 4 deg, s(id — F(b, -), BO,r), 0), 


where the latter condition is to hold for all r, sufficiently large. Under these assumptions 
we obtain the following bifurcation from infinity result (see, e.g., [93,101]): 


PROPOSITION 6.1. There exists a continuum C of solutions of u — F(X, u) = 0 which 
bifurcates from infinity in (a, b). 


The above means that the continuum C has the property that there exists a sequence 
{(An, Un)} CC, such that {A,} C (a, b) and ||uy|| > oo. 
Here we rely mainly on the work [97,98,85—87]. Consider the boundary value problem 


Au+aAf@u)+hx)=0, xe, 
u=0, x €02, (6.1) 
u>0, xe, 


where f satisfies 

f(s)=s4+8(s), g(s) =o/(|s|), as |s| > 00. (6.2) 
Problem (6.1) is equivalent to an operator equation 

u—AF(u) —T(h)=0 (6.3) 


in R x E where E is the Banach space C[0, R] with the usual norm, and both F: E > E 
and T: E > E are completely continuous. 

Using the fact that 41, the principal eigenvalue of — A on the Sobolev space He (Br), is 
simple and the above Proposition 6.1, we obtain the following corollary. 


COROLLARY 6.2. There exist continua C~ of solutions of (6.1) bifurcating from infinity 
at 1. 


It is these continua which we shall next describe for several cases of bounded nonlinear 
terms g. 
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6.1. Landesman—Lazer results 
Regarding the function g, we now introduce the following quantities: 
v1 = lim sup g(f), 
t00 
y2 = liminf g(t), 
t+>—00 
y3 = lim sup g(t), 
t>—00 
y4 = liminf g(t), 
t—>00 
and we have the following results. 
THEOREM 6.3. Assume that 
y<0<yp. 
Then there exists a neighborhood I of 41, such that problem (6.1) has 
e at least one solution forh Ee 1,7 >A}, 
e at least three solutions for € I, <4. 
THEOREM 6.4. Assume that 
y3<0<y. 


Then there exists a neighborhood I of i,, such that problem (6.1) has 


wm 


Fig. 7. Illustration of Theorem 6.3. A similar reflected picture holds for Theorem 6.4. 
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e atleast one solution forhel,X7¥< A, 
e at least three solutions forX EI, >. 


These results are proved using the existence of the continua above and analyzing their 


location with respect to the hyperplane 4 = A). This may be accomplished by considering 
the asymptotic behavior of integrals of the form 


/ a(t + w)pdx, 


Br 
with @ a principal eigenfunction of —A and w suitably chosen in the orthogonal comple- 
ment of ¢. We refer to [75,76,100]. 
6.2. Nonlinear terms which oscillate 
We next discuss some multiplicity results from [97,98] regarding the continua which bi- 


furcate from infinity for nonlinear terms g which are bounded and oscillatory. Letting @ 
denote a positive eigenfunction of —A corresponding to 41, we assume that 


/ ho dx =0. 
2 


Let (A, w) € C* be a solution of (6.1), then we obtain 


af udedx = faa —2) f Mp ae. 
Q @ lull 


Letting w = |lu||(A, — A), the following results on the asymptotics of the solution 
branches hold: 


PROPOSITION 6.5. Assume fie g(s)s ds exists, then 


[o,@) 
sgn = sen | g(s)sds, for large 
0 


and 


d(Br) [® 
jell? > ——— (s)s ds, 
IB. g? dx Jo : 


where 


1 
d(Br)= — ds 
on iz IVol 
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PROPOSITION 6.6. Assume that 
B 
cwp)= [ g(s)s ds 
is bounded and 
ee a 
m= jim 5 | G(s) ds 


exists. Then 
e If N =2 then 


wlll? = (G(lu ll) — M)c(Br) + Md(Bp) + R(llull), 
with 


Non 


2/det A’ 


1 oy 
c(Br) = A=—5D°$(0). 


e IfN > 2, then 
|u|? 2 = Md(Br) + R(llull), 
with R(a) > 0 as a —> ©. 


Concerning the constants c(Br) and d(Br) one has the following relationship 


(N-1)/2 


d(Br) > c(Ba) aa (6.4) 


This relationship will be important in the result below, where interesting phenomena 
arise which are different for different dimension. Concerning the nonlinear term g, we 
shall assume that 


T 
ec+T)=s0), f° gdr=0 
0 
and 
T 

S=8, ==, / gi dt =0. 
0 
We have the following theorem: 


THEOREM 6.7. Let {(u, 4)} be the solution continuum of (6.1) described above. The fol- 
lowing hold: 


424 J. Jacobsen and K. Schmitt 


| 


At 
Fig. 8. Possible continua of Theorem 6.7. The the dashed line is possible when N > 4. 


e For\1<N <3 there exist infinitely many solutions for 4 = i. 
e ForN=4 


lll? — Ar) = (ga( lull )e(Ba) + g2(0)d(Br)) + o( lee”) heal”, 
as ||u|| > oo. Hence infinitely many positive solutions exist, whenever 


d(Br) 
min g2(s) <— 
se[0,T] c(Br) 


0 < max S). 
g2( ) ean 82 ) 
e@ for N >4 


\|ul|7(A — a1) = g2(O)d(2) + of [lull 7) [ell 
as ||u|| > oo. 


We thus conclude that CT may lie on one side of the hyperplane A = A, if N > 4 and the 
nonlinear term g satisfies appropriate conditions. The above results are all valid in case the 
ball Br is replaced by a convex set 2 with smooth boundary having the property that the 
eigenfunction ¢ (corresponding to 41) has a single critical point (for details see [98,100]). 


7. Symmetry breaking 


Our motivation for discussing ordinary differential equations of the form considered earlier 
has been that they may be considered as equations whose solutions are radial solutions of 
certain problems for partial differential equations which admit radial solutions because of 
certain intrinsic symmetries in the equation and the underlying domain. Now, it may be the 
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case that all solutions of the problem at hand must be radial solutions (e.g., if the conditions 
of the Gidas—Ni-Nirenberg results [50] hold), or it may be case that nonradial solutions 
bifurcate from radial solutions as parameters are varied (see, e.g., [60,82,105]). It may 
also happen that nonradial solutions exist because minima of certain energy functionals 
over a function space of radial functions (which define radial solutions of equations at 
hand) strictly exceed minima of the same functional considered over a larger space (of not 
necessarily radial functions) and hence define other solutions of the problem at hand. It is 
this situation which we shall briefly discuss here. 

Variational methods, of course, play an important role in the study of problems of the 
type that have been considered here and such methods have been used to prove the exis- 
tence of nonradial solutions of Gelfand type problems on annular domains ([44]). Note that 
by the results in [50] nonradial solutions cannot exist for such problems if the domain is a 
ball, and hence the existence of nonradial solutions is due to the geometry of the domain. 

Let us consider the boundary value problem 


" N-1) = 
ae —u+Af(u)=0, re(a,bd), (7.1) 
u(a) = u(b) =0 
solutions of which are radial solutions of 
Aut+aAf(u)=0, xe, 
: 2 
u=0, x€d0Q, G2) 


where 
Q={xeR”: 0<a<|x|=r <b}. 


By changing scale, we may assume that b = 1, and changing scale further, we also may 
assume that 4 = | and a is a parameter and we consider 
Au + = 0, EQ, 
Be DOD yi (7.3) 
u=0, x €dL. 


For various classes of nonlinearities f, we established in Section 3 that these problems 
have positive solutions. 


In case f(u) =u?, p< He. N > 3, it was proved in [16] that (7.3) has nonradial 
positive solutions for any a, and if f(u) =—u+u?, p> 1, N =2, a similar result was 


established in [24], where it was also shown that the number of positive nonradial solu- 
tions increases without bound as a —> 1. These results have been extended by Lin [67,68] 
who established several bifurcation results (which will be summarized below) motivated 
by the results cited above. There is also the seminal work of Nagasaki and Suzuki [80,82] 
concerning nonradial solutions of the Gelfand equation on annuli in R?, and higher dimen- 
sions, which we shall also summarize. 
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Let us characterize the various nonlinear terms considered and then state the pertinent 


results. It will always be assumed that f is a smooth function and f(u) > 0 for u > 0. 
Furthermore f may belong to one of the following classes of functions: 


hw > fwu> +8 fw, u>0, N23, (7.4) 


where 6 is a positive constant; 


N+2 
fl) =u?, ad a ee a (7.5) 
N+2 
cue, lep< a, N22 


fU)< (7.6) 


eA) A(u) = o(u’), u>o, N=2. 
For such nonlinearities the following theorem holds: 


THEOREM 7.1. Jf f(u) = o(u), u — 0, then under any of the above conditions positive 
nonradial solutions of (7.3) exist. 


Consider the Gelfand problem 


A Ae’ = 92 
| utae’=0, x EQ, (7) 


u=0, x €02, 
with 
Q={x eR*: 0<a<|xj/=r< 1}. 


Using polar coordinates x = (r cos0,r sin@) and the rotation 


aa . a 
Tnx = (« cos( 0 + =). r sin(0 + *)). 
m m 


we consider, besides the space V = Wh (£2), the spaces 
Vn = {v EV: v(Tmx) = v(x)} 


and we call m the mode of a function v if m is the largest integer such that v € V,,. For the 
functional 


M:V->R 


defined by 


M(v) =| e” dx, 
2 
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Fig. 9. Possible solution continua for Equation (7.2). The dashed lines represent symmetry breaking bifurcation 
branches. 


the following result was established in [80]: 


THEOREM 7.2. For any positive integer m, there exists anumber [tm > 0 such that for any 
[L > [km problem (7.7) has a nonradial solution (A, u) with u of modem and M(u) = wL. 


This suggests that the solution continua of positive radial solutions of (7.7) whose exis- 
tence was established in Section 3 undergo secondary bifurcations. However, the proof of 
the above result uses variational methods and the continua were established using continu- 
ation methods based on degree theory. Thus the above suggestion about secondary bifurca- 
tions is a suggestion only. On the other hand, in their paper [82] Nagasaki and Suzuki have 
used a somewhat different method, based on Morse theory and topological degree theory 
to study symmetry breaking off radial solutions of (7.7) in case N > 2 and they conclude 
that the solution continuum of radial solutions C of the Gelfand problem (7.7) undergoes 
infinitely many symmetry breaking bifurcations (into nonradial solutions) as A + 0* and 
||u|| — oo. A similar approach has been used in [106] for semilinear equations involving 
power nonlinearities. 


8. Whole space problems 
In this final section we shall consider problems of the type 

—Au+u—|ul?-'u=0, xeR, p>, (8.1) 
and more general equations of the form 


—AutV(x)u—(Alul?)u=alul?lu, x eR, (8.2) 
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where A is a parameter. Again, we will be interested in radial solutions, i.e., solutions u 
which only depend upon r = |x|. Such solutions, of course, will, as before be solutions of 
corresponding ordinary differential equations. As in the case when the domain is a ball, 
positive solutions of (8.1) may be radial solutions by results similar to the results in [50]. 
In fact very similar results have been obtained, see, e.g., [27,28,102]. 

We shall call positive solutions of either of the equations ground states and we shall 
discuss results which guarantee the existence of ground states. The approach used in both 
cases is variational and we shall rely on results in [83,111] for Equation (8.1) and recent 
results from [90] for Equation (8.2). The latter equation is a fully nonlinear equation and 
has many interesting applications in mathematical physics. Some references to such appli- 
cations may be found in [90]. 

The important Sobolev space for both problems is the space W!7(IR) with the sub- 
space 


H, (RY) = {we W'?(RY): wis radial}. 


A result of Strauss (see [111]) guarantees that the embedding 


H,; (RY) L4(R%), 2<q< (8.3) 
N-2 
is a compact embedding; this fact plays an important role in studying the functionals 
1! 2 2 
ITuw)== |Vul|- dx + |u|“ dx }, (8.4) 
2 RY RN 
1 2 2 2,2 
J(u)=- [Vul- dx + Vix) |ule dx ) + |Vul-us dx, (8.5) 
2 \JRN RN RN 
and 
Kone = |uj?*! dx (8.6) 
pt+1 JRy , 


on the space ee (RY). 

The compact embedding result plays an important role in establishing the so-called 
Palais-Smale condition, a condition which is used in verifying the mountain pass theo- 
rem. An alternate approach to such problems is the use of Lagrange multiplier techniques 
in which case the fact that the level sets 


{u E H} (RY): K(u) = constant} 


are weakly closed (which follows from the compact embedding result) plays a role. These 
approaches establish the existence of critical points of the defining functionals (or critical 
points subject to a constraint) which provide weak solutions of the differential equation. 
Some classical arguments then show that the weak solutions are actually smooth. Using 
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the well-known mountain pass theorem of Ambrosetti and Rabinowitz the following result 
has been established (see, e.g., [111]). 


THEOREM 8.1. Assume 1 < p < 75 5, then Equation (8.1) has a positive radial solution 


UE H} (R). This solution Flies is class C?(R™) and is a solution of the boundary 
value problem 


my N=17 p-1,-= 
i + uw —ut|ulPu=0, re, oo), (8.7) 


u' (0) = u(oo) = 0 


As already mentioned, this problem (for the case N = 3) was already studied by Nehari 
[83] using a variational approach. For Nehari’s case the problem becomes 


” berm ply 
Ge +4 24 u+ i =0, re(0,o), (8.8) 
u’ (0) =u(coo) = 
with | < p <5. Letting v = ru, one finds that v is a solution of the equation 
v’ —v+r!-PvP =0. (8.9) 


The following example of Nehari [83] shows that for p = 5 no such solutions can exist 
(thus a result similar to the nonexistence result of Pohozaev [89] holds for problems defined 
in all of space, as well). For, if one assumes that such a solution exists, then v solves 


v” —v+r-4v =0, (8.10) 


and using the identity 


< r(v')? — vv’ en = (2rv’ — v) ja 
dr 2r 3 r4 ? 
one obtains, for any 0 <a <r <b, 
yo 7 b b 
r(v’)? — vol + — =i (2rvv’ — v?) dr = [rv]? -2f v-dr. (8.11) 
2r3 ‘ 7 a 
One may show that 


u(r) =O(e"), ro, vir) =O(r), r> 0, 


and hence conclude from (8.11) that 


contradicting that u is a nontrivial solution of (8.8) for p = 5. 
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The above example is but one of the many results available for the existence of positive 
radial ground states for equations of the form 


div(A(|Vul)Vu) + f(u)=0, xeR. 


For additional results we refer to the papers [84,88, 102] and their references. 

We now turn to the problem (8.2), then under various assumptions on the potential V 
one may establish results similar to the above using a variational approach (critical point 
theory). The assumptions imposed on V € LL (RY ) and the number p belong to the fol- 
lowing class: 

(A) There exists a constant 6 > 0 such that 


Vix)>6, ae. 


(B) V € L®(RY), and V is periodic in each coordinate; p > 3. 
(C) VE L™(RY), V(x) > IV Ilz~, |x| > 00; p > 3. 

(D) V(x) > ~&, |x| > wo; p> 1. 

The following results have been established (see [90]). 


THEOREM 8.2. Assume that N = | and that condition (A) and condition (B), (C), or (D) 
hold. Then for any a > 0 there exists 4 > 0 such that 


—u" + V(x)u— (u*)"u =hylulP— lu, 


has a positive solution u € W!:?(R). The function a +> Aq is unbounded and lower semi- 
continuous. If it is the case that p > 3, then 


lim Ag = 0, lim Ag = oo. 
a—>oo + 


a—>0 


In this case, furthermore, for each 2. > 0, there exists an infinite sequence of positive solu- 
tions {un} C W'?(R) of 


—u" + V(x)u— (u?)"u =Alul?—!u, 
with 
J (un) > &, 
where J is given by (8.5). 
For higher dimensions the following existence results are valid. 


THEOREM 8.3. Let N >2and1< p< as Then there exists a sequence {An}, An > ©, 


such that (8.2) admits for any X = dy a nontrivial nonnegative radial solution u € H} (RY). 
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N+2 


In case 3 < p < =, i.e, N =2 or N =3, there exists a corresponding sequence {hn}, 
satisfying hy — 0, as well. 

If N =3 and 3 < p <5 and > > 0, then (8.2) has a nontrivial nonnegative solution 
UE H} (R3). 


References 


[1] 
[2] 
[3] 
4] 


5] 
[6] 


7) 


8] 
[9] 


[10 
[ll 
[12 


[13] 
[14 


[15 
[16 


[17 
[18 
[19 
20 
21 
22 
23 


24 


25 


J.C. Alexander, A primer on connectivity, Fixed Point Theory (Sherbrooke, Que., 1980), Springer, Berlin 
(1981), 455-483. 

W. Allegretto, P. Nistri and P. Zecca, Positive solutions of elliptic nonpositone problems, Differential Inte- 
gral Equations 5 (1992), 95-101. 

H. Amann, On the number of solutions of asymptotically linear two point boundary value problems, Arch. 
Rat. Mech. Anal. 55 (1974), 207-213. 

A. Anane, Simplicité et isolation de la premiére valeur propre du p-Laplacien, C. R. Acad. Sci Paris 305 
(1987), 725-728. 

T. Aubin, Some Nonlinear Problems in Riemannian Geometry, Springer-Verlag, Berlin (1998). 

J.G. Azorero, IP. Alonso and J.-P. Puel, Quasilinear problems with exponential growth in the reaction 
term, Nonlinear Anal. TMA 22 (1994), 481-498. 

M. Badiale and E. Nabana, A note on radiality of solutions of p-Laplacian equation, Appl. Anal. 52 
(1994), 1-4, 35-43. 

C. Bandle, /soperimetric Inequalities and Applications, Pitman, London (1980). 

C. Bandle, C.V. Coffman and M. Marcus, Nonlinear elliptic problems in annular domains, J. Differential 
Equations 69 (1987), 322-345. 

C. Bandle and L.A. Peletier, Problémes de Dirichlet nonlinéaires dans des anneaux, C. R. Acad. Sci. Paris 
305 (1986), 181-184. 

J. Bebernes and D. Eberly, Mathematical Problems from Combustion Theory, Applied Math. Sci., Vol. 83, 
Springer-Verlag, New York (1989). 

A. ben Naoum and C. De Coster, On the existence and multiplicity of positive solutions of the p-Laplacian 
seperated boundary value problems, Differential Integral Equations 10 (1997), 1093-1112. 

MSS. Berger, Nonlinearity and Functional Analysis, Academic Press, New York (1977). 

T. Bhattacharya, Radial symmetry of the first eigenfunction for the p-Laplacian in the ball, Proc. Amer. 
Math. Soc. 104 (1988), 169-174. 

G. Bratu, Sur les équations intégrales non linéaires, Bull. Soc. Math. France 42 (1914), 113-142. 

H. Brezis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical Sobolev 
exponents, Comm. Pure Appl. Math. 36 (1983), 437-477. 

A. Castro and A. Kurepa, Energy analysis of a nonlinear singular differential equation and applications, 
Rev. Colombiana Mat. 21 (1987), 155-166. 

A. Castro and A. Kurepa, Infinitely many radially symmetric solutions to a superlinear Dirichlet problem 
in a ball, Proc. Amer. Math. Soc. 101 (1987), 57-64. 

A. Castro and R. Shivaji, Nonnegative solutions for a class of radially symmetric nonpositone problems, 
Proc. Amer. Math. Soc. 106 (1989), 735-740. 

S. Chandrasekhar, An Introduction to the Study of Stellar Structure, Dover, New York (1957). 

S.N. Chow and J.K. Hale, Methods of Bifurcation Theory, Springer-Verlag, New York (1982). 

P. Clément, D. de Figueiredo and E. Mitidieri, Quasilinear elliptic equations with critical exponents, Topol. 
Methods Nonlinear Anal. 7 (1996), 133-170. 

P. Clement, M. Garcia-Huidobro, R. Manasevich and K. Schmitt, Mountain pass type solutions for quasi- 
linear elliptic equations, Calc. Variations PDE 11 (2000), 33-62. 

C.V. Coffman, A nonlinear boundary value problem with many positive solutions, J. Differential Equations 
54 (1984), 429-437. 

C.V. Coffman and M. Marcus, Existence and uniqueness results for semilinear Dirichlet problems in an- 
nuli, ARCH (1991), 293-307. 


432 


[26] 


[27] 


[28] 
[29] 
[30] 
[31] 
[32] 
[33] 
[34] 
[35] 
[36] 
[37] 


[38] 
[39] 


[40] 
[41] 
[42] 
[43] 
[44] 
[45] 
[46] 
[47] 
[48] 
[49] 
[50] 
[51] 


[52] 


J. Jacobsen and K. Schmitt 


M.G. Crandall and P.H. Rabinowitz, Some continuation and variation methods for positive solutions of 
nonlinear elliptic eigenvalue problems, Arch. Rat. Mech. Anal. 58 (1975), 207-218. 

L. Damascelli and F. Pacella, Monotonicity and symmetry of solutions of p-Laplace equations, | < p <2, 
via the moving plane method, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 
9 (1998), 95-100. 

L. Damascelli and F. Pacella, Monotonicity and symmetry results for p-Laplace equations and applica- 
tions, Adv. Differential Equations 5 (2000), 1179-1200. 

H. Dang, R. Manasevich and K. Schmitt, Positive radial solutions of some nonlinear partial differential 
equations, Math. Nachr. 186 (1997), 101-113. 

H. Dang and K. Schmitt, Existence of positive solutions for semilinear elliptic equations in annular do- 
mains, Differential Integral Equations 7 (1994), 747-758. 

H. Dang, K. Schmitt and R. Shivaji, On the number of solutions of boundary value problems involving the 
p-Laplacian, Electr. J. Differential Equations 1996 (1996), 137-148. 

K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, New York (1987). 

M.A. Del Pino, M. Elgueta and R.F. Manasevich, A homotopic deformation along p of a Leray—Schauder 
degree result and existence for (\u'|P~2u')! + f(t, u) =0, u(0) = u(T) = 0, p > 1, J. Differential Equa- 
tions 80 (1989), 1-13. 

M.A. Del Pino and R.F. Manasevich, Global bifurcation from the eigenvalues of the p-Laplacian, J. Dif- 
ferential Equations 92 (1991), 226-251. 

P. Delanoé, Radially symmetric boundary value problems for real and complex elliptic Monge—Ampeére 
equations, J. Differential Equations 58 (1985), 318-344. 

P. Drabek and R. Manasevich, On the closed solution to some nonhomogeneous eigenvalue problems with 
p-Laplacian, Differential and Integral Equations (1999). 

A. el Hachimi and F. de Thélin, Infinitely many radially symmetric solutions for a quasilinear problem in 
a ball, J. Differential Equations 128 (1996), 78-102. 

V. Emden, Gaskugeln, Leipzig (1907). 

L. Erbe and K. Schmitt, On radial solutions of semilinear elliptic problems, Differential Integral Equations 
1 (1988), 71-78. 

D.A. Frank-Kamenetskii, Diffusion and Heat Exchange in Chemical Kinetics, Princeton University Press, 
Princeton (1955). 

L. Friedlander, Asymptotic behavior of the eigenvalues of the p-Laplacian, Comm. Partial Differential 
Equations 14 (1989), 1059-1069. 

T. Gallouét, F. Mignot and J.-P. Puel, Quelques résultats sur le probleme —Au = r0", C. R. Acad. Sci. 
Paris Sér. I Math. 307 (1988), 289-292. 

J. Garcia Azorero and I. Peral Alonso, Multiplicity of solutions for elliptic problems with critical exponent 
or with a nonsymmetric term, Trans. Amer. Math. Soc. 323 (1991), 877-895. 

J. Garcia Azorero and I. Peral Alonso, On an Emden—Fowler type equation, Nonlinear Anal. 18 (1992), 
1085-1097. 

M. Garcia-Huidobro, R. Manasevich and K. Schmitt, On the principal eigenvalue of p-Laplacian like 
operators, J. Differential Equations 130 (1996), 235-246. 

M. Garcia-Huidobro, R. Manasevich and K. Schmitt, Some bifurcation results for a class of p-Laplacian 
like operators, Differential Integral Equations 10 (1997), 51-66. 

M. Garcia-Huidobro, R. Manasevich and K. Schmitt, Positive radial solutions of quasilinear elliptic par- 
tial differential equations on a ball, Nonlinear Anal. TMA 35 (1999), 175-190. 

M. Garcia-Huidobro, R. Manasevich and F. Zanolin, Strongly nonlinear second order ODEs with rapidly 
growing terms, J. Math. Anal. Appl. 202 (1996), 1-26. 

I.M. Gelfand, Some problems in the theory of quasilinear equations, Amer. Math. Soc. Transl. Ser. 2 29 
(1963), 295-381. 

B. Gidas, W. Ni and L. Nirenberg, Symmetry and related properties via the maximum principle, Comm. 
Math. Phys. 68 (1979), 209-243. 

G.B. Gustafson and K. Schmitt, Nonzero solutions of boundary value problems for second order ordinary 
and delay differential equations, J. Differential Equations 12 (1972), 125-147. 

K. Gustafson, Combustion and explosion equations and their calculation, Computational Techniques in 
Heat Transfer (Seattle, Wash., 1983), Vol. 1, Pineridge, Swansea (1985), 161-195. 


53 
54 


Ee) 
56 


57 
58 


59] 


60 
61] 
62 
63 
64 


65 
66 


67] 


68] 


69] 


[70] 
[71] 


[72] 
[73 


[74 


[75 


[76 
[77] 
[78] 


[79] 


Radial solutions of quasilinear elliptic differential equations 433 


D. Hai and K. Schmitt, On radial solutions of quasilinear boundary value problems, Topics in Nonlinear 
Analysis, Birkhauser, Basel (1999), 349-361. 

D. Hai, K. Schmitt and R. Shivaji, Positive solutions of quasilinear boundary value problems, J. Math. 
Anal. Appl. 217 (1998), 672-686. 

P. Hartman, Ordinary Differential Equations, second ed., Birkhauser, Boston (1982). 

J. Heinonen, T. Kilpelaéinen and O. Martio, Nonlinear Potential Theory of Degenerate Elliptic Equations, 
Clarendon Press, Oxford University Press, New York (1993). 

J. Jacobsen, Global bifurcation problems associated with k-Hessian operators, Topol. Methods Nonlinear 
Anal. 14 (1999), 81-130. 

J. Jacobsen, A Liouville-Gelfand equation for k-Hessian operators, Rocky Mountain J. Math. 34 (2004), 
665-684. 

J. Jacobsen and K. Schmitt, The Liouville-Bratu-Gelfand problem for radial operators, J. Differential 
Equations 184 (2002), 283-298. 

W. Jager and K. Schmitt, Symmetry breaking in semilinear elliptic problems, Analysis ETC, Moser An- 
niversary Volume, P. Rabinowitz and E. Zehnder, eds., Academic Press, New York (1990), 451-470. 
D.D. Joseph and T.S. Lundgren, Quasilinear Dirichlet problems driven by positive sources, Arch. Rat. 
Mech. Anal. 49 (1973), 241-269. 

H. Kaper, M. Knaap and M. Kwong, Existence theorems for second order boundary value problems, 
Differential Integral Equations 4 (1991), 543-554. 

J.L. Kazdan and F.W. Warner, Remarks on some quasilinear elliptic equations, Comm. Pure Appl. Math. 
28 (1975), 567-597. 

M. Krasnosel’skii, Topological Methods in the Theory of Nonlinear Integral Equations, Pergamon, Oxford 
(1963). 

M. Krasnosel’skii, Positive Solutions of Operator Equations, Noordhoff, Groningen (1964). 

V. Le and K.Schmitt, On boundary value problems for degenerate quasilinear elliptic equations and in- 
equalities, J. Differential Equations 144 (1998), 170-218. 

S.S. Lin, Positive radial solutions and non-radial bifurcation for semilinear elliptic equations in annular 
domains, J. Differential Equations 86 (1990), 367-391. 

S.S. Lin, Existence of positive nonradial solutions for nonlinear elliptic equations in annular domains, 
Trans. Amer. Math. Soc. 332 (1992), 775-791. 

P. Lindqvist, On the equation div(|Vul?~2Vu) + Alu|?~2u = 0, Proc. Amer. Math. Soc. 109 (1990), 
157-164. 

P.L. Lions, Two remarks on Monge—Ampéere equations, Ann. Mat. Pura Appl. 142 (1985), 263-275. 


J. Liouville, Sur l’équation aux differences partielles ale += 0, J. Math. Pures Appl. 18 (1853), 
71-72. 

N.G. Lloyd, Degree Theory, Cambridge Tracts in Mathematics, Vol. 73, Cambridge University Press, 
Cambridge (1978). 

R. Manasevich, F.I. Njoku and F. Zanolin, Positive solutions for the one-dimensional p-Laplacian, Differ- 
ential Integral Equations 8 (1995), 213-222. 

R. Manasevich and K. Schmitt, Boundary value problems for quasilinear second order differential equa- 
tions, Non-Linear Analysis and Boundary Value Problems for Ordinary Differential Equations (Udine), 
F. Zanolin, ed., Springer, Vienna (1996), 79-119. 

J. Mawhin and K. Schmitt, Landesman—Lazer type problems at an eigenvalue of odd multiplicity, Results 
Math. 14 (1988), 138-146. 

J. Mawhin and K. Schmitt, Nonlinear eigenvalue problems with the parameter near resonance, Ann. 
Polon. Math. 51 (1990), 241-248. 

J. S. McGough, On solution continua of supercritical quasilinear elliptic problems, Differential Integral 
Equations 7 (1993), 1453-1471. 

F. Mignot and J.-P. Puel, Solution radiale singuliére de —Au = he", C. R. Acad. Sci. Paris Sér. I Math. 
307 (1988), 379-382. 

F. Mignot and J.-P. Puel, Quelques résultats sur un probleme elliptique avec non linéarité exponentielle, 
Equations aux dérivées partielles et applications, Gauthier-Villars, Ed. Sci. Méd. Elsevier, Paris (1998), 
683-704. 


434 


[80] 
[81] 
[82] 
[83] 


[84] 


[85] 
[86] 
[87] 
[88] 


[89] 
[90] 


[91] 
[92] 


[93] 
[94] 


[95] 
[96] 


[97] 
[98] 
[99] 


100] 


101] 
102] 
103] 
104] 


105] 


106] 


J. Jacobsen and K. Schmitt 


K. Nagasaki and T. Suzuki, Radial and nonradial solutions for the nonlinear eigenvalue problem Au + 
de” = 0 0n annuli in R2, J. Differential Equations 87 (1990), 144-168. 

K. Nagasaki and T. Suzuki, Radial solutions for Au + Ae" = 0 on annuli in higher dimensions, J. Differ- 
ential Equations 100 (1992), 137-161. 

K. Nagasaki and T. Suzuki, Spectral and related properties about the Emden—Fowler equation — Au = he" 
on circular domains, Math. Ann. 299 (1994), 1-15. 

Z. Nehari, On a nonlinear differential equation arising in nuclear physics, Proc. Roy. Irish Acad. 62 
(1963), 117-135. 

W.M. Ni and J. Serrin, Existence and nonexistence theorems for ground states of quasilinear partial dif- 
ferential equations. The anomalous case, Convegno Celebrativo del Centenario della Nascita di Mauro 
Picone e di Leonida Tonelli, Atti dei Convegin Lincei, Vol. 77, Academia Nazionale dei Lincei (1986), 
231-257. 

H.-O. Peitgen and K. Schmitt, Perturbations globales topologiques des problemes nonlineaires de valeur 
propre, Comptes Rendues Acad. Sci. Paris 291 (1980), 271-274. 

H.-O. Peitgen and K. Schmitt, Global topological perturbations of nonlinear elliptic eigenvalue problems, 
Math. Methods Appl. Sci. 5 (1983), 376-388. 

H.-O. Peitgen and K. Schmitt, Global analysis of two-parameter elliptic eigenvalue problems, Trans. 
Amer. Math. Soc. 283 (1984), 57-95. 

L.A. Peletier and J. Serrin, Ground states for the prescribed mean curvature equation, Proc. Amer. Math. 
Soc. 100 (1987), 694-700. 

S. Pohozaev, Eigenfunctions of the equation Au + df (u) = 0, Sov. Math. Dokl. 165 (1965), 1408-1411. 
M. Poppenberg, K. Schmitt and Z. Wang, On the existence of soliton solutions to quasilinear Schrodinger 
equations, Calc. Var. Partial Differential Equations 14 (2002), 329-344. 

P. Pucci and J. Serrin, A general variational identity, Indiana Univ. Math. J. 35 (1986), 681-703. 

P. Pucci and J. Serrin, Critical exponents and critical dimensions for polyharmonic operators, J. Math. 
Pures Appl. (9) 69 (1990), 55-83. 

P. Rabinowitz, On bifurcation from infinity, J. Differential Equations 14 (1973), 462-475. 

P. Rabinowitz, Some aspects of nonlinear eigenvalue problems, Rocky Mountain J. Math. 3 (1973), 161— 
202. 

M. Rao and Z. Ren, Theory of Orlicz Spaces, Marcel Dekker, New York, 1985. 

D.H. Sattinger, Topics in Stability and Bifurcation Theory, Lecture Notes in Math., Vol. 309, Springer- 
Verlag, 1973. 

R. Schaaf and K. Schmitt, A class of nonlinear Sturm—Liouville problems with infintely many solutions, 
Trans. Amer. Math. Soc. 306 (1988), 853-859. 

R. Schaaf and K. Schmitt, Asymptotic behavior of positive solution branches of semilinear elliptic prob- 
lems with linear part at resonance, Z. Angew. Math. Phys. 43 (1992), 645-676. 

K. Schmitt, Boundary value problems for quasilinear elliptic partial differential equations, Nonlinear 
Anal. 2 (1978), 263-309. 

K. Schmitt, Positive solutions of semilinear elliptic boundary value problems, Topological Methods in 
Differential Equations and Inclusions (Montreal, PQ, 1994), A. Granas, M. Frigon and G. Sabidussi, eds., 
Series C: Mathematical and Physical Sciences, Vol. 472, Kluwer Academic, Dordrecht (1995), 447-500. 
K. Schmitt and Z.-Q. Wang, On bifurcation from infinity for potential operators, Differential Integral 
Equations 4 (1991), 933-944. 

J. Serrin and H. Zou, Symmetry of ground states of quasilinear elliptic equations, Arch. Rat. Mech. Anal. 
148 (1999), 265-290. 

V.L. Shapiro, Quasilinear ellipticity and the Ist eigenvalue, Comm. Partial Differential Equations 16 
(1991), 1819-1855. 

E.A.D.B. Silva and S.H.M. Soares, Liouville-Gelfand type problems for the N-Laplacian on bounded 
domains of RN, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 28 (1999), 1-30. 

J. Smoller and A. Wasserman, Symmetry breaking for positive solutions of semilinear elliptic equations, 
Arch. Rat. Mech. Anal. 95 (1986), 217-225. 

P.N. Srikanth, Symmetry breaking for a class of semilinear elliptic problems, Ann. Inst. H. Poincaré 7 
(1990), 107-112. 


Radial solutions of quasilinear elliptic differential equations 435 


[107] T. Suzuki, Radial and nonradial solutions for semilinear elliptic equations on circular domains, Symposia 
Mathematica, Vol. XXX (Cortona, 1988), Academic Press, London (1989), 153-174. 

[108] N.S. Trudinger and X.-J. Wang, Hessian measures. I, Topol. Methods Nonlinear Anal. 10 (1997), 225-239. 

[109] K. Tso, Remarks on critical exponents for Hessian operators, Ann. Inst. H. Poincaré Anal. Non Linéaire 
7 (1990), 113-122. 

[110] X.-J. Wang, A class of fully nonlinear elliptic equations and related functionals, Indiana Univ. Math. J. 43 
(1994), 25-54. 

[111] M. Willem, Minimax Theorems, Birkhauser, Boston (1996). 


This Page Intentionally Left Blank 


CHAPTER 5 


Integrability of Polynomial Differential Systems 


Jaume Llibre 


Departament de Matematiques, Universitat Autonoma de Barcelona, 08193 Bellaterra, Barcelona, Spain 
E-mail: jllibre@mat.uab.es 


Contents 
I: Basic NOWONS): ga2. gosta mid Poe Bede he bd oe Pe whe oath bE BSA LS 6 PS dead 439 
LJ... Polynomial Systems) 3°32 3 cacy sevens aon ses Se gece Me gage oh Bb Bs Soe 440 
1.2. First integrals and invariants... 1... ee 441 
1:3: Integrating: factors» 9) ie eae etd Ee Pe i gn he ee De eee ek 442 
1.4. Invariant algebraic curves . 2... ee 444 
125s Exponential factors: 6-264. isa le ek SS NE eid ee he dese ss A Gam Share. gle anaes 446 
2. Darbouxian theory of integrability .. 2... . 2. ee ee 448 
3. Kapteyn-Bautin:theorem:...%. % <2 ao St aba Mec Aa edie Og Pe Raa ee OS Cae ate 452 
4. On the degree of the invariant algebraic curves... 2. ee 454 
52. Darboux leminiay 37 gets spss a eye ti Ee he Sa ate teh oe eo cicetinine cate ca tte Baader st este 460 
6. Applications of the Darboux lemma ........... 0.000000 000 0 eee eee eee 466 
7. Algebraic limit cycles for quadratic systems .. 2.2... . ee ee 475 
8. Limit cycles and algebraic limit cycles... 2... 2. ee eee 480 
9. Darbouxian theory of integrability and centres .. 2... 2... 2. ee ees 485 
10. Non-existence of limit cycles... 2... ee ee 487 
11, The:tnverse:problem s.s° = sey0-0 whuvee ean ke eos ne se MA ae a AOE Go enna Wa ae ed 491 
12. Elementary and Liouvillian first integrals... 2... ee ee ee 500 
13. Liouvillian first integrals for the planar Lotka—Volterra system ..................000. 503 
14. On the integrability of two-dimensional flows... ........ 0.000.000 00 2eeee eee 514 
15. Darbouxian theory of integrability for polynomial vector fields on surfaces ............0.. 518 
15.1. Invariant algebraic curves and exponential factors... 1... 2.2.0.0. .20 000000000. 519 
15:2, The surtaces) vce ec30 5 Rikers wads SAE doo SA ea 21D eS ah SA Ro ee teh WAS 520 
15.3% Darbouxian:theoty’:.. 3 -< 3 4 bad nae is Soe ABN Oy eS A ee ee, Ae ea aes 524 
REferences® Fug ie gt sais tas ve eee aks Se, SES RI ee ee yaad Scale te es At ask Sinaia Selec sWeae, vin ab oe 528 


HANDBOOK OF DIFFERENTIAL EQUATIONS 
Ordinary Differential Equations, volume 1 

Edited by A. Cafiada, P. Drabek and A. Fonda 

© 2004 Elsevier B.V. All rights reserved 


437 


This Page Intentionally Left Blank 


Integrability of polynomial differential systems 439 


Nonlinear ordinary differential equations appear in many branches of applied mathematics, 
physics and, in general, in applied sciences. For a differential system or a vector field 
defined on the plane R* or C? the existence of a first integral determines completely its 
phase portrait; of course, working with real or complex time, respectively. Since for such 
vector fields the notion of integrability is based on the existence of a first integral the 
following natural question arises: 


Given a vector field on R? or C?, how to recognize if this vector field has a first 
integral? 


The more easiest planar vector fields having a first integral are the Hamiltonian ones. The 
integrable planar vector fields which are not-Hamiltonian are, in general, very difficult to 
detect. Many different methods have been used for studying the existence of first integrals 
for non-Hamiltonian vector fields based on: Noether symmetries [13], the Darbouxian the- 
ory of integrability [38], the Lie symmetries [83], the Painlevé analysis [7], the use of Lax 
pairs [62], the direct method [51] and [55], the linear compatibility analysis method [97], 
the Carlemann embedding procedure [14] and [2], the quasimonomial formalism [7], etc. 

In this chapter we study the existence of first integrals for planar polynomial vector 
fields through the Darbouxian theory of integrability. The algebraic theory of integrability 
is a classical one, which is related with the first part of the Hilbert’s 16th problem [56]. 
This kind of integrability is usually called Darbouxian integrability, and it provides a link 
between the integrability of polynomial vector fields and the number of invariant algebraic 
curves that they have (see [38,86]). 

Darboux [38] showed how can be constructed the first integrals of planar polynomial 
vector fields possessing sufficient invariant algebraic curves. In particular, he proved that if 
a planar polynomial vector field of degree m has at least [m(m + 1)/2] invariant algebraic 
curves, then it has a first integral, which can be computed using these invariant algebraic 
curves. Jouanolou [58] (see also [95] and [31] for an easy proof) shows that if the number 
of invariant algebraic curves of a planar polynomial vector field of degree m is at least 
[m(m + 1)/2] + 2, then the vector field has a rational first integral, and consequently all its 
solutions are invariant algebraic curves. For more details and results on Darbouxian theory 
of integration for planar polynomial vector fields, see [9,26,28,30,85,87,9 1-93]. 

Prelle and Singer [87] using methods of differential algebra, showed that if a polynomial 
vector field has an elementary first integral, then it can be computed using the Darbouxian 
theory of integrability. Singer [95] proved that if a polynomial vector field has Liouvillian 
first integrals, then it has integrating factors given by Darbouxian functions. Some related 
results can be found in [20]. 


1. Basic notions 


In this section first we present the planar polynomial differential systems that we shall 
study. Secondly, we introduce the notion of first integral; and finally, we deal with the 
definition of integrating factor. 
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1.1. Polynomial systems 


By definition a planar polynomial differential system or simply a polynomial system is a 
differential system of the form 


dx, dy. 

—= — = = —_—_—_= = ] 

7 ome Gua | dp = LOY)» (1) 
or equivalently 

dy — Qx,y) 

dx P(x, y)’ 


where P and Q are polynomials in the variables x and y. Moreover, the dependent vari- 
ables x and y, the independent variable ¢, and the coefficients of the polynomials P and 
Q are either all complex, or all real. In the former case the system is called a complex 
polynomial system and in the later a real polynomial system. 

The independent variable t will be called the time of system (1). 

If we have a real polynomial system (1) we will work with it as a complex one, indepen- 
dently if we want to study its real integrability, because as we will see later on, often the 
real integrability of a real polynomial system is forced by its complex structure. 

In this chapter the degree m of the polynomial system (1) will be the maximum of the 
degrees of the polynomials P and Q. 

Associated to polynomial system (1) there is either the polynomial vector field 


0 0 
A= PGS Ox, y—, (2) 
x dy 
or the polynomial 1-form 


w= P(x, y)dy — Q(x, y) dx. 


The existence of solutions for the polynomial system (1), or equivalently for the polyno- 
mial vector field V or for the 1-form w is given by the Existence and Uniqueness theorem 
of solutions for an ordinary differential system. 

If the polynomial system (1) is real, then a solution of it is an analytic function 
y:U — R? (U is the maximal time open interval in which the solution is defined) such 
that dg(t)/dt = X (p(t)), for every t € U. 

If the polynomial system (1) is complex, then a solution of it is an analytic or holomor- 
phic function g: U — C? (U is the maximal time simple connected open subset of C in 
which the solution is defined) such that dg(t)/dt = X (y(t)), for every tf € U. 

In what follows we denote by F either R, or C, according with system (1) be real or 
complex, respectively. 

Let g:U — F? be a solution of system (1). Then, the set {y(t) € F*: t € U} is called a 
trajectory, an integral curve or an orbit of system (1) or of the vector field ¥. 
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1.2. First integrals and invariants 


The vector field % or equivalently the system (1) is integrable on an open subset U of F* 
if there exists a nonconstant analytic function H:U — F, called a first integral of the 
system on U, which is constant on all solution curves (x(t), y(t)) of ¥ contained in U; 1.e., 
H (x(t), y(t)) = constant for all values of t for which the solution (x(t), y(t)) is defined 
and contained in U. Clearly H is a first integral of Y on U if and only if 


XH=0, or wAdH=0, 


on U. 

For system (1) defined on the plane R? or C? the existence of a first integral determines 
completely its phase portrait; i.e., the decomposition of the plane as union of the orbits 
of (1). 


EXAMPLE 1.1. The polynomial system 
xX =x(ax+c), y= y(Qax+by+c), (3) 
has the first integral 


y — Get Olax + by) 
x (ax + by +c) 


And the system 

t=-y—b(x*+y*), pex, (4) 
has the first integral 

H= exp(2by) (x? + yy. (5) 


Of course, once we have a first integral any analytic function of this first integral is 
another first integral. 

Let U C F? be an open set. We say that an analytic function H(x, y,t):U x F—> F, is 
an invariant of the polynomial vector field V on U, if H(x, y, t) =constant for all values 
of t for which the solution (x(t), y(t)) is defined and contained in U. If an invariant H is 
independent on f then, of course, it is a first integral. 

The knowledge provided by an invariant is weaker than the one provide by a first inte- 
gral. The invariant, in general, only gives information about either the w- or the w-limit set 
of the orbits of the system. 


EXAMPLE 1.2. IfaB —bA=0 and bC — Bc £0, then the polynomial system 


xX=x(ax+by+c), y= y(Ax+ By+C), (6) 
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has the invariant 


H= B/(BC—Bo) y-b/(WC—Bo) gt 


System (6) is the well-known Lotka—Volterra system, see [72,100]. 


1.3. Integrating factors 


The simple fact of associating to system (1) the 1-form w allows to obtain for the exact 
systems a first integral. Indeed, system (1) is called exact if it satisfies 


For these systems the |-form w is closed; i.e., dw = 0. Therefore, the function 


(x,y) 
A(x, y) =I @, 
( 


X0,¥0) 


obtained integrating w through any path starting at the point (xo, yo) and ending at the point 
(x, y) is well defined, because w is closed and F? is simply connected. Then, w = dH. 
Hence, w A dH = 0, and consequently H is a first integral for system (1). 

The exact systems provides us a way to obtain first integrals for a given system (1) which 
initially is not exact, through the notion of integrating factor. 

Let U be an open subset of F*, and R:U — F be an analytic function which is not 
identically zero on U. The function R is an integrating factor of the vector field 1, or of 
the 1-form @, or of the system (1) on U if one of the following four equivalent conditions 
holds 


d(RP) __ d(RQ) 
Ox oy 
div(RP, RQ) =0, 
XR=—Rdiv(4), 
d(R@) = d(RP dy — RQ dx) =0, (7) 


’ 


on U. As usual the divergence of the vector field ¥ is defined by 


The first integral H associated to the integrating factor R is given by 


A(x, y)= — f Re. y) P(x, y)dy +h(x), 
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satisfying 0H /dx = —RQ. Then 


dH ’ _ dH 


In order that this function H to be single-valued the open set U must be simply connected, 
if not it can be multi-valued. 

Conversely, given a first integral H of the vector field V we always can find an integrat- 
ing factor R for which (8) holds. 


EXAMPLE 1.3. It is easy to check that system (4) has the integrating factor R = 
2 exp(2by), and that using it we get the first integral (5), and vice versa. 


EXAMPLE 1.4. Linear differential equations. We consider the polynomial differential 
equation 


d 
— =a(x)y + b(x), 
dx 
with a and b polynomials in x. Its associated 1-form is 


o=dy— (a(x)y + b(x)) dx. 


If R = R(x) is an integrating factor it must satisfy 
aR 

d(Rw) = (= + Ra(x)) dx Ady =0. 
x 


Therefore, we get the integrating factor 


R(x) = exp( - i: a(x) ax). 


Later on we shall use the following result. 


PROPOSITION 1.5. [fa vector field X has two integrating factors R, and R2 on the open 
subset U of F*, then in the open set U \ {Ry = 0} the function R/R> is a first integral. 


PROOF. Since R; is an integrating factor, it satisfies that 1 Rj = —R; div(¥) fori = 1,2. 
Therefore, the proposition follows immediately from the next computation: 


x(7) _ (ERi)Ro ~ Ri(¥R2) en 


1) RS 
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1.4. Invariant algebraic curves 


Let f € C[x, y];1.e., f is a polynomial with complex coefficients in the variables x and y. 
The complex algebraic curve f(x, y) = 0 is an invariant algebraic curve of the real vector 
field V if for some polynomial K € C[x, y] we have 


vpaPLAy ot axe (9) 
Ox oy 

The polynomial K is called the cofactor of the invariant algebraic curve f = 0. We note 

that since the polynomial system has degree m, then any cofactor has at most degree m — 1. 

We remark that in the definition of invariant algebraic curve f = 0 we always allow 
this curve to be complex; that is f € C[x, y]. As we will see this is due to the fact that 
sometimes for real vector fields the existence of a real first integral can be forced by the 
existence of complex invariant algebraic curves. Of course, when we look for a complex 
invariant algebraic curve of a real vector field we are thinking in the real vector field as a 
complex one. 

Since on the points of the algebraic curve f = 0 the gradient (df/dx, df/dy) of the 
curve is orthogonal to the vector field 1 = (P, Q) (see (9)), the vector field 7 is tangent 
to the curve f = 0. Hence, the curve f = 0 is formed by trajectories of the vector field ¥. 
This justifies the name of invariant algebraic curve given to the algebraic curve f = 0 
satisfying (9) for some polynomial K, because it is invariant under the flow defined by ¥. 


EXAMPLE 1.6. Itis easy to check that system (3) has the following five invariant algebraic 
curves, in this case straight lines: fj =x =0, fp =ax+c=0, fg =y=0, fg=ax+tby= 
0, and fs =ax+by+c=0, having cofactors Kj = ax +c, Kz =ax, K3 =2ax+by+c, 
K4=ax+by+cand Ks = ax + by, respectively. In fact, all integral curves of system (3) 
are algebraic because, with the exception of fj; = 0 and fs = 0, they can be written as 
(ax + c)(ax + by) — hx(ax + by +c) = 0 being h a constant. 


EXAMPLE 1.7. System (4) has only the two invariant algebraic curves x + yi = 0 and 
x — yi = 0, or equivalently the invariant algebraic curve x? + y* = 0, see Proposition 1.10. 
This is easy to proof using its first integral H = exp(2by)(x* + y?). 


PROPOSITION 1.8. For a real polynomial system (1), f = 0 is an invariant algebraic 
curve with cofactor K ifand only if f = 0 is an invariant algebraic curve with cofactor K. 
Here conjugation denotes conjugation of the coefficients of the polynomials only. 


PROOF. We assume that f = 0 is an invariant algebraic curve with cofactor K of the real 
polynomial system (1.9). Then equality (9) holds. Since P and Q are real polynomials 
conjugating equality (9) we obtain that 
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Consequently, f = 0 is an invariant algebraic curve with cofactor K of system (1). The 
proof in the converse direction is similar. 


LEMMA 1.9. Let f, g € C[x, y]. We assume that f and g are relatively prime in the ring 
C[x, y]. Then, for a polynomial system (1), fg = 0 is an invariant algebraic curve with co- 
factor K fg if and only if f = 0 and g = 0 are invariant algebraic curves with cofactors K f 
and Kx respectively. Moreover, K fg = K ¢ + Kg. 


PROOF. It is clear that 


X( fg) =(4 fig t+ f(g). (10) 


We assume that fg = 0 is an invariant algebraic curve with cofactor Kr, of system (1). 
Then, (fg) = K fg fg and from equality (10) we get Kr, fg = (4 f)g + fXg. There- 
fore, since f and g are relatively prime, we obtain that f divides ¥ f, and g divides ¥ g. 
If we denote by Ke = X f/f and by Kg = X g/g, then f =0 and g = 0 are invariant al- 
gebraic curves of system (1) with cofactors K ¢ and K, respectively, and K fg = Kf + Kg. 

The proof in the converse direction follows in a similar way using again (10). 


PROPOSITION 1.10. We suppose that f € C[x, y] and let f = fii: - fe" be its factor- 
ization in irreducible factors over C[x, y]. Then, for a polynomial system , f =0isan 
invariant algebraic curve with cofactor K ¢ if and only if f; = 0 is an invariant algebraic 
curve for eachi =1,...,1r with cofactor K f,. Moreover K ¢ =n, Kf, +-+++n,Ky,. 


PROOF. From Lemma 1.9, we have that f = 0 is an invariant algebraic curve with cofac- 


tor Ky if and only if hia = 0 is an invariant algebraic curve for each i = 1,...,r with 
cofactor K pris furthermore K ¢ = K ft tet K gar, 

Now for proving the proposition it is sufficient to show, for each i = 1,...,r, that 
i = 0 is an invariant algebraic curve with cofactor K ff if and only if fj = 0 i is an in- 
variant algebraic curve with cofactor K j;, and that K p= Mi K y,. We assume that f/"" = 
is an invariant algebraic curve with cofactor K ,»;. Then 


fi 
K poi ff = XA") Sif XA 
or equivalently 
X(fi) = “Kk pi fi: 
So defining Kf, = K pn nj /nj. We obtain that f; = 0 is an invariant algebraic curve with 


cofactor Kf, such that K 


similar way. 


a K y,. The proof in the converse direction follows in a 
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An irreducible invariant algebraic curve f = 0 will be an invariant algebraic curve such 
that f is an irreducible polynomial in the ring C[x, y]. 

A natural question in this subject is whether a polynomial vector field has or not invariant 
algebraic curves. The answer is not easy, see the large section in Jouanolou’s book [58], or 
the long paper [79] devoted to show that one particular polynomial system has no invariant 
algebraic solutions. Even one of the more studied limit cycles, the limit cycle of the van 
der Pol system, until 1995 it was unknown that it is not algebraic [82]. Some results about 
the algebraic limit cycles of quadratic polynomial vector fields can be found in [21]. 


1.5. Exponential factors 


In this section we introduce the notion of an exponential factor due to Christopher [28]. 
We shall see that an exponential factor appears when an invariant algebraic curve has in 
some sense multiplicity larger than 1. Therefore, as we shall show an exponential factor 
will play the same role than an invariant algebraic curve in order to obtain a first integral 
for the polynomial system (1). 

We assume that we have two invariant algebraic curves h = 0 and h + eg = 0 with 
cofactors K;, and Kn+.g and that € is in a neighborhood of zero. Using that Vh = Kyh 
and that V(h+ €g) = Knteg(h + €g), if we expand in power series of ¢ the cofactor Knteg 
we obtain that Kjt2g = Ky +eK + O(e”), where K is some polynomial of degree at most 
m—1. 

Since 


¥v h+eg\ Xh+eg)h—(h+eg)rh 
h = h2 
_ Knteg(h tegyh — (h + €g)Knh 
Se ea 
(Kn +eK + O(e?))(h + eg)h — (h + €g)Knh 
a 
=eK+ O(e’), 


we have 


h l/e l/h 1/e h —l h 
we (ees en pada eel? aes 
h e\ hh 2 h 


_ -(" + Net rn O()) (eK 4 O(e?)) 


h+eg 1/e 
: 11 
8) ay 
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Therefore the function 


h+eg\!/ 
h 


has cofactor K + O(e). As € tends to zero, the above expression tends to 


exp(4), (12) 


and from (11) we obtain that 


s(oo(6))-xewl) “ 


Therefore, function (12) satisfies the same Equation (9) that the invariant algebraic curves, 
with a cofactor of degree at most m — 1. 

Let h, g € C[x, y] and assume that A and g are relatively prime in the ring C[x, y]. Then 
the function exp(g/h) is called an exponential factor of the F-polynomial system (1) if for 
some polynomial K € C[x, y] of degree at most m — | it satisfies Equation (13). As before 
we say that K is the cofactor of the exponential factor exp(g/h). 

As we will see from the point of view of the integrability of polynomial systems (1) the 
importance of the exponential factors is double. On one hand, they verify Equation (13), 
and on the other hand, their cofactors are polynomials of degree at most m — 1. These 
two facts will allow that they play the same role that the invariant algebraic curves in the 
integrability of a polynomial system (1). We note that the exponential factors do not define 
invariant curves for the flow of system (1). 

We remark that in the definition of exponential factor exp(g/h) we always allow that this 
function is complex; that is h, g € C[x, y]. This is due to the same reason that in the case 
of invariant algebraic curves. That is, sometimes for real polynomial systems the existence 
of a real first integral can be forced by the existence of complex exponential factors. Again 
when we look for a complex exponential factor of a real polynomial system we are thinking 
in the real polynomial vector field as a complex one. 


PROPOSITION 1.11. For a real polynomial system (1.9) the function exp(g/h) is an ex- 
ponential factor with cofactor K if and only if the function exp(%/h) is an exponential 
factor with cofactor K. Again conjugation denotes conjugation of the coefficients of the 
polynomials only. 


PROOF. We assume that exp(g//) is an exponential factor with cofactor K of the real 
polynomial system (1). Then equality (13) holds. Since P and Q are real polynomials 
conjugating equality (13) we obtain that 


p &xplg/h) + 9 2ePg/h) 


= K exp(z/h). 
AE ay exp(g/h) 
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Consequently, exp(Z//) is an exponential factor with cofactor K of system (1). The proof 
in the converse direction is similar. 


PROPOSITION 1.12. If F = exp(g/h) is an exponential factor for the polynomial sys- 
tem (1), then h = 0 is an invariant algebraic curve, and g satisfies the equation 


Xg= gk, +hKr, 
where Ky and Kf are the cofactors of h and F respectively. 


PROOF. Since F = exp(g/h) is an exponential factor with cofactor Kr, we have 


Kr exp(#) = xexn() = exp(£)x(£) = exp(#) Se ; 
or equivalently 
(Xg)h —g(Xh) =h’ Ke. 
Hence, since h and g are relatively prime, we obtain that h divides Vh. So h = 0 is an 


invariant algebraic curve with cofactor K, = Vh/h. Now substituting Vh by Kyh in the 
last equality, we have that Vg = gK;, +hKr. 


We remark that the exponential factors of the form exp(g/h) with h = constant ap- 
pear when the straight line at infinity is a solution with multiplicity higher than | for the 
projectivized version of the vector field, for additional details see [34]. 


2. Darbouxian theory of integrability 


As far as we know, the problem of integrating a polynomial system by using its invariant 
algebraic curves was started to be considered by Darboux in [38]. The version that we 
present improves Darboux’s one essentially because here we also take into account the 
exponential factors (see [28]), the independent singular points (see [26]), and the invariants 
(see [9,11]). 

Before stating the main results of the Darboux theory of integrability we need some de- 
finitions. If S(x, y) = paiee ajjx'y) is a polynomial of degree m — 1 with m(m + 1)/2 
coefficients in C, then we write S € C,— [x,y]. We identify the linear vector space 
Cm—1Lx, y] with C""+)/? through the isomorphism S$ — (ao0, 410, G01,--+sm—1,0> 
Am—2,15+++140,m—-1)- 

We say that r points (xx, yx) € C?,k=1,...,r, are independent with respect to 
Cm—1L%, y] if the intersection of the r hyperplanes 


m—-1 
(aij) € cmm+/2. » xb yiaij =0,k=1,. Ger 
i+j=0 
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is a linear subspace of C’”"*+!)/? of dimension m(m + 1)/2—r > 0. 

We recall that (xo, yo) is a singular point of system (1) if P(xo, yo) = Q(x0, yo) = 0. 

We remark that the maximum number of isolated singular points of the polynomial 
system (1) is m? (by Bezout theorem), that the maximum number of independent isolated 
singular points of the system is m(m + 1)/2 — 1, and that m(m + 1)/2 < m? form > 2. 

A singular point (x9, yo) of system (1) is called weak if the divergence, div(P, Q), of 
system (1) at (xo, yo) is zero. 


THEOREM 2.1 (Darbouxian theory of integrability). Suppose that a F-polynomial sys- 
tem (1) of degree m admits p irreducible invariant algebraic curves f; = 0 with co- 
factors K; for i= 1,..., p, q exponential factors exp(g;/hj) with cofactors Lj; for 
j =1,...,q, and r independent singular points (xx, yg) such that fi (xx, ye) 4 0 for 
i=1,...,p and fork =1,...,r. Note that the irreducible factors of the polynomials h ; 
are some fj's. 

(a) There exist d;, 4; € C not all zero such that ae Ai Ki + aa pjLj =0, ifand 

only if the (multi-valued) function 


My Mq 
eB) : 


is a first integral of system (1.9), real if F = R. 

(b) fp+qt+r=[m(m + 1)/2] +1, then there exist 4;, uj € C not all zero such that 
we Ki + V4 Mj Lj = 0. 

(c) fp+qt+r > ([m(m + 1)/2] + 2, then system (1) has a rational first integral, 
and consequently all trajectories of the system are contained in invariant algebraic 
curves. 

(d) There exist d;, 4; € C not all zero such that 4 Ai Ki + a= pwjLj =—div(P, 
Q), if and only if the function (14) is an integrating factor of system (1), real if 
F=R. 

(e) fp+qt+r=m(m + 1)/2 and the r independent singular points are weak, then 
function (14) for convenient ij, 4; € C not all zero is a first integral ipa Ai Ki + 
via ujLj = 0, or an integrating factor if YP, AiKi + ae pjLj = 
—div(P, Q). 

(f) There exist d;, 4; € C not all zero such that pee AiKi + a wjLj =—s for 
some s € F\{0}, if and only if the function 


Mh Mq 
oa oo oe (e(#)) Sig (exr(&)) exp(st) (15) 
hy Ng 


is an invariant of system (1), real if F = R. 


PROOF. We prove the theorem when the polynomial system (1) is complex. For the real 
case, we only do some minor comments. 

We denote Fj = exp(g;/hj). By hypothesis we have p invariant algebraic curves f; = 0 
with cofactors K;, and q exponential factors F; with cofactors L ;. That is, the f/s satisfy 
X fi = Ki; fi, and the F's satisfy V Fj = Lj Fj. 
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The first part of statement (a) follows easily from the next computations 


X( Paap eae) 


P q 
_ Xr Ap pu iL a fi XF; 


P q 
mCi aptat AI) Seam + Dts) 
rl 


i=1 


In statement (a) we claim that the function (14) is real if ¥ is real. This follows from the 
following fact. Since ¥ is real, it is well known that if a complex invariant algebraic curve 
or exponential factor appears, then its conjugate must appear simultaneously (see Proposi- 
tions 1.8 and 1.11). If among the invariant algebraic curves of V a complex conjugate pair 
f =Oand f =0 occurs, the function (14) has a real factor of the form f* f*, which is the 
multi-valued real function 


i ie 


[(Re f)* + (Im f)*]*°" exp(—2 Im arg(Re f +iIm f)), 
if ImAIm f # 0. If among the exponential factors of VY a complex conjugate pair F = 
exp(h/g) and F = exp(h/g) occurs, the first integral (14) has a real factor of the form 


(oo) Ce) -eom(e4) 


(b) Since the cofactors K; and L; are polynomials of degree < m — 1, we have that 
K;, Lj € Cm_i[x, y]. We note that the dimension of C,,_1[x, y] as a vector space over C 
is m(m+ 1)/2. 

Since (xx, yz) is a singular point of system (1), P(xx, yx) = O(xx, ye) = 0. Then, 
from ¥ fj = P(0fi/dx) + Q(0fi/dy) = Kj fi, it follows that Kj (xx, ye) fir, ye) = 0. 
By assumption fj (xx, yg) # 0, therefore K;(xx, yg) = 0 fori =1,..., p. Again, from 
AVF; = P(OF;/0x)+ Q(0F;/dy) = Lj F;, it follows that L j (xx, ye) Fj Xk, ye) = 0. Since 
Fj = exp(g;/hj;) does not vanish, Lj (xx, yz) = 0 for j = 1,...,¢. Consequently, since 
the r singular points are independent, all the polynomial K; and L; belong to a linear sub- 
space S of C,—1[x, y] of dimension [m(m + 1)/2]—r. We have p+q polynomials K; and 
Lj and since from the assumptions p + g > [m(m + 1)/2] —r, we obtain that the p + q 
polynomials must be linearly dependent on S. So, there are 4;, 4; € C not all zero such 
that 7? A; Ki + 04_, wjLj =0. Hence statement (b) is proved. 

(c) Since the number of independent singular points r < m(m + 1)/2, it follows that 
p+q > 2. Under the assumptions of statement (c) we apply statement (b) to two subsets 
of p+q-— 1 > 0 functions defining invariant algebraic curves or exponential factors. Thus, 
we get two linear dependencies between the corresponding cofactors, which after some 
linear algebra and relabeling, we can write into the following form 


M, +03M3 +-+-+Ap4g—-1Mp+q = 9, 
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M2 + B3M3+---+ By+q-1Mp+q =0, 


where M, are the cofactors K; and L;, and the a and £7 are complex numbers. Then, by 
statement (a), it follows that the two functions 


log(GiGS--Ginit), — log(GaG4 G's), 


are first integrals of system (1), where G; is the polynomial defining an invariant alge- 
braic curve or the exponential factor having cofactor M; for! = 1,..., p+q. Then, taking 
logarithms to the above two first integrals, we obtain that 
= log(G1) + a3 log(G3) +-+-+ a@p4g—1 log(Gp+q), 
Hy = log(G2) + B3 log(G3) +--+ + Bp+q—1log(Gp+q), 


are first integrals of system (1). Each provides an integrating factor R; such that 


aH; OH; 
R; P = —, R:Q=-—. 
dy Ox 


Therefore, we obtain that 


Ri - 0M, /0x 
Ry dH /dx’ 


Since the functions G; are polynomials or exponentials of a quotient of polynomials, it 
follows that the functions 0 Hj /0dx are rational for i = 1,2. So, from the last equality, we 
get that the quotient between the two integrating factors R1 / R2 1s a rational function. From 
Proposition 1.5 it follows statement (c). 

(d) We have 4;, 4; € C not all zero such that )°?_, Ai Ki + D°4_, wjLj = —div(P, Q). 
Then, from the computations of the proof of statement (a), we obtain 


A (Pon Br Fe) 


=; eee oP FH. Fy?) V( Sov 


ch 


+ Dots) 
=—(fh fp? Fel. Fy") div(P, Q). 


So, from (7), statement (d) follows. 

(e) Let K = div(P, Q), clearly K € C,,—1[x, y]. By assumption the r singular points 
(xx, Yk) are weak, therefore K (xz, yg) = 0 fork =1,...,r. So K belongs to the linear 
subspace S of the proof of statement (b). 

On the other hand, since dim S = p+gq =[m(m+ 1)/2]—r > 0 and we have p+q+1 
polynomials K,...,Kp, Li,...,Lq, K in S (we are using the same arguments that in 


452 J. Llibre 


the proof of statement (b), it follows that these polynomials are linearly dependent on S. 
Therefore, we obtain 4;, 4;, @ € C not all zero such that 


Pp 
(Sona) (Sou )) vox = 0. (16) 
i=l 


If w = 0 then, as in the proof of statement (a), we obtain that function (14) is a first 
integral of system (1). 

We assume now that a ~ 0. Dividing by a the equality (16) (if necessary), we can 
assume without loss of generality that a = 1. So we have that 


P q 
So aKi + > ujLj = —div(P, Q). 
i=1 j=| 
Then, by using statement (d) it follows (e). 


(f) We have A;, 4; € C not all zero such that 7? , Aj Ki + ei pjLj = —s. Then, 
from 


d 735, Ap pol Mq ost 
FT ti + fp Ff ++ Fg 7e") 


0 
eosin 


P q 
= (flles. fy? FM s. Rite) ilies pe jt +s) =0 


i=l 


it follows statement (f). 


A (multi-valued) function of the form (14) is called a Darbouxian function. The associ- 
ated first integral to a Darbouxian integrating factor is called a Liouvillian first integral. 


3. Kapteyn—Bautin theorem 


An interesting application of the Darbouxian theory of integrability allows us to present a 
new and shorter proof of the sufficient conditions for the classification theorem of centers 
of quadratic polynomial differential systems due to Kapteyn [59,60] and Bautin [6]. The 
first proof of this fact was due to Kapteyn in the 1910s. The proof that we present here can 
be found in [9]. 


KAPTEYN—BAUTIN THEOREM. Any quadratic system candidate to have a center can be 
written in the form 


x=-y bx? Cxy ay, yaxtax* + Axy—ay’. (17) 
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This system has a center at the origin if and only if one of the following conditions holds 
() A-2b=C+2a=0, 
(I) C=a=0, 
(UW) b+d=0, 
(IV) C+2a=A+3b+5d=a*+bd+2d?=0. 


The following result gives a short proof of the sufficient conditions of Kapteyn—Bautin 
theorem. 


THEOREM 4. Jf system (17) satisfies one of the four conditions of the Kapteyn—Bautin 
theorem, then it has a center at the origin. 


PROOF. Since system (17) has a linear center at the origin, this is a center or a focus. Con- 
sequently, to prove that system (17) satisfying one of the four conditions of the Kapteyn— 
Bautin theorem has a center at the origin, it is sufficient to show that it has a first integral 
in a neighborhood of the origin. 

Assume that system (17) satisfies condition (1). Then, it is easy to check that the system 
is Hamiltonian, ie. «= —dH/dy, } = 9H/dx with H = 5(x? + y?) + $x3 + bx?y — 
axy* + 4 y>. Therefore H is a first integral defined in a neighborhood of the origin. 

Suppose that system (17) satisfies condition (Il). Then, the system can be written in the 
form 


x =—y—bx*—dy’, y=x+Axy. 


If A £0 this system has the invariant straight line fj = 1+ Ay = 0 with cofactor K; = 
Ax. The divergence of the system is (A — 2b)x. Then, if A(A — 2b) 4 0 we have the 
divergence of the system is equal to (1 — 2)K 1. Hence, by Theorem 2.1(d) we obtain that 
(1 + Ay)*’/4—! is an integrating factor of system (17). Since this integrating factor is not 
zero at the origin, the associated first integral is defined in a neighborhood of the origin, 
and consequently the origin is a center. 

We can assume that A — 2b 4 0, otherwise we would be under the assumptions of 
condition (I). So, it remains only to study the case A = 0 and b £ 0. Then, the sys- 
tem becomes + = —y — bx* — dy”, » = x. This system has the algebraic solution f; = 
2b? (bx? + dy”) + (b — d)(2by — 1) = 0 with cofactor K; = —2bx, which is equal to the 
divergence of the system. Therefore, by Theorem 2.1(d) we obtain that ie is an inte- 
grating factor. Hence the first integral associated to this integrating factor is defined at the 
origin if b — d 4 0, and consequently the origin is a center. 

Now we suppose that in addition b — d = 0. Then the system goes over to x = —y — 
b(x? + Sean y =x. From Examples 1.1 and 1.3 we know that H = exp(2by) (x? + y?) isa 
first integral, which is defined at the origin, and therefore the origin must be a center. 

Assume that system (17) satisfies condition (II). As Frommer observed in [44] (see also 
[92]) the form of system (17) with b+d = 0 is preserved under a rotation of axes. After per- 
forming a rotation of axes of an angle 6, the new coefficient a’ of x? in the second equation 
of system (13) becomes of the form a’ = a cos* 6 +a cos” 6 sind + B cosé@ sin? @ +d sin? 0. 
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Therefore, if a 4 0 we can find @ such that a’ = 0. So we can assume that a = 0, and con- 
sequently C 4 0; otherwise we would be under the assumptions of condition (II). 
The system 


x= —y —bx* — Cxy + by’, y=x+Axy, 


has the algebraic solutions f; = 1+ Ay = 0 if A 40 with cofactor K; = Ax, and fo = 
(1 — by)? + CC — by)x — b(A + b)x? = 0 with cofactor K2 = —2bx — Cy. Since the 
divergence of the system is equal to K; + K2, by Theorem 2.1 (d) we obtain that fe ee 
is an integrating factor. Hence, again the first integral associated to the integrating factor is 
defined at the origin, and consequently the origin is a center. 

We remark that if A = 0 then f; is not an algebraic solution of the system, but then the 
divergence of the system is equal to K and the integrating factor of the system is , and 
using the same arguments we obtain that the origin is a center. 

Suppose that system (17) satisfies condition (IV). Then, if d 4 0 the system becomes 


2 2 
. a +2d 
x=—-y+ ——*" + 2axy — dy’, 
> 3a*+d? 5 
y=x+ax a mer eee 


We note that if d = 0 then we are under the assumptions of condition (I). This system 
has the algebraic solution fj = (a? + d?)[(dy — ax)? + 2dy] + d? =0 with cofactor 
K, = 2(a? + d*)x/d. Therefore the divergence of the system is equal to 3K 1. Hence, 
by Theorem 2.1(d) the function yet * is an integrating factor of the system. Since d 4 0, 
its associated first integral is defined in a neighborhood of the origin, and consequently the 
origin is a center. 


In order to see the explicit expression for the first integrals of system (17) satisfying 
conditions (I)-(IV), see Schlomiuk [92]. 


4. On the degree of the invariant algebraic curves 


From Jouanolou’s result (see Theorem 2.1(c))) it follows that for a given polynomial dif- 
ferential system of degree m the maximum degree of its irreducible invariant algebraic 
curves is bounded, since either it has a finite number p < [m(m + 1)/2] + 2 of invariant 
algebraic curves, or all its trajectories are contained in invariant algebraic curves and the 
system admits a rational first integral. Thus for each polynomial system there is a natural 
number N which bounds the degree of all its irreducible invariant algebraic curves. A nat- 
ural question, going back to Poincaré [86], is to give an effective procedure to find NV. 
Partial answers to this question were given by Cerveau and Lins Neto [16], Carnicer [15], 
Campillo and Carnicer [12], and Walcher [101]. These results depend on either restricting 
the nature of the polynomial differential system, or more specifically on the singularities 
of its invariant algebraic curves. 
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Of course, given such a bound, it is then easy to compute the algebraic curves of the sys- 
tem and also describe its elementary or Liouvillian first integrals (modulo any exponential 
factors) see for instance [73,28,84]. 

Unfortunately, for the class of polynomial systems with fixed degree m, there does not 
exist a uniform upper bound N(m) for N as shown by the system: 


X=rx, y=sy, 
with r and s be positive integers. This system has a rational first integral 


eee 
xs 


and hence invariant algebraic curves x* — hy’ = 0 for all h EC. 
A common suggestion was that the following question would have a positive answer: 


Given m > 2, is there a positive integer M(m) such that if a polynomial vec- 
tor field of degree m has an irreducible invariant algebraic curve of degree 
> M(m), then it has a rational first integral. 


See for instance the open question 2 in [31], or the question at the end of the introduction 
of [65]. 

The purpose of this section is to present two families of polynomial differential systems 
of degree 2 without rational first integrals but with irreducible invariant algebraic curves of 
arbitrarily high degree. Thus we show that no such function M(m) exists. 


THEOREM 4.1. We consider the quadratic polynomial differential system 


x=x(1—-x), 


pa—Ay + Ax? + Bxyty’, (18) 
where 
b(c- —b 2ab 
iets, pase tore prmeagt 
c2 Cc 


If, for any positive integer k, we choose a= 1 —k, b <a, and c irrational, then the poly- 
nomial system (18) has: 

(a) no rational first integrals; 

(b) an irreducible invariant algebraic curve 


ab ; 
y—-—x)F4+x—-x)F =0, 
Cc 


of degree k, where F = F (a,b; c; x) is the hypergeometric function; 
(c) a Darbouxian integrating factor. 
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PROOF. We first prove statement (a). We shall use the following result known by 
Poincaré [86]: Jf a polynomial system (1.9) has a rational first integral, then the eigen- 
values 41 and i2 associated to any singular point of the system must be resonant in the 
following sense: there exist nonnegative integers m, and m2 with m, +m > 1 such that 
mA, +m2A2 = 0. For a proof see, for instance, [46] or [64]. Now it is easy to check that 
the origin of system (18) is a singular point whose ratio of eigenvalues is 1 — c. Since c is 
irrational, the system can have no rational first integral. 

The system (18) has the invariant solutions x = 0 and x = | together with the following 
two explicit solutions: 


b 
fi=(y- Sx) A bx —0F(=0. 
ab ; 
f2a=l(e-1l-yt+(l—-c+— }x}F)—-xU-x)F, =0, 
c 


where F, = F(a,b;c; x), Fo = F(1+a-—c,1+b—c;2—c;x), and F(a, b; c; x) is the 
hypergeometric function 


ee) 


F(a, b;c;x)= > 


k=0 


(a)x(b)x a 
(c)e kL 


Here we have used the notation 


, ifk =0, 


1 
Cie, eres: ifk>0. 


The hypergeometric function F (a, b; c; x) is a solution of the hypergeometric differential 
equation 


x(1—x)y”+[e-@+b+ 1)x]y’ — aby =0, 


and so F and F” can have a common zero only at x = 1. 

If we take a= 1—k, b <a and c > 0 irrational, with k a positive integer, then 
F(a,b;c;x) is a polynomial of degree k — 1, with all coefficients positive. Hence 
F(1)> 0, and so F and F’ can have no common roots at all. Thus f; = 0 defines an 
irreducible algebraic curve of degree k, which proves statement (b). 

Finally, after some calculation it can be shown that 


3 xo! fF; 


hr 


is a first integral of the system, with (reciprocal) integrating factor 


vel 


x fed = gyri 


which proves statement (c). 
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Theorem 4.1 can be found in [32]. 
Moulin Ollagnier in [75] showed that the quadratic spatial homogeneous Lotka—Volterra 
systems in C?: 


x=x(Cy+z), 
y=yQ+t Az), 
Z=z(Bx+y), (19) 


with 
(A, B,C)= (—Qr + 1)/(@r— 1), 1/2, 2) 


for r = 1,2,... has an invariant algebraic curve f(x, y,z) = 0 of degree 2r. So these 
systems present invariant algebraic curves of unbounded degree. He added: /t is not easy 
to write f in “closed form”. 

This previous example is interesting because it was used by Moulin Ollagnier in [78] to 
provide another negative answer to the question about the existence of the number M(m). 

Now we want to understand the algebraic structure of the invariant algebraic curves of 
system (19), and at the same time we present a new proof of the existence of such invariant 
algebraic curves. The proof of the existence presented here is essentially analytical, while 
the proof of the existence given in [77,78] is algebraic. 

The homogeneous Lotka—Volterra systems (19) in C? can be thought as the planar pro- 
jective model of the following planar Lotka—Volterra systems in C?: 


an 1 is 
x=x 5) yi, 


2r+1 x 
y= y(-——_ + = y]. 20 
, v( aes ») (20) 


For more details between the affine and the projective model of a planar polynomial vector 
fields, see for instance [77]. 

Let f(x, y) € C[x, y]. If f = 0 is an invariant algebraic curve of the polynomial differ- 
ential system (20), then f satisfies the following linear partial differential equation 


x of 2r+1 x of 
eae | eye ae ee 21 
+( s+) eof aD 2 f G1) 


where the polynomial K of degree < 1 is the cofactor of f = 0. 
THEOREM 4.2. For any positive integer r system (20) has an invariant algebraic curve 


f(x, y) = 0 of degree 2r of the following form 


r—1,r—-1 


f(x,y) =x" y" + (ar Lr-1 + Gypp-1X 4 r+r 1x?) , 


2: —2.r—-2 
+ (Gp—2,r—2 + @r—1,r—2% + Gp,r—2X°) x" 7" 
+ 2158 
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Se (41,1 + a2,1x + a3,1x7) xy 
+ (ao,0 + 41,0x +.a2,0x°), (22) 


with cofactor —x. Moreover, an effective algorithm for the computation of f (x, y) is given 
in the proof. 


PROOF. For r = 1, 2 the following two polynomials 
| 2 
f(x,y) =xy— (4—4xtx ye 
l 1 
f(x,y) = x’y’ + AG —8x+ 3x7) xy 7 AG — Ax +x), 


provide, respectively, the invariant algebraic curves stated in the theorem. So, in the rest of 
the proof we assume that r > 3. 

We consider the polynomial f(x, y) written in the form f(x, y) = fo(x) + fi(x)y + 
--++ f-(x)y”. Since f = 0 must be an invariant algebraic curve it must satisfy 


[s(1 - *) +xy| (fo) + f[@)y +--+ ff @)y") 


2r—1 2 
=—x(fo(x) + fi@)y+---+ f(xy’), (23) 


2 1 
+ p(-S >) 7 | (here 2neoy+ trp eoy 


where we are forcing that the cofactor of f = 0 is —x. 

Equaling to zero the coefficients of the different powers y* in the expression (23) for 
k=r+l1,r,..., 1,0, we obtain that the polynomials f;(x) for j = 0, 1,...,7 must satisfy 
the following ordinary differential system 


xf, (x) — rfr(x) =0, 
xfj(x) — ifj)(%) = pj), for j=r—1,r—2,...,1,0, 


(1 = =) file) + folx) =0, (24) 


pj) =—x(1 _ 5) 


Using the first r + 1 equations of system (24) we can determine recursively f;(x) starting 
with f;(x) and ending with fo(x) as follows. After, we must verify that the function fo (x) 
obtained in this way satisfies the last equation of (24). Now, we will do these computations 
carefully. 


where 


2r+1 x 


Fig1@) — J+ v(- hs >) +x] fue. 
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The general solution of the first equation of system (24) is f(x) =c;x", where c, is 
the integration constant. Since we are looking for invariant algebraic curves f(x, y) of the 


form (22), we take c, = 1. Then, it easy to see that the general solution of the differential 
equation xf; (x) — jfj(x) = pj(x) is 


fi) =x! fe e ne dx. (25) 


So, solving (25) for j =r — 1, we get 


2 1 
fr-1= er oa afer 
2r— 


where, in what follows, the integration constant which appears solving (25) is denoted 
by c;. Solving again (25) but now for j =r — 2, we obtain 


2(r — 1) r 1 = 
fr- = [er SO eagle S lars 5 or- ifs fe 


Now, we solve (8) for j =r — 3 and we have that f-—3 is equal to 


2(r — 2)cr—2 3(r — 1)cy-1 Cr—2 |_2 
————x — | ————_ x 
2r—1 (2r — 1)? 2 


2| r7v+1) Cr-1 3 
3| @r=1? r= 1" 


Cr—-3 + 


times x’~>. In order to obtain for the polynomial f(x, y) the structure given in the state- 


ment of the theorem, we choose the constant c,_1 = —r(r + 1)/(2r — 1)*. Therefore, we 
get that 
_ 2(r — 2)cr—2 Sarr =A) 8 |. 5) es 
frazlea+ ea a So ar Ip 


We shall see that this structure that we have found computing f-—3(x), repeats until 
fo(x). More precisely, integrating Equation (25) for j <r — 3 and assuming that the ex- 
pression of fj+1 is of the form 


1 
fj+1) = fev + aj41cj42x + [Bie = seis fy? xi 


where the constants w and 6 depend on r, we have that 


*Wi+ Ve; 3 —2(r — j))aj4ic; 
fj@) = : + “F =a E aD 7 ap 
6(2r — 1) 
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For obtaining the structure of the polynomial given in the statement of the theorem, we 
choose the value for the constant cj+2 in order that the coefficient of x/ +3 in the last 
equality becomes zero; i.e., 


46j4120 —r) + J) 
CS = a ee 
4(r—1)— @r— Iaje1 — 2) 
We remark that the denominator of this expression never vanishes, otherwise j would be 
equal to 2r — 2. Hence, we can write fj (x) into the form 


1 : 
fjQ)= E + Ob jCjt1X + E _ seins |x? fe 


for j =r—1,r—2,...,1,0. Notice that a; = 2(j + 1)/(2r — 1). Clearly, when we reach 
fo(x) we have chosen values for the integrating constants c; for j =r —1,r—2,...,2, 
only the constants co and c; remain arbitrary. 

On the other hand, if we solve the last differential equation of system (24), we get that 
fo(x) = c(x — 2)*, where c is the integration constant. The polynomial f (x, y) that we are 
determining solving the differential system (24) provides an invariant algebraic curve of 
system (20), if the two expressions obtained by fo(x) coincide; i.e., 


1 
cotagcyx + | Ho — sei] =c(x — ay: 


Taking 


ao Bo 4c Bo 
9 co = 
ag — 2 ag —2 


4Bo 


and cj = 
’ ay — 2” 


both expressions are equal. Notice ag — 2 = 4(1 — r)/(2r — 1) £0. Hence, the proof of 
the theorem is completed. 


In the light of these two theorems, we have: 


OPEN QUESTION 4.3. There is some number D(m) for which any polynomial differential 
system of degree m having some irreducible invariant algebraic curve of degree > D(m) 
has a Darbouxian first integral or Darbouxian integrating factor. 


5. Darboux lemma 
Darboux was the first to give the following relation of enumerative geometry [38, pp. 83- 
84]: 


On peut rattacher cette recherche 4 un lemme relatif 4 six polynémes A, A’, B, B’, C, C’, de 
degrés 1, 1',m,m’,n,n’ satisfaisant a l’identité déja considérée 


(48) AA’ + BB'+CC'=0; 
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il est évident que les degrés des produits AA’, BB’, CC’ sont égaux. 
On a done dgja 


14+ =m+m!=n+n' =). 

Cela posé, je dis que Ja somme du nombre des points communs aux trois courbes 
A=0, B=0, c=0, 

et du nombre des points communs aux trois courbes 
A’=0, B'=0, C'=0, 

est égale a 


Imn +1'm'n! 
x 


We will refer to this result as the Darboux lemma; it can be stated more precisely as follows. 


DARBOUX LEMMA. Let K be an algebraically closed field and let A, B, C, A’, B’, C’ be 
six homogeneous polynomials of degrees 1, m, n, I’, m’, n’ in three variables with coeffi- 
cients in KK such that: 

(i) A, B,C are relatively prime and so are A’, B',C’, 

Gi) 7+ 1’ =m+m' =n-+n' =r and the orthogonality relation holds: 


AA’+ BB'+CC'=0, (26) 


(iii) the homogeneous ideal (A, B,C, A’, B', C’) generated by all six polynomials has 
no zero in the projective plane P2(K). 
Then, the homogeneous ideals generated by the triples (A, B,C) and (A', B', C') have 
only finitely many zeroes in the projective plane. 
Denoting by h and h' the total multiplicities I(A, B, C) and I(A’, B', C’) of these ho- 
mogeneous ideals in the projective plane, there is a relation between h, h’ and the degrees: 


2 lmn +1'm'n' 


h+h'= =r? —r(l+m+n)+(m+mn-+nl). (27) 


Darboux started the proof of his result as follows 


En effet, soient h le nombre des points communs aux trois courbes A, B, C; h’ celui des points 
communs aux trois courbes A’, B’,C’,... 


This original proof is wrong; in particular, Darboux paid little attention to the last hy- 
pothesis (no common zeroes) and a counterexample is easy to find. Jouanolou noticed 
that Darboux’s result was wrong and established clearly the formula (27) in his book [58, 
pp. 183-184], but his proof is far from being elementary. Jouanolou uses Chern’s classes. 
Here, we present one of the two simple proofs given in [24]. Later on we shall apply Dar- 
boux lemma to polynomial differential equations. 

In the proof that we present here we use standard facts about the intersection index of 
plane algebraic curves. This proof is divided into two steps. The first step deals with a 
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special case of the statement under extra assumptions and it follows the ideas of Darboux. 
The second step consists in reducing the general case to the special case in order to get the 
complete result. 

In this section K will denote an algebraically closed field. It will be convenient to denote 
an ideal generated in some polynomial ring over K by the elements A1,..., Ax simply by 
(A,..., Ax). Other notations and definitions will be given when they become necessary. 

We first recall some standard facts about homogeneous ideals of the polynomial ring 
A= K[x0, ...,x;], that have only a finite number of zeroes in the projective space P, (IK). 

Let P be a point in the projective space P; (K). The local ring O p can be defined in two 
ways. First, it is the subring of the field K(x0, ..., x;)o of homogeneous rational fractions 
of degree 0 consisting of all those with a denominator that does not vanish at P. Second, 
one of the projective coordinates of P does not vanish and there is no restriction in sup- 
posing xo(P) 4 0 to fix matters. Then the polynomial ring K[x1, ..., x;] is isomorphic to 
the quotient ring of K[xo, ..., x;] by its ideal generated by x9 — 1, and Op is the local ring 
S-!K[x1,..., x7], where S is the multiplicative set of all t-variable polynomials that do 
not vanish at P. 

Let P be a point of P;(K) and let Z be a homogeneous ideal of A. The ideal Zp is 
the ideal of the local ring Op generated by Z. If the quotient ring Op/Tp is a finite- 
dimensional vector space over K, its dimension is called the multiplicity or the intersection 
index of Z at P; Ip(Z) is a convenient notation for this number. In particular Ip (Z) 4 0 
means that P is a zero of Z. Thus, if Z is a homogeneous ideal with a finite number of 
zeroes in P; (IK), the sum I(Z) = }¢ p Ip (Z) over all zeroes of Z is well defined. It is called 
the total multiplicity, or the total intersection index or the degree of T. 

In the case of two or more three-variable homogeneous polynomials over K, Aj, ..., Ax 
the intersection index Ip(Aj,..., Ax) at some point P of P2(K) can be defined as 
the corresponding index for the homogeneous ideal generated by A;,..., Ax. We note 
Tp(Aq,..., Ak) =I p((A1,..., Ax)). 

In particular, if Aj,..., Ax (with k > 2) are relatively prime, then [p(Aj,..., Ax) is 
defined at every point P. On the other hand if they have a nontrivial greatest common 
divisor D, Ip(A,,..., Ax) is defined at all points P of P2(K) where D(P) 40. 

Here are some standard properties of the intersection index whose proof can be found in 
the book of Fulton [45]. The first two are general: 

(i) Ip(Aj,..., Ax) only depends on the ideal (Aj, ..., Ax) of A, 

(ii) in fact, Ip(A,,..., Ag) only depends on the ideal generated by A1,..., Ax in Op: if 
B(P) £0, B is invertible in Op and Ip(BA, A2,..., Ax) = Ip(A1, Az2,..-, Ak). 

The next two ones are specific to the three-variable case: 

(iii) If B has no nontrivial common factor with CC’, Ip(B,CC’) = Ip(B,C) + 
Tp(B, C’) (Addition formula). 

(iv) If F and G are two homogeneous polynomials without nontrivial common factor, 
they have a finite number of common projective zeroes and I(F, G) = deg(F) - 
deg(G) (Bézout’s theorem). 

We will call a family [A, B, C, A’, B’, C’] of homogeneous polynomials in K[x, y, z] 

an orthogonal system of polynomials if 
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(i) A, B,C are relatively prime, and so are A’, B’, C’, 
(ii) deg(A) + deg(A’) = deg(B) + deg(B’) = deg(C) + deg(C’) = o(A, B,C, A’, B’, 
C’), in which case p(A, B, C, A’, B’, C’) is called the degree of the system, 
(iii) the orthogonality condition (26) AA’ + BB’ + CC’ =0 holds. 
We will say that an orthogonal system of polynomials [A, B, C, A’, B’, C’] is without 
projective zero if A, B,C, A’, B’, C’ have no common zero in the projective plane. 
If [A, B, C, A’, B’, C’] is an orthogonal system of polynomials, A, B, C are relatively 
prime and the total intersection index /(A, B, C) is well-defined and so is [(A’, B’, C’). 
Now denote the degrees of the polynomials A, B, C, A’, B’, C’ by 1, m,n, Il’, m’,n’, re- 
spectively, and the degree of the orthogonal system o(A, B, C, A’, B’, C’) by r, to simplify 
the discussion. 
The ratio 
Imn +1'm'n’ 2 
yee —rd+m+n)+(m+mn-+nl) 


is a well-defined positive integer, which is 0 when r = 0. We then denote 


A foe ie poop an lmn+l'm'n' 
(A,B,C, A’, B,C) =1(A, B,C) + (A, B,C’) — ————_ 


lmn + 1'm'n! 
=h-+h' — ————_., 
F r 


and call this difference the gap of the orthogonal system. 

With these definitions, the Darboux lemma can be stated as 

The gap is zero for an orthogonal system of polynomials without projective zero. 

We first give the result under the additional assumption that all six polynomials are 
pairwise relatively prime except maybe A and A’, B and B’, C and C’; in other words, 
we suppose that there is no nontrivial common factor to AA’, BB’, CC’, and we then say 
that the orthogonal system is irreducible. This proof follows the ideas of Darboux. We will 
afterwards reduce the general case to this special case. 

In our opinion, it is convenient and nonconfusing to identify a homogeneous nonzero 
three-variable polynomial F with the projective planar curve F = 0 it defines. We thus 
follow the free intuitive notations of Darboux. 

For instance, the notation “P € AN B” means that the point P of P2(K) is a common 
zero of the two homogeneous polynomials A and B and belongs to the intersection of the 
two curves A = 0 and B = 0, as well as the alternative notation “A(P) = 0 and B(P) =0”. 


PROPOSITION 5.1. Let [A, B, C, A’, B’, C’] be an irreducible orthogonal system of poly- 
nomials without projective zero. Then A(A, B,C, A’, B',C’)=0. 


PROOF. We first notice that [p(A, B, CC’) = Ip(A, B, —AA’ — BB’) = Ip(A, B) at 
every point P of P2(IK). We want to prove the following equality at Pe AN B: 


Ip(A, B) = Ip(A, B, CC’) = Ip(A, B,C) + Ip(A, B,C’). (28) 
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From the orthogonality relation (26), P € CC’ and, by exchanging A, B,C by A’, B’,C’, 
there is no restriction in supposing C(P) = 0. 

If C'(P) £0, Ip(A, B,C’) = 0. According to Section 2, [p(A, B,C) = Ip(A, B, 
CC’) = Ip(A, B) and equality (28) holds in this case. 

We now suppose that C’(P) =0. Since AN AC'N BN B'NCNC =, either 
A'(P) £0 or B'(P) £0 and there is no restriction in supposing A’(P) 4 0. Then, 
Ip(A, B,C) = Ip(A’A, B,C) = Ip(B,C), Ip(A, B,C’) = Ip (A’A, B,C!) = Ip(B,C’), 
Ip(A, B, CC’) = Ip(A‘A, B, CC’) = Ip(B, CC’). 

As B has no nontrivial common factor with C or C’, equality (28) follows from the 
addition formula of the intersection index: Ip(B, CC’) = Ip(B, C) + Ip(B, C’). The use 
of the addition formula is the only place where the extra assumption that the orthogonal 
system is irreducible plays a role. 

Summing intersection indices at all points P € AN B, relation (28) leads to 


Im = I(A, B) = > Ip(A, B) = > Ip(A, B, CC’) 
PeANB PeANB 


= ys Ip(A, B,C) + > Ip(A, B,C’) =h+(lm—h), (29) 
PeANB PéeANB 


which means that the total intersection index J(A, B, C’) islm —h. 
Similar considerations lead to the next two equalities. 
The first one, 


In’ =1(A,C')= > Ip(A,C')= > Ip(A, BB’,C’) 


PeANC’ PeANC’ 
= Do P(AB.C)+ DI 1p(A, B,C’) 
PeANC’ Pe ANC’ 
= (Im —h) + (In' — (Im—h)), (30) 


means that the total intersection index J(A, B’, C’) is ln’ —Im +h. 
The second one, 


m'n! =1(B',C')= > Ip(B',C')= SY) Ip(AA’, B,C’) 


PeB'NC’ PeB'NC’ 
= DD PAB .cy+ So ipta'B.c) 
PeB'NC’ PeBINCc’ 
=In' —Im+h+h’, (31) 


means that the total intersection index J(A’, B’, C’) is m'n’ — In! + 1m — h. From this last 
result, we deduce A(A, B,C, A’, B’,C’) =0. 


In order to prove the Darboux lemma in the general case, we need a way to reduce 
non-irreducible orthogonal systems to irreducible ones. Let [A, B, C, A’, B’, C’] be a non- 
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irreducible orthogonal system of polynomials. The orthogonality relation easily implies 
that two polynomials of the same triple have a nontrivial great common divisor (gcd) and 
there is no restriction in supposing that D = gcd(A, B) ¢ K to describe what a reduction 
is. 

According to the orthogonality relation, D also divides C’ as it is coprime with C and we 
have A = DA), B = DB, C' = DC}, with ged(A}, B,) = 1. Then [A), Bi, C, A’, B’, C}] 
is another orthogonal system of polynomials. If [A, B, C, A’, B’, C’] is without projective 
zero, so is [Aj, By, C, A’, B’, C}]. We say that [A;, B}, C, A’, B’, C}] is a one-step reduc- 
tion of [A, B, C, A’, B’, C’]. 

There are as many possible one-step reductions of an orthogonal system of polynomials 
as pairs of noncoprime polynomials of the same triple. Thus, after at most six successive 
one-step reductions, we get an irreducible orthogonal system that can be called the com- 
plete reduction of the original one. 

The following lemma is then the key to deduce the general case of the Darboux lemma 
from the special case of irreducible orthogonal systems. 


LEMMA 5.2. Let [A, B,C, A’, B’, C’] be a nonirreducible orthogonal system of polyno- 
mials without projective zero and such that D = gced(A, B) ¢ K. If[Aj, Bi, C, A’, B’,C}] 
is the corresponding one-step reduction of [A, B,C, A’, B’,C’] then A(A, B,C, A’, B’, 
C’) = A(Aq, Bi, C, A’, B’, C}). 


PROOF. Let us denote by s the degree of D, so that deg(A;) =1; =/ —s, deg(B)) = 
m,; =m—s, deg(C}) =n =n' —s, p(A1, B,C, A’, B’,C}) =r =r —s. hy will stand 
for 1(A1, By, C) and h} for (Aj, By, C). 

With these notations, after straightforward cancellations, proving the announced result 
amounts to proving 


(h—h1) + (h' —hi) =ns. (32) 


This relation (32) will come from h — hj =ns and h' — h', =0. 
We first show h — hi = ns by proving the following equality for all PE AN BNC: 


Tp(A, B,C) = Ip(Aq, Bi, C) + Ip(D, C). (33) 


Let P belong to DNC. Since AN A‘/N BN B’/ANCNC' =, either A’(P) 4 0 or 
B'(P) £0 and there is no restriction in supposing A’(P) 4 0. 

Let then D’ be the greatest common divisor of B and C: B = D’B),C = D’C>. As 
A, B,C are relatively prime, D’ is relatively prime with D and it divides B: B,; = D'B3; 
it also divides A’, thus D’(P) 4 0. Then, Ip(B, C) and Ip(B,, C) are well-defined and the 
following equalities hold: 


Ip(A, B,C) = Ip(AA’, B, C) = p(B, C), 
Tp(Aq, Bi, C) = Ip(A1 A’, By, C) = Ip(Bi, C). 
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Now, the addition formula of the intersection index gives 
Ip(B, C) = Ip(B2, C2) = Ip (B3, C2) + Ip (D, C2) = Ip (B1, C) + Ip (D, C). 


Thus, fora P in DNC, equality (33) holds. 

Consider now a point P in AN BMC that does not belong to D. Then Ip(D, C) = 0 
whereas Ip(A, B, C) = Ip(A,, By, C) and equality (33) also holds. 

Summing now equality (33) over all PE AN BNC gives 


h=I(A, B,C) =1(Aj, B},C) + 1(D,C) =h, +n, (34) 


according to Bézout’s theorem. 

Now we show that h’ — h’), = 0 by proving Ip (A’, B’, C’) = Ip(A’, B’, C}) at all points 
PofA’NB'NC'. 

If P belongs to A’ B’ 1 C’ without being in D, then, we have that I[p(A’, B’, C’) = 
Ip(A’, B’, DC}) = Ip(A’, B’, C}). 

If P belongs to A’N B’ NM D, then P does not belong to C and 


Tp(A’, B’,C’) = Ip(A’, B’, CC’) = Ip (A’, B’) 
= Ip(A’, B’, CC}) = Ip(A’, B’, C}). 


We can now conclude. 


COROLLARY 5.3 (Darboux lemma). Let [A, B, C, A’, B’, C’] be an orthogonal system of 
polynomials without projective zero. Then A(A, B,C, A’, B’, C') =0. 


Proof. If [A1, Bi, Ci, A}, By, C}] is the complete reduction of [A, B,C, A’, B’,C’], 
then, according to Lemma 5.2, A(A, B,C, A’, B’,C’) is the same as A(A1, B, C1, A}, 
Bi, C;) and, according to Proposition 5.1, A(A, B1,C1, Aj, B},C;) = 0 for an irre- 
ducible orthogonal system of polynomials. 


6. Applications of the Darboux lemma 


Ideas in the remaining part of this section go back to Darboux’s work [38]. Let p(x, y) and 
q(x, y) be polynomials with complex coefficients. For the vector field 


3 
rent Bes 


, 35 
ox oy 39) 


or equivalently for the differential system 


X= p(x, y), y=qs,y), (36) 
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we consider the associated differential 1-form w; = q(x, y) dx — p(x, y) dy, and the dif- 
ferential equation 


a, =0. (37) 


Clearly, Equation (37) defines a foliation with singularities on C*. The affine plane C? is 
compactified on the complex projective space CP? = (C? \ {0})/ ~, where (X, Y, Z) ~ 
(X', Y', Z’) if and only if (X, Y, Z) = A(X’, Y’, Z’) for some complex A 4 0. The equiva- 
lence class of (X, Y, Z) will be denoted by [X :Y: Z]. 

The foliation defined by equation (37) on C* can be extended to a singular foliation 
on CP? and the 1-form @, can be extended to a meromorphic 1-form @ on CP? which 
yields an equation w = 0, i.e., 


A(X, Y, Z)dX + B(X, Y, Z)dY¥ + C(X, Y, Z)dZ =0, (38) 
whose coefficients A, B, C are homogeneous polynomials and satisfy the relation: 

A(X, Y, Z)X + B(X, Y, Z)¥ + C(X, Y, Z)Z=0. (39) 
Indeed, consider the map i:C? \ {Z = 0} > C?, given by i(X, Y, Z) = (X/Z, Y/Z) = 
(x, y) and suppose that max{deg(p), deg(q)} = m > 0. Since x = X/Z and y= Y/Z we 
have: 

dx = (ZdX — XdZ)/Z’, dy =(ZdY —YdZ)/Z’, 
the pull-back form i*(@,) has poles at Z = 0 and Equation (37) can be written as 

i*(@) = q(X/Z, Y/Z)(Z dX — X dZ)/Z — p(X/Z, Y/Z)(Zd¥ — YdZ)/Z? 

= 0. 

Then the 1-form w = Z’+?i*(w,) in C? \ {Z 4 0} has homogeneous polynomial coeffi- 


cients of degree m + 1, and for Z = 0 the equations w = 0 and i*(@ ) = 0 have the same 
solutions. Therefore the differential equation w = 0 can be written as (38) where 


A(X, Y, Z) = ZO(X, Y, Z) = Z"*!q(X/Z,Y/Z), 
BX, YZ) ==ZPUY, 2) = 2 IZ 7/2); 


C(X, Y, Z) =Y P(X, Y, Z) — XO(X, Y, Z). (40) 


Clearly A, B and C are homogeneous polynomials of degree m + | satisfying (39). 
Singular points in P2(C) are the points satisfying A = B = C = 0. 
A homogeneous 1|-form 


w=AdxX+BdY+CdZ=0, 
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where A, B and C are homogeneous polynomials of degree m + | is called projective if 
XA+YB+ZC =0; that is, if there exist three homogeneous polynomials L, M and N 
of degree m such that 


A=ZM-YN, B=XN-ZL, C=YL-—XM; 
or equivalently 
(A, B,C) =(P,Q, R) A(X, Y, Z). 
Then we can write 
w= P(Y dZ — ZdY) + O(ZdX — XdZ) + R(X dY —Y dX). (41) 


The vector field 


a 


0 0 
Xx = P— —+R 
ax + Say * 


37” (42) 


can be thought as a homogeneous polynomial vector field of C? of degree m associated to 
o=0. 
In short, we have seen that the homogeneous vector field (42) of degree m in C? with 


P=Z" p(X/Z,Y/Z), Q=Z"q(X/Z,Y/Z), R=0, (43) 
is associated to the 1-form w = 0, and consequently to the vector field (35). 


PROPOSITION 6.1 (Darboux proposition). For any homogeneous polynomial vector 
field (42) of degree m in C? having finitely many singular points and satisfving (43), we 
have that its number of singular points taking into account their multiplicities or numbers 
of intersection satisfies 


So l(p, PNQNR) =m +m+41. 
P 


PRooF. Take A= P, B=Q0,C=R, A’=X, B’=Y and C’=Z. Then AA’ + BB’ + 
CC’ = 0. Since there are no common points to the curves A’ = 0, B’ = 0 and C’ = 0 it 
follows that 


h'=S 1 (p, A'NB'NC') =0. 
P 


Therefore, from the Darboux lemma we obtain 


(m+1)?>+1 5 
h= 5° 1(p, ANBNC) = ————— =m? +-m4 1. 
5 m+2 
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Let f € C[x, y]. The algebraic curve f(x, y) = 0 is an invariant algebraic curve of the 
affine polynomial vector field V given by (35) if for some polynomial k € C[x, y] (the 
cofactor of f = 0), we have 


af of 
Xf =—pt—q=kf. 
Ox oy 
It is easy to verify that if f(x, y) = 0 is an invariant algebraic curve of degree r for the 
polynomial vector field ¥ with cofactor k(x, y), then F(X, Y, Z) = Z" f(X/Z,Y/Z) = 
0 is an invariant algebraic curve of degree r for its projective vector field with cofactor 
K(X, Y, Z) = Z™'k(X/Z, Y/Z); i.e., 
gp pa oe ere 44 
~ aX OY gz? oC 
here R = 0. 

If F(X, Y, Z) = 0 is an algebraic curve of P2(C) of degree n. Let p = (X0, Yo, Zo) bea 
point of P2(C). Since the three coordinates of p cannot be zero, without loss of generality 
we can assume that p = (0, 0, 1). Then suppose that the expression of F(X, Y, Z) restricted 
to Z =| is 


where 0 <i <n and Fj(X, Y) denotes a homogeneous polynomial of degree j in the 
variables X and Y for j =i,...,n, with F; different from the zero polynomial. We say 
that i = m)(F) is the multiplicity of the curve F = 0 at the point p. If i = 0 then the point 
p does not belong to the curve F = 0. If i = 1 we say that p is a simple point for the curve 
F =0.Ifi > 1 we say that p is a multiple point. 


PROPOSITION 6.2. Let f(x, y) =0 be an irreducible invariant algebraic curve of degree 
n > 1 without multiple points for the affine polynomial vector field X of degree m. Then 
nx<m+l. 


PROOF. Since F = 0 is an invariant algebraic curve of ¥ with cofactor K we have that 


pS pee 

gx. ay 
in P2(C). By using Euler theorem for the homogeneous function F of degree n, this equa- 
tion goes over to 


oF P IK ee Q loK ee LOK =0 45) 
ox n oY n OZ n oy.* ( 


Now we take in the Darboux lemma 
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ie 2 1 | 1 fe 1 
A'=P—-XK,  B'=Q--YK, C'=--ZK, 
n n n 


and 
h=I(ANBNOC), W=1(A'OB'NC’). 


We note that by the assumptions h and h’ are finite. Moreover, as AN BNC =G,h=0. 
Since A, A’, B, B’, C and C’ satisfy equality (45), Darboux lemma can be used to get 


m? + (n—1)3 


h+h'= 
m+n-—1 


=m? +(n—1)\(n—m+1). (46) 


By the Bézout theorem, the number of intersection points of the curves A’ = 0, B’ = 0 and 
C’ = 0 is at most m? taking into account their multiplicities; i.e., h! < m*. Whence a lower 
bound forh:0=h>(n—-1)(n—m—1),andl<n<m+l. 


In [23] it has been proved the following result that provides sufficient conditions for the 
existence of a rational first integral. 


THEOREM 6.3. Let f(x, y) =0 be an irreducible algebraic curve of degree n > 1, which 
is invariant with cofactor k # 0, for the affine polynomial vector field X of degree m > 1. 
If m? is the total number of solutions of the system 


nP—XK=0, nQ-YK=0, ZK=0, (47) 


in the projective plane, taken into account their multiplicities or numbers of intersection, 
then X has a rational first integral. 


PROOF. Since m? is the number of solutions of system (47), by using Bezout theorem it 
follows that the number of solutions of systems 


nP—XK=0, nQ-—YK=0, Z=0; (48) 
and 
P-0, O=0, K=0; (49) 


are m and m? — m respectively. We note that always we take into account the number of 
solutions with their multiplicities. 
We write 
P(X,Y,Z) = poZ™ + p(X, Y)Z""! +--+ pm(X, ¥), 
O(X, ¥, Z) =qoZ" + qi(X,Y)Z""! +--+ +am(X, Y), 
K (X,Y, Z)=koZ™" | + ky (X,Y)Z" 7 + + kim 1 (X,Y), 
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where Aj;(x, y) denotes a homogeneous polynomial of degree i and A € {p,q,k}. Then, 
for Z = 0 system (48) becomes 


NPm(X, Y) — Xkm-1(X, Y) = 0, NGm(X, Y) — Ykm-1(X, Y) =0. 
Since this system of homogeneous polynomials of degree m in the variables X and Y 


intersect at m points taking into account their multiplicities, there exists a homogeneous 
polynomial A(X, Y) of degree m such that 


1 

Pm(X, Y) =A A(X, Y) + —Xkm—-1(X, Y), 
n 
1 

an(X, Y) = AQ A(X, Y) + ft km 1%, Y), 


where A 1, A2 € C are not zero. 
The polynomial system associated to the vector field ¥ can be written as 


: Xx 

X= pot pix, y) +++: + pm-1,y) +A AG, y) + —km—1(%5 Y) 
= P(x, y,1), 

. 1 

y=Gotaqile, y) +++ 4m—1&, y) + ADA (x, y) + —kn—1 (89) 
= O(x, y, 1), 


or equivalently 
F 1 1 
X= pot Pite-s+ Pm-1 — a (ko +k +++ + km—2) + MA + xk, 
: 1 1 
yY=qotg+++:+4m-1- ate +++ km—-2) + A2A + ae 


Since M + nS + 0 (otherwise system (48) does not have m intersection points), without 
loss of generality we can assume that 4, 4 0. We change from the variables (x, y) to the 
variables (x, z) where z = A2x — i, y. In the new variables the second equation of the 
polynomial system goes over to 


. 1 
Z=)h2P(x,y, I-A Ox, y, D=b(x, y)+ ok, y), 


with y = (A2x — z)/A, and where 
1 
b(x, y) =A2| pot pit+-+++ Pm-1 — tka + ki +++ + km—2) 


1 
-ai(aota + +++ +4m-1 - oo + a +++ hm-2)). 
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Since, from (49), the curves x = P(x, y,1) =0, y= Q(x, y,1) =0 and K(x, y, 1) = 
k(x, y) = 0 have m? — m intersection points taking into account their multiplicities, it 
follows that the curves P(x, y, 1) =0, b(x, y) + k(x, y)z/n = 0 and k(x, y) = 0 have 
the same number of intersection points, where y = (A2x — z)/A,. Hence, the number of 
intersection points of the curves b(x, y) = 0 and k(x, y) = 0 is at least m* — m points 
taking into account their multiplicities. But, from Bézout theorem, if these last two curves 
do not have a common component, then they have (m — 1)* intersection points taking into 
account their multiplicities. Since m* — m > (m — 1)? if m > 1, it follows that the curves 
b= 0 and k = 0 have a maximal common component c = 0 of degree r > 1. Therefore, 
b = bc and k =kc where b and k are polynomials of degree m — r — 1. 

From (47) the number of intersection points of the curves P(x, y,1) =0 and Q(x, 
y, 1) = 0 with k(x, y) = 0 is maximal, i.e., m? — m, then the number of intersection points 
of the curves P(x, y, 1) =0, Q(x, y, 1) =0 and k(x, y) = 0 is m(m — r — 1), and the 
number of intersection points of the curves P(x, y, 1) =0, Q(x, y, 1) =0 andc(a, y) =0 
is mr. Of course, always we compute the number of intersection points taking into account 
their multiplicities. Since the number of intersection points of the curves P(x, y, 1) =0, 
b(x, y) + k(x, y)z/n = 0 and k(x, y) =0 is m(m —r — 1), it follows that the number of 
intersection points of the curves b(x, y) = 0 and k(x, y) = 0 is at least m(m — r — 1). On 
the other hand, since the curves b = 0 and k = 0 has no common components, by Bézout 
theorem they intersect at (m — 1)(m —r — 1) points taking into account their multiplicities. 
Hence, since m > 1 and m(m — r — 1) > (m — 1)(m — r — 1) except if r =m — 1, we 
have that r =m — 1. Therefore b = ak with a € C. So, z= k(a+z/n), and consequently 
Z+an=h2x — hi y + an = 0 is an invariant straight line with cofactor k/n. Then, by 
statement (a) of Theorem 2.1, we obtain that H = f(x, y)(A2x —A,y+an)~" isa rational 
first integral of V. We note that since f = 0 is different by a straight line, we have that 
ff # (Cox —A1y + an)", and consequently H is a first integral. 


From the proof of Theorem 6.3 it follows that any polynomial vector field ¥ in the 
assumptions of Theorem 6.3 has an invariant straight line ax + by + c = 0 such that a 
rational first integral of ¥ is of the form 


fy) 
(ax +by+c)"" 


Now we go back to study the number of multiple points that an invariant algebraic curve 
of degree n of a polynomial vector field of degree m can have in function of m and n. 


PROPOSITION 6.4. Let f(x, y) =0 be an invariant algebraic curve of degree n of the 
polynomial vector field 


0 0 
X= p(x, y)— +4, y)— 
ox dy 


of degree m with cofactor k. Assume that: 
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Lf 
xX Y 
P(X,Y,Z)=Z"p 
TF 
O(X, Y,Z)=Z" oe 
3 ’ — qd Z’ Z ’ 
m-1,{X XY 
K(X, Y,Z)=Z" k( —, — }, 
"Zz 
then 
(1) the curvesnP — XK =0,nQ—YK =0, ZK =0, do not have a common compo- 


nent, and 
(2) the curve F(X, Y, Z) = Z" f(X/Z,Y/Z) = 0 has finitely many multiple points 
in Po(C) taking into account their multiplicities, namely h. 
Then 


(n—-l)n-—m—-1)<h<m 2 dye )am—m-—1). 
PROOF. Since F = 0 is an invariant algebraic curve of (44) with cofactor K we have that 


OF 


OF 
—P+— KF 
ox +3 y2= 


in P2(C). By using Euler theorem for the homogeneous function F of degree n, this equa- 
tion goes over to 


ge P eK jae Q loK sue LOK =0 (50) 
ox n oY n OZ n Pas 
Now we take 
eens _ OF _ OF 
ax’ oY’ AZ 
1 
A =P-—--XK B'=QO--YK, C’=--ZK, 


and 


h= 5° 1(p, ANBNC), h’=S°1(p, AN B'NC’). 
P P 


We note that by assumptions h and h’ are finite. 
Since A, A’, B, B’, C and C’ satisfy equality (50), by Darboux lemma we obtain that 


3 —1)3 
ht ht TO om? 42D m 4D. 
m n— 
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Therefore the upper bound for / given in the statement of the theorem is proved. By Bézout 
theorem, the number of intersection points of the curves A’ = 0, B’ = 0 and C’ = 0 is at 
most m? taking into account their multiplicities; i.e., h’! < m*. Therefore, h > (n — 1)(n — 
m — 1), and the proposition is proved. 


From Proposition 6.4 it follows as a corollary Proposition 6.2. 


COROLLARY 6.5. Under the assumptions of Proposition 6.4, if f (x, y) = 0 is an invariant 
algebraic curve of degree n =m + 1 for the polynomial vector field X of degree m > | 
such that its projectivization F(X, Y, Z) = Z" f (X/Z, Y/Z) =0 has no multiple points, 
then X has a rational first integral. 

PROOF. Using the same notation than in the proof of Proposition 6.4 we have that h’ = m7, 
because from the assumptions we have that n = m + 1 and h = 0. Now, since we are in the 
hypotheses of Theorem 6.3 the statement of the corollary follows. 


The last result in this section about rational first integrals is the following one. 


PROPOSITION 6.6. Under the assumptions of Proposition 6.4, if f(x, y) is irreducible 
in C[x, y] and all the multiple points of F(X, Y, Z) = 0 are double and ordinary, then 
n <2m. Moreover, ifn = 2m then X has a rational first integral. 


PROOF. We use the notation and the results introduced in the proof of Proposition 6.4. 
Since every multiple point p of F(X, Y, Z) = 0 is double and ordinary, it follows that 


hy oF oF mn aF) _ er 
Pax OY 8Z) 


If F = 0 is an irreducible algebraic curve of degree n, we know that 


1 1 
de gmp (mp —D<s@-D)H—2), (52) 
P 


where p runs over the multiple points of F = 0 and m, denotes the multiplicity of p, 
for a proof of this result see Section 4 of Chapter 5 of [46]. Since every multiple point p 
of F = 0 is double, m, = 2. If h is the number of multiple points of F = 0 taking into 
account their multiplicity, from (51) and (52), it follows that h < (n — 1)(n — 2)/2. By 
Proposition 6.4, we have (n — 1)(n — m — 1) <A. Consequently 


(n-—1)n—m—-1)< sn l)\(n—2). 


Hence n < 2m, and the first part of the proposition is proved. 
Now we assume that n = 2m. From the proof of Proposition 6.4 we have that h + h’ = 
m? + (n —1)(n—m— 1) =m? + (2m — 1)(m — 1).Then since h < (n — 1)(n — 2)/2 = 
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(2m — 1)(m — 1), we obtain that h’ > m7. But, by definition, h’ < m*. Hence, we are in 
the assumptions of Theorem 6.3, and consequently ¥ has a rational first integral. 


7. Algebraic limit cycles for quadratic systems 


We recall that a limit cycle of a real affine polynomial vector fields is an isolated periodic 
orbit in the set of all periodic orbits of the system. An algebraic limit cycle of degree r is 
an oval of an irreducible invariant algebraic curve f(x, y) = 0 of degree r which is a limit 
cycle of the system. 

In 1958 Qin Yuan-Xun [88] (see also [104]) proved that quadratic systems can have 
algebraic limit cycles of degree 2, moreover when such a limit cycle exists then it is the 
unique limit cycle of the system. Evdokimenco in [40—42] proved that quadratic systems 
do not have algebraic limit cycles of degree 3, for two different shorter proofs see [22,25]. 
We provide one of these proofs in what follows. 


THEOREM 7.1. Quadratic systems have no algebraic limit cycles of degree 3. 


PROOF. Let f = 0 be an invariant algebraic curve of degree 3 of a real affine polynomial 
vector field of degree 2. If the cubic curve f = 0 has multiple points, then it is rational (its 
genus is 0) and there is no oval in it. If f = 0 has no multiple points, Equation (46) in the 
proof of Proposition 6.2 implies h’ = 2” = 4. According to Theorem 6.3, the system has a 
rational first integral and thus no limit cycle. 


The first class of algebraic limit cycles of degree 4 was given in 1966 by Yablonski 
[103]. The second class was found in 1973 by Filiptsov [43]. Recently, two new classes 
has been found and in [25] the authors proved that there are no other algebraic limit cycles 
of degree 4 for quadratic systems. The uniqueness of these limit cycles has been proved 
in [21]. We summarize all these results into the following theorem, for a proof see the 
mentioned papers. 


THEOREM 7.2. The following statements hold. 
(a) After an affine change of variables and a rescaling of the time variable the only 


quadratic systems having an algebraic limit cycle of degree 2 are 


x =—y(ax + by+c)— (x? + y? - 1), 
y=x(ax+by+o), (53) 


with c* + 4(b + 1) <0 and a? +b? <c?. This system possesses the irreducible 
invariant algebraic curve 


x?+y?-1=0, 


of degree 2. This algebraic limit cycle is the unique limit cycle of system (18). 
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(c) () 


Fig. 1. Algebraic limit cycles of degree 4. 


(b) There are no quadratic systems having algebraic limit cycles of degree 3. 
(c) After an affine change of variables the only quadratic systems having an algebraic 
limit cycle of degree 4 are 
(c.1) Yablonskii’s system 
x = —4abcx — (a+b)y+3(a+ b)cx? +4xy, 
y = (a+ b)abx — 4abcy + (4abc? — 3(a +b)? /2 + 4ab)x* 
+ 8(a + b)cxy + 8y’, (54) 
with abc £0, a  b, ab > 0 and 4c? (a — b)* + (3a — b)(a — 3b) < 0. This system 


possesses the irreducible invariant algebraic curve 

(y 40x?) +22 —a)(x —b)=0, (55) 
of degree 4 having two components, an oval (the algebraic limit cycle) and an 
isolated point (a singular point), see Figure \(a). 


(c.2) Filiptsov’s system 


x = 6(1+a)x +2y —6(2+.a)x? + l2xy, 
y = 15(1 +.a)y + 3a(1 +.a)x? — 2(9 + 5a)xy + 16y’, (56) 
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with 0 < a < 3/13. This system possesses the irreducible invariant algebraic curve 
3(1 + a)(ax? + y)” +2y?(2y — 3(1 +.a)x) =0, 


of degree 4 having two components, one is an oval and the other is homeomorphic 
to a straight line. This last component contains three singular points of the system, 
see Figure 1(b). 

(c.3) The system 


%=5x+6x?+4(14+a)xy + ay’, 
yoxt+2y+4xy + (24 3a)y’, G7) 


with (—71 + 17V17)/32 <a <0 possesses the irreducible invariant algebraic 
curve 


ies ea xy + Qaxy” + 2axy? + ay =0, 
of degree 4 having three components, one is an oval and each of the other two is 
homeomorphic to a straight line. Each one of these last two components contains 
one singular point of the system, see Figure 1(c). 


(c.4) The system 


YS 2(1 + 2x —2ax* + 6xy), 


y =8 —3a— l4ax — 2axy — 8y’, (58) 


with 0 <a < 1/4 possesses the irreducible invariant algebraic curve 
1 
g tex tax’ txyt+x°y?=0, (59) 


of degree 4 having three components, one is an oval and each of the other two is 
homeomorphic to a straight line. Each one of these last two components contains 
one singular point of the system, see Figure 1(d). 

(d) Quadratic systems (53), (54), (56), (57) and (58) have a unique limit cycle, the 
algebraic one. 


We note that the algebraic limit cycle of Filiptsov’s system is born in a Hopf bifurcation 
at the singular point (4, 48/13) when a = 3/13. Then, when a decreases the algebraic limit 
cycle increases its size and ends having infinite size at the curve y*(3 — 6x + 4y) = 0 when 
a=0. 

We note that the algebraic limit cycle of system (c.3) is born in a Hopf bifurcation at 
the singular point ((9 — /17)/8, —(5 + 3V/17)/8) when a = (—71 + 17/17) /32. Then, 
when a increases the algebraic limit cycle increases its size and ends having infinite size at 
the curve x2(1 +x + y) =0 whena=0. 
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We note that the algebraic limit cycle of system (c.4) is born in a Hopf bifurcation at the 
singular point (2, —1/4) when a = 1/4. Then, when a decreases the algebraic limit cycle 
increases its size and ends having infinite size at the irreducible curve 1/4+x —x?+xy+ 
x?y? = 0 when a =0. 

The uniqueness of limit cycles for planar differential systems is a classical problem 
which, in general, does not have an easy solution, for more details see the books of Ye 
Yanqian [104] and Zhang Zhifen [105]. 

Now following the paper [35] we apply a change of variables to the known quadratic 
systems having an algebraic limit cycle, which preserves the degree of the system, but 
increases the degree of the algebraic curve. For this purpose we use the birational transfor- 
mation 


(x, y) > (x/y?, I/y), (60) 


after an appropriate translation. In fact, this transformation is an involution. 
If the system is of the form 
x =ax + By + 2ex? + bxy+cy’, 
dayxtdytexyt fy’, (61) 
then it is easy to see that we can apply the transformation above and still remain in the 
class of quadratic systems. 
As a simple example, we show that the example of Yablonskii with an algebraic limit 


cycle of degree 4 can be obtained from the well-known example of an algebraic limit cycle 
of degree 2 due to Qin Yuan-Xun [88]. 


PROPOSITION 7.3. The system of Yablonskii (54) with its irreducible invariant algebraic 
curve (55) can be transformed into the system 


x= —3(a+b)cx+ Aabcx* — 4y+(at+b)xy, 
¥ = (a(b + 4bc*) — (3a* + 3b?) /2)x + 2(a + b)cy + ab(a + b)x* 


+ 4abexy + 2(a+b)y’, 


with the invariant algebraic curve 


— pb) 2 
BP =e +ab(x—<°) +(y+c)?=0, (62) 


by the transformation (x, y) > (1/x, y/x?). 

The algebraic curves (55) and (62) both give limit cycles when abc £0, a#b, ab > 0, 
and 4c?(a — b)? + (a — b)(a — 3b) < 0, and the transformation maps the one limit cycle 
onto the other. 
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We now apply the birational transformation to system (58) having the irreducible invari- 
ant algebraic curve (59) which defines an algebraic limit cycle of degree 4 for 0 < a < 1/4, 
and we get a quadratic system having an algebraic limit cycle of degree 5. 


THEOREM 7.4. System 
X= 28x — scale — 2(a* — 16)(12 + @)x* + 63a — 4)xy 
a+4 , 
y = (32 — 2a7)x + 8y — (w+ 12)(a — 16)xy + (10a — 24) y*, (63) 
has an irreducible algebraic invariant curve of degree 5 given by 
1 4 6 5 2 2 
Gta” Gta” 44a” 


(a—4)(12+a) ,, (2+a) 4 8-a_ , 
eds epee + —— = 0. 64 
4 ese 4+a ts Ay ce) 


x? + (16 —a7)x? + (a — 2)x7y + 


For a € (3\/7/2, 4) the curve (64) contains an algebraic limit cycle of degree 5. 


PROOF. Let a = 16 — a. When we make the change of coordinates 


( ) u 1 Deere (65) 
x, = 7, eee ’ 
a v at4’v 2 


multiply by v, and replace (u, v) again with (x, y), system (58) becomes (63). The curve 
(64) is obtained from (59) by means of the same change of coordinates and multiplication 
by v°. The irreducibility of (64) follows from the irreducibility of (59). 

Since the curve (59) contains an algebraic limit cycle for a € (0, 1/4), one may easily 
check, that the above oval does not intersect the singular line of the transformation (65), so 
the theorem follows. 


In a similar way we have the following result. 
THEOREM 7.5. System 


x = 28(B — 30)Bx + y + 168B7x7 + 3xy, 
y = 16B(B — 30)(14(6 — 30) Bx + Sy + 84B7x7) 
+ 24(17B — 6)Bxy + 6y, (66) 


has an irreducible algebraic invariant curve of degree 6 given by 


—Ty? + 3(B — 30) By” + 18(6 — 30)(—2 + B)Bxy? + 27(B — 2) Bx?y? 
+ 24(B — 30)°B°xy + 144(B — 30)(B — 2)°B?x? y + 48(B — 30)*B? x? 
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+ 576(B — 30)°(—2 + B)*B>x* — 432(B — 2)7B7(3 + 2) x*y 

— 3456(B — 30)(—2 + B)?B°(3 + 2B)x° 

+ 3456(B — 2)°B°(12 + B)(3 + 2B)x° 

+ 24(B — 30)?B?(9B — 4)x*y + 64(B — 30)°63 (96 — 4x? =0. (67) 


For B € (3/2, 2) the curve (67) contains an algebraic limit cycle of degree 6. 
PRoor. Let a = (4— f*)/7. When we make the change of coordinates 


v + 4uB(—30+ 3u(—2+ B)+ B) 30—6—u(8+ 3B) 
(89) == ae ee (68) 
12u*B(B2 — 4) 14u 

multiply by —218u/2, and replace (u, v) again with (x, y), system (58) becomes (66). 
The curve (67) is obtained from (59) by means of the same change of coordinates and 
multiplication by 201687(6? — 4)7u°. The irreducibility of (67) is now obvious. 

Since the curve (59) contains an algebraic limit cycle for a € (0, 1/4), the theorem fol- 
lows in a way similar to the last part of Theorem 7.4. 


After these results some natural questions are: 


OPEN QUESTION 7.6. Does there exist a chain of rational transformations like the ones 
above which give examples of quadratic polynomial systems with algebraic limits cycles of 
arbitrary degree? 


OPEN QUESTION 7.7. What is the maximum degree of all algebraic limit cycles for 
quadratic systems? 


8. Limit cycles and algebraic limit cycles 


In this section we follow the paper [69]. In 1900 Hilbert [55] in the second part of its 16th 
problem proposed to find an estimation of the uniform upper bound for the number of limit 
cycles of all polynomial vector fields of a given degree, and also to study their distribution 
or configuration in the plane. This has been one of the main problems in the qualitative 
theory of planar differential equations in the XX century. The contributions of Bamon [5] 
for the particular case of quadratic vector fields, and mainly of Ecalle [39] and Ilyashenko 
[57] proving that any polynomial vector field has finitely many limit cycles have been the 
best results in this area. But until now it is not proved the existence of an uniform upper 
bound. This problem remains open even for the quadratic polynomial vector fields. 


A configuration of limit cycles is a finite set C = {C,,..., Cy} of disjoint simple closed 
curves of the plane such that C; 1 C; = @ for all i ¥ j. 
Given a configuration of limit cycles C = {Cj,..., C,} the curve C; is primary if there 


is no curve C; of C contained into the bounded region limited by C;. 
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Two configurations of limit cycles C = {C1,..., Cn} and C’ = {C},..., Ci, } are (topo- 
logically) equivalent if there is a homeomorphism h:R* — R? such that hy Gy = 
(Uj, C;). Of course, for equivalent configurations of limit cycles C and C’ we have that 
n=mM. 

We say that the vector field ¥V realizes the configuration of limit cycles C if the set of 
all limit cycles of ¥ is equivalent to C. 


THEOREM 8.1. Let C= {Cj,..., Cy} be a configuration of limit cycles, and let r be its 
number of primary curves. Then the following statements hold. 
(a) The configuration C is realizable by a polynomial vector field. 
(b) The configuration C is realizable as algebraic limit cycles by a polynomial vector 
field of degree << 2(n+r)—1. 


In the proof of Theorem 8.1 we shall provide an explicit expression for the polynomial 
differential system of degree at most 2(n +r) — | satisfying statement (b) of Theorem 8.1. 
Of course, statement (a) of Theorem 8.1 follows immediately from statement (b). 

The problem of given a configuration of limit cycles realize it by a polynomial differ- 
ential system has been studied by several authors. Thus, for C” vector fields the problem 
has been solved by Al’mukhamedov [1], Balibrea and Jimenez [4] and Valeeva [99]. State- 
ment (a) of Theorem 8.1 has been solved by Schecter and Singer [90] and Sverdlove [98], 
but they do not provide an explicit polynomial vector field satisfying the given configura- 
tion of limit cycles. The result presented in statement (b) of Theorem 8.1 appears in [69], 
and its proof provides simultaneously the shortest and easiest proof of statement (a) of 
Theorem 8.1. 

We consider C! the vector field 


a a) 
X= P— — 
ax ay 


defined in the open subset U of R?. Then, ¥ is exact in U if 


for all (x, y) € U. Furthermore, if U is simply connected, then there exists a function 
H:U — R satisfying 


Therefore, the function H is the Hamiltonian of the Hamiltonian vector field X. Clearly, 
the Hamiltonian function is a first integral of ¥. 
AC! function R: U > R such that 


d(RP) _ _ 9(RQ) 
Gx= - oy 


(69) 
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is an integrating factor of the vector field 7. We know that R is an integrating factor of V 
in U if and only if R is a solution of the partial differential equation 


aR aR dP 0daQ 
P— —=-|—+-——JR 70 
ax | Pay (= +32) mm) 


in U. 
A function V : U > R is an inverse integrating factor of the vector field ¥ if V verifies 
the partial differential equation 


aV aV dP 0Q 
P— —=/|(—+— ]V 71 
ant oy (++) uy 


in U. We note that V satisfies (71) in U if and only if R = 1/V satisfies (70) in U \ {(x, y) € 
U: V(x, y) = 0}. 

The following result due to Giacomini, Llibre and Viano [47] will be essential in our 
proof of statement (b) of Theorem 8.1. Here, we provide an easier and direct proof. 


THEOREM 8.2. Let X bea C! vector field defined in the open subset U of R?. Let V:U > 
R be an inverse integrating factor of X. If y is a limit cycle of X, then y is contained in 
Y= {(x,y)eU: V(x, y) = 0}. 


PROOF. Due to the existence of the inverse integrating factor V defined in U, we have that 
the vector field X/ V is Hamiltonian in U \ X. Since the flow of a Hamiltonian vector field 
preserves the area and in a neighborhood of a limit cycle a flow does not preserve the area, 
the theorem follows. 


PROOF OF THEOREM 8.1. Let C = {C,..., Cy} be the configuration of limit cycles 
given in the statement of Theorem 8.1. For every primary curve C; we select a point p; in 
the interior of the bounded component limited by C;. Since we will work with an equiva- 
lent configuration of limit cycles, without loss of generality we can assume that 

(1) each curve C; is a circle defined by 


fix, y= @-—MY +0 -yi)? — 17 =0, 
fori =1,...,n; and that 
(ii) the primary curves of the configuration C are the curves C;, and the selected 


points p; have coordinates (x;, y;), for j=1,...,r. 
For every selected point p; we define 


fn42j-1(%, y) = (x — xj) +i — yy), 


fn42j (x, y) = (x — xj) —i(y — yj). 
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Now, we consider the function 


n+2r 


Ty] — Ay Ln Ant An+2 Ant2r-1 Anton __ Il 
H=f; “"JSn Sntl n+2 sa Paes 1 /n+2r Sk 


with Ay =--- =A, = 1, and Ani2j-1 =1 +i anddAnyo; =1—i, for j =1,...,r. After an 
easy scaisuiio. we have that 


A(x, y)=A(x, y) B(x, y)C(x, y), 


where 


A(x, y) =] [[@— i)? + - yi)? - 77], 
i=l 
Bix, y) =| [[@-x)? +o -y,)"], 


j=l 
i: 
Ca, y= on( 2 > arg| (x —xj)+tig- vl) : 
j=l 
Clearly H(x, y) is areal function. Therefore, the function 


n+2r 


H=logH = » Ax log fx 
k=1 


is also real. 
We claim that the vector field 


0 7] 
X= P(x, a + O(%, y)— 
x dy 
n+2r n+2r n+2r n+2r 
fk 9 afk 
--ya(I er +yn (ia) itas 


satisfies the conclusion of statement (b) of Theorem 8.1. Now we shall prove the claim. 
First, we note that we have the equalities 
0H Q 0H P 


a TA oy oh (72) 


Therefore, since H and liane fx are real functions, we get that P, Q, and consequently 
& are real. 
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Clearly, from the definition of ¥ it follows that P and Q are polynomials of degree at 
most n + 2r — 1. So, ¥ isa real ponent vector field of degree at most n + 2r — 1. 

From (72) it follows that V = [eee " f; is a polynomial inverse integrating factor of ¥, 
and that H is a Hamiltonian for the Hamiltonian vector field 


defined in R? \ {V = 0}. 

Since V is polynomial, V is defined in the whole R*. Therefore, by Theorem 8.2 and 
since V(x, y) = 0 ifand only if (x, y) € (Uf_, Ci) U{p1,..., pr}, if the vector field ¥ has 
limit cycles, these must be the circles C; fori = 1, ...,. Now, we shall prove that all these 
circles are limit cycles. Hence, the polynomial vector field ¥V will realize the configuration 
of limit cycles {C,,..., C,} and the theorem will be proved. 

We note that since A= = exp(#) is a first integral of the vector field V in R? \ {V =0}, 
the circles are formed by solutions because they are contained in the level curve V = 0, and 
V = 01s formed by solutions. Now we shall prove that on every circle C; there is no singu- 
lar points of ¥ and, therefore, C; will be a periodic orbit. Assume that (xo, yo) is a singular 
point of ¥ contained into the circle Cj; 1.e., P(xo, yo) = Q(x0, yo) = fi (xo, yo) = 0. From 
the definition of P and Q we have that 


n+2r af; 
P(x0, Yo) = —Ai (TI Fi(xo, ww 2 —— (x0, Yo) = 


l=1 
[fi 


n+2r f; 
Q(x0, yo) =A (1 fi(xo, w)) He, yo) = 0. 


l=1 
[Ai 


Since fi(xo, yo) # 0 for / #£i, we obtain that oh (x9, yo) = 0 and a (x9, yo) = 0. There- 
fore, the point (xo, yo) is the center of the circle C; in contradiction that fj (xo, yo) = 0. 
Hence, every circle C; is a periodic orbit of the vector field V. Now, we shall prove that 
C; will be a limit cycle, and this will complete the proof of Theorem 8.1. 

We note that all circles C; and all points p; are in the level H (x, y) = 0, and that they are 
the unique orbits of ¥ in this level. Now suppose that C; is not a limit cycle. Then, there is 
a periodic orbit y = {(x(t), y(t)): t € R} different from C),...,C, and sufficiently close 
to C; such that in the bounded component B limited by y there are the same points of 
{p1,..-, pr} than in the bounded component limited by C;. Without loss of generality we 
can assume that these points are pj,..., Ds. 

As y is different from C),..., C,, there exists h 4 0 such that 


A(x(t), y®) = A(e®, YO) BOO, yO Jero(- 2210) = (73) 
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where 6; (t) = arg[(x(t) — xj) +i(y(@) — y,)]. The function A(x(t), y(t)) B(x(t), y(t) is 
bounded on y. Clearly, the angles 6) (t),..., s(t) tend all simultaneously (due to its def- 
inition) to either +-oo or —oo, when t + +00, while the angles 6,4; (t),...,0-(t) remain 
bounded when t — +0. These facts are in contradiction with equality (73). Consequently, 
we have proved that C; is a limit cycle. In short, Theorem 8.1 is proved. 


9. Darbouxian theory of integrability and centres 


In this section we follow the paper [30]. One of the main applications of the Darbouxian 
theory of integrability is proving the existence of a centre, see for instance Section 3. 

In the elementary theory of qualitative differential equations we identify three main types 
of behavior at a nondegenerate singular point: a node, a focus, or a saddle. All three are 
stable, in that a small perturbation will not change the stability of the singular point. More- 
over, topologically, we can read off their behavior from just their linear terms. However, 
there is also the possibility that the singular point is a fine focus or a centre. That is, the 
divergence vanishes at that point. In this case the linear terms give a centre: a neighborhood 
of the origin which consists of closed trajectories. In this case, the nonlinear terms must 
be examined in order to determine whether the point is stable or unstable. If it is neither 
and the system is analytic, then the singular point is also a centre for the nonlinear system. 
Without loss of generality, we can consider the singular point to be at the origin and to be 
in the form 


X=Ax—yt p(x, y), y=xtayt+q,y), (74) 


where p and q represent the nonlinear terms. The case of a fine focus or centre corresponds 
torA=0. 

We can distinguish between a centre and a (fine) focus in a number of ways; we follow 
the most direct first. It can be shown that for any N there is a change of coordinates which 
brings the origin of (74) to the polar form 


PF=c3r +esr° +--+ O0(r¥), 
6=1+ dor? +dgr*+---+0(r%). (75) 


If all the c; are zero up to c2%41, then the system is said to have a fine focus of order k. The 
stability is given by the sign of cox41. 

It can also be shown that perturbations of the nonlinear terms of (74) can produce in 
this case at most k limit cycles bifurcating from the origin. Furthermore, if the class of 
systems (74) are sufficiently general, there are perturbations which produce this number of 
limit cycles in a multiple Hopf bifurcation. We call cox41 the kth Liapunov quantity. 

If all the c; are zero, then it can be shown that there is an analytic change of coordinates 
which brings the system into the polar form 


r=0, O=14dgr?+dgrt+---. 


The singular point is obviously a centre in this case. 


486 J. Llibre 


Given a class of polynomial equations in the form (74), we are often interested in the sub- 
class with centres at the origin. The problem is that showing that we have a centre requires 
an infinite number of conditions. However, if we could find an analytic first integral in a 
neighborhood of the singular point, then the singular point must be a centre. In fact, the 
linear terms of (74) implies that the first terms of such an integral are a+ b(x*+ y?)° +--+, 
and therefore trajectories close to the origin are closed. 

Alternatively, we could find an integrating factor which is well-defined and nonzero in a 
neighborhood of the singular point. In either case an obvious method for constructing such 
functions is the Darbouxian theory of integrability. The surprising thing is that this method 
is so successful. 


THEOREM 9.1. All the nondegenerate centres of systems (74) with homogeneous quadratic 
or cubic p and q are integrable with Darbouxian first integrals. The same is true if p and 
q are of the form 


P=potxf, q=artyh, 
where p2, q2 and f are all homogeneous quadratics. 


For a proof of this theorem see [92,89,9]. 

The last system is the projective version of the quadratic systems and in fact was the 
system studied by Darboux. 

As an example of this, consider the system 


= y tayx? + (a2 + 2b1)xy — ay? + xy, 
y= —x + byx? + (b2 — 2a1)xy — by? + xy’, 


generically this has 4 invariant lines, whose cofactors are all of the form 
ax+ By+xy. 


Hence we can conclude that the system has a centre at the origin. 
Another method for distinguishing between a focus and a centre is to use a Liapunov 
function. This is a function V = k + x? + y? + O((x? + y*)3/2) which satisfies 


ad = na(x? + y?)* +. n6(x? + y?)° +++ + O((x? + y?)"”). (76) 
Such a function can always be found in the neighborhood of a fine focus. The origin is a 
centre if all the n; vanish. If 7242 is the first nonzero term, then the origin is a fine focus 
of order k. Computationally, this method is easier to handle than the normal form (75). 
The coefficients 72;42 are essentially positive multiples of the c2;+1 if we assume that the 
previous 72;+1, j <i vanish. 

There is also a third method, closely related to the second. Here we seek a function 
which is almost an integrating factor. That is we look for a function R = 1 + O(x, y) 
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which satisfies 


+y?) + ba(x? +y?2)7 +--+ O((x2 + y2)477). 


(77) 
Here the origin is a centre if all the ¢; vanish, and a fine focus of order k if fx is the 
first nonzero term. The advantage here is that the degrees of the polynomials required here 
is less than (76). Again the coefficients ¢2; are essentially positive multiples of the c2;+1 
modulo the previous ¢);’s. 

Now, suppose we are seeking conditions for a centre at the origin. Consider a Darboux- 
ian function B which is composed of invariant algebraic curves which do not pass through 
the origin and exponential factors. Such a B is well-defined at the origin and 


p= B[dviiti} 
(2) # (2) = <[aiver, Q) - yau|. 


Since the invariant algebraic curves do not pass through the origin, then the definition of 
invariant algebraic curve implies that the cofactors L; must vanish there. We also assume 
that the divergence is zero at the origin, or there would be no centre. If we have at least 
m(m + 1)/2—1—g invariant algebraic curves and exponential factors, 0 <q < (m—1)/2, 
then we can choose the /; nontrivially so that the square brackets of one of the expressions 
above lies in the vector space generated by the polynomials (x* + y*)/, j =1,...,q. 
Comparing these expressions with (76) and (77), we obtain the following result. 


THEOREM 9.2. Suppose the origin is a fine focus, and that the first q Liapunov quantities 
at the origin vanish, 0 <q < (m— 1)/2. If there are at least m(m + 1)/2 — 1 —q invariant 
algebraic curves or exponential factors not passing through the origin, then there is a 
local Darbouxian integrating factor. If there are at least m(m + 1)/2 — q, then there is a 
Darbouxian first integral. In either case the origin is a centre. 


The result was first noticed by Cozma and Suba [37,94] using different methods. Another 
related result is Chavarriga, Giacomini and Giné [18]. 
10. Non-existence of limit cycles 


This section follows the paper [30]. We rename a Liapunov function a function $(x, y) for 
which 


D¢>0 
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in the region of interest. Clearly the existence of such a function in a region precludes the 
existence of periodic solutions and, in particular, limit cycles. 
In the same way, we define a Dulac function to be a function R such that 


0 /(P 0/Q 
(=) +a(&) >° 


By applying the divergence criterion, we can see that such a function also precludes the 
existence of periodic solutions or limit cycles in any simply connected region where R is 
well-defined and nonzero. 

The analogy between these functions and the first integrals and integrating factors ex- 
amined up to now is obvious. In particular, given a collection of invariant algebraic curves 
or exponential factors with cofactors L;, if we can find constants /; such that 


Dae >0, or div(P,Q)— SeLe, >0, 


then there are no limit cycles in any simply connected region where the Darbouxian func- 
tion is well defined. 

For example, the Lokta—Volterra equations are quadratic with two invariant lines. There 
is also a singular point which does not lie on either line around which any limit cycle must 
lie. Thus the cofactors of the two lines must vanish at this point. If the divergence also 
vanishes at the singular point, then we can find a linear dependency between the cofactors 
and the divergence which means that the system must be integrable and we have a family 
of closed orbits. If the divergence does not vanish then we can construct a Dulac function 
of Liapunov function as above. Thus there are no limit cycles in either case. 

The example above shows in a simple way how detailed calculations can be reduced to 
simple geometric arguments instead. We could have replaced the lines above by invariant 
hyperbolas or parabolas with no increase in difficulty. 

If one of the curves was an ellipse, however, we might have problems. First, the ellipse 
may be a limit cycle in its own right. Second, if the polynomial representing the ellipse 
appeared to a negative power in the Dulac function, then we cannot apply Green’s theorem 
since the region surrounding the ellipse is not simply connected. This can be overcome in 
certain cases by considering line integrals around the loop itself. 

In order to get some deeper results, we need to allow some curves which are almost in- 
variant. Rather than abstract things more, we give an example which is very representative 
of other results. 


THEOREM 10.1. Suppose a quadratic system has an invariant algebraic curve and a sin- 
gular point not on this curve where the divergence vanishes, then the system has no limit 
cycles in any simply connected region of the complement of the curve. 


PRoorF. Any limit cycle in a quadratic system surrounds only one singular point which 
must be a focus (see [104]). Suppose a limit cycle surrounds a singular point with nonzero 
divergence. Let C = 0 be the invariant algebraic curve with cofactor L. Thus 


(PC), +(QC"), =C’CL +). 
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In this section we denote by A the divergence of the system, i.c., A= Py + Qy. Since 
both L and A must pass through the other singular point, and limit cycles of quadratic 
system must be convex, we can chose r so that rL + A does not pass through the limit 
cycle. Hence we have a Dulac function in this case, which contradicts our assumption of a 
limit cycle. 

Suppose now that there is a limit cycle which surrounds the divergence free singular 
point. Since this point must be a focus we transform the system to the form 


P=-y+ax?+bxy+cy’, O=x+dx* +exy+ fy’. 


A further rotation allows us to set c = 0 without loss of generality. Consider the function 
G=x-—1/b forb40 and G =e’ ifb=0. We calculate 


oon {era b#0, 
dt | -yG+ax?G, b=0. 


Thus the line G = 0 is a transversal, and no limit cycle can cross it. Now, we calculate that 


C’G’-!(G[rL+ sby + A]+sax*), b#0, 


PC'G*)._+(QC'G*) = 

( ),+(@ )y pe eR ae age b=0. 
In either case we can find values of r and s to eliminate the term in square brackets. Once 
again we have a Dulac function. 


It seems that algebraic curve methods are the natural ones for proving nonexistence of 
limit cycles. In Coppel’s survey paper [36], for example, all the nonexistence results are 
obtained this way except one which uses a Liénard system argument. We reprove this here 
using algebraic curves. 


THEOREM 10.2. A quadratic system (2) with rP + sQ = AM for some polynomial M 
and real numbers r and s can have no limit cycles. In particular, a quadratic system with 
two singular points with zero divergence has no limit cycles. 


PRooF. If A is a constant we have finished. If A = a(rx + sy +t) for some a and f, 
then A = 0 would be an invariant line. All limit cycles would have to lie in one of the 
regions A > 0 or A < 0 which 1s not possible. Hence the linear terms of A must be linearly 
independent from rx + sy for limit cycles to exist. We can therefore write M =aA+ 
b(rx + sy) +c for some a, b and c. 

If b =0, then 


<k +sy)=aA? (c=0), 
or 


(oP eIER ft (ete 9) a% SRE (c t 0). 


y 
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Hence there are no limit cycles. When b ¥ 0 then 


sa eee ‘Ae +sy+—=0 
_— —|=a on rx —=0, 
dt rx sy i; sy b 


sorx +sy+c/b= 0 isa transversal. Furthermore 


a 2 


(BP), + (BQ)y = See 


? 


where 


Pate 
B=(rx+5y+5) ‘ 


and so we have a Dulac function in this case too. 


Is it possible to extend these methods to prove the uniqueness of limit cycles if we allow 
the Dulac function to vanish at the singular point which the limit cycle surrounds? It would 
be very nice if this was true as many of the uniqueness results for quadratic systems have a 
nice algebraic content. For example a quadratic system with an invariant line or an invariant 
parabola have at most one limit cycle. However, no such methods are known at the moment 
and other less direct methods need to be used. 

We finish with a simple example of such a proof. We show that the van der Pol oscillator 
has a unique limit cycle for small values of the nonlinear terms. 


THEOREM 10.3. The system 
k=y, ys -x—p(l—x’)y 

has at most one limit cycle for |u| < V3. 

PROOF. We first let Y = y + (x — x3/3) to transform the system to the Liénard plane: 
%=Y — p(x —x3/3), Y=-x. 

Now, taking B = (x? — wx¥ + Y*)7!, we have 
(Bx)x + (BY)y = wB?x? (x7/3 — 2ux¥/3+ Y’). 

For |u| < V3, B is positive definite and we have a Dulac function defined in the whole 


of the plane except at the origin. Since each limit cycle must surround the origin, a simple 
application of Green’s theorem shows that there can be at most one limit cycle. 
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11. The inverse problem 


In this section we are mainly interested in the polynomial differential systems which have 
a given set of invariant algebraic curves, independently if they are integrable or not. Thus, 
first we study the normal forms of planar polynomial vector fields having a given set of 
generic invariant algebraic curves. That is, in some sense we are interested in a kind of 
inverse theory of the Darboux theory of integrability. We follow the paper [33]. The main 
result of this section is the following one. 


THEOREM 11.1. Let C; = 0 fori =1,..., p, be irreducible invariant algebraic curves 
in C?, and set r = 4 deg C;. We assume that all C; satisfy the following generic condi- 
tions: 
(1) There are no points at which C; and its first derivatives are all vanish. 
(ii) The highest order terms of C; have no repeated factors. 
(iii) Zf two curves intersect at a point in the finite plane, they are transversal at this 
point. 
(iv) There are no more than two curves C; = 0 meeting at any point in the finite plane. 
(v) There are no two curves having a common factor in the highest order terms. 
Then any polynomial vector field X of degree m tangent to all C; = 0 satisfies one of the 
following statements. 
(a) [fr <m+1 then 


P P P 
x=([Te}9+¥n( Ter) xe. (78) 
i=l 


i=l ba 

J#i 
where Xc,; = (—Ciy, Cix) is a Hamiltonian vector field, the h; are polynomials of 
degree no more thanm —r +1, and the ) is a polynomial vector field of degree no 


more thanm — r. 


(b) [fr =m-+1 then 
P 
x=Ya(T] ci), (79) 


with aj € C. 
(c) Ifr>m-+1 then X* =0. 


This theorem due to Christopher [28] was stated in several papers without proof like 
[28] and [61], and used in other papers as [9] and [66]. The proof that we present here of 
Theorem 11.1 essentially circulated as the preprint [29] but was never published. Zotadek 
in [106] (see also Theorem 3 of [107]) stated a similar result to Theorem 11.1, but as far 
as we know the paper [106] has not been published. In any case Zotadek’s approach to 
Theorem 11.1 is analytic, while our approach is completely algebraic. 
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Statement (b) of this theorem has a corollary due to Christopher and Kooij [61] showing 
that system (79) has the integrating factor R = Es C;)~!, and consequently the system 
is Darbouxian integrable. 

The following result shows that the generic conditions of Theorem 11.1 are necessary. 


THEOREM 11.2. [fone of the conditions (i)-(v) of Theorem 11.1 is not satisfied, then the 
statements of Theorem 11.1 do not hold. 


We have mentioned that system (1) satisfying the five assumptions of Theorem 11.1 with 
r =m-+ 1 is Darbouxian integrable. Now we provide two examples of polynomial systems 
satisfying all assumptions of Theorem 11.1 with r = m+ 1 except either (ii) or (aii) and 
which are not Darbouxian integrable. Until now there are very few proofs of polynomial 
systems which are not Darbouxian integrable, see for instance Jouanolou [58], Moulin 
Ollagnier [75—77] and [10], see Section 13. 

Consider the following quadratic systems: 


% = y(ax —by+b)+x7?4+y?-1, 
y=bx(y — 1) +a(y*- 1), (80) 
which has the invariant circle C) = x* + y? — 1 = 0 with cofactor K, = 2(x + ay) and the 


invariant straight line C2 = y — 1 = 0 with cofactor Kz = bx + ay +a. We note that C 
and C2 are tangent at the point (0, 1). 


THEOREM 11.3. There are values of the parameters a and b for which system (80) is not 
Darbouxian integrable. 


As a corollary the following result shows that there are polynomial systems with an 
invariant algebraic curve whose highest order term have repeated factors such that they are 
not Darbouxian integrable. Consider the following quadratic system: 


= (1—b)(x?+2y—-1)-(ax—b)y-D = PG, y), 
y = —(bx + 2ay —a)(y— 1)= OG, y), (81) 
which has the invariant algebraic curves Cy = x* + 2y — 1 = 0 with cofactor K, = 2[(1 — 


b)x — ay +a] and C2 = y — 1 = 0 with cofactor Kz = —(bx + 2ay — a). We note that the 
highest order term of C; has a repeated factor x. 


COROLLARY 11.4. There exist values of the parameters a and b for which system (81) is 
not Darbouxian integrable. 


In the rest of the section we shall prove the first of these stated four results, for the proof 
of the others see [33]. 


PROOF OF THEOREM 11.1. In the proof of this theorem we will use intensively the 
Hilbert’s Nullstellensatz (see for instance, [46]): 
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Set A, Bi € C[x, y] fori =1,...,r. If A vanishes in C? whenever the polynomials 
B; vanish simultaneously, then there exist polynomials M; € C[x, y] and a nonnegative 
integer n such that A" = )~,_, Mj B;. In particular, if all B; have no common zero, then 
there exist polynomial M; such that )~;_, Mi Bj = 1. 

In what follows if we have a polynomial A we will denotes its degree by a. If we do not 
say anything we denote by C‘ the homogeneous part of degree c for the polynomial C. We 
shall need the following result. 


LEMMA 11.5. IfC° has no repeated factors, then (C,, Cy) = 1. 


PROOF. Suppose that (Cy, Cy) # 1. Then there exists a polynomial A nonconstant such 
that A|C, and A|Cy. Here A|C, means that the polynomial A divides the polynomial C,. 
Therefore, A“|(C°), and A“|(C°)y. By the Euler theorem for homogeneous polynomials 
we have that x(C°), + y(C%)y =eC®. So A*|C®. Since A%, (C%) x, (C°)y and C® are ho- 
mogeneous polynomials of C[x, y] and A% divides (C°),, (C%)y and C°, the linear factors 
of A“ having multiplicity m, must be linear factors of C° having multiplicity m + 1. This 
last statement follows easily identifying the linear factors of the homogeneous polynomial 
C°(x, y) in two variables with the roots of the polynomial C°(1, z) in the variable z. Hence, 
A® is a repeated factor of C°. It is in contradiction with the assumption. 


We first consider the case that system (1) has a given invariant algebraic curve. 


LEMMA 11.6. Assume that polynomial system (1) of degree m has an invariant algebraic 
curve C = 0 of degree c, and that C satisfies condition (i) of Theorem 11.1. 
(a) If (Cy, Cy) = 1, then system (1) has the following normal form: 


x =AC— DCy, y=BC+DC,, (82) 

where A, B and D are suitable polynomials. 
(b) IfC satisfies condition (i1) of Theorem 11.1, then system (1) has the normal form (82) 
with a,b <m—candd<m—c+1. Moreover, if the highest order term C° of C 


does not have the factors x and y, thena< p—c,b<q—candd <min{p,q}— 
c+. 


PROOF. (a) Since there are no points at which C, C, and Cy vanish simultaneously, from 
Hilbert’s Nullstellensatz we obtain that there exist polynomials E, F and G such that 


EC, + FCy+GC=1. (83) 
As C satisfies the definition of invariant algebraic curve, we get from (83) that 

K =(KE+GP)C,+(KF+GQ)C). 
Substituting K into the definition of invariant algebraic curve C = 0, we get 


[P —(KE+GP)C]|C,=-[Q- (KF +GQ)C|Cy. 
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Since (Cy, Cy) = 1, there exists a polynomial D such that 
P—(KE+GP)C=—-DC,, Q-(KF+GQ)C=DC,. 


This proves that system (1) has the form (82) with A= KE+GP and Q=KF+GQ. 

(b) From (a) and Lemma 11.5 we get that system (1) has the normal form (82). Without 
loss of generality we can assume that p < q. 

We first consider the case that C‘ has neither factor x nor y. So we have (C‘, (C°),) = | 
and (C°, (C°),) = 1, where (C°), denotes the derivative of C° with respect to x. In (82) 
we assume that a > p —c, otherwise the statement follows. Then d = a + 1. Moreover, 
from the highest order terms of (82) we get ACS = D“t! sian where Coe denotes the 
homogeneous part with degree c— 1 of Cy. Since (C°, Cy~ ') = 1, there exists a polynomial 
F such that A“ = FC{~!, D“*! = FC®. In (82) we replace A by A — FCy and D by 
D — FC, so the degrees of polynomials under consideration reduce by one. We continue 
this process and do the same for y until we reach a system of the form 


%=AC-—DCy, y=BC+EC,, (84) 


withha< p—c,d<p—ct+l,b<q-—cande<q—c+1. Since C = 0 is an invariant 
algebraic curve of (84), from the definition of invariant algebraic curve we get 


C(ACy + BCy) + CyCy(E — D) = KC. 


This implies that there exists a polynomial R such that E — D = RC, because C with Cy 
and Cy are coprime. 

If e >d, then r=e—c. We write BC + EC, = (B+ RC,)C + DC, and denote 
B+ RC, again by B, then system (84) has the form (82) where A, B and D have the 
required degrees. 

If e < d, then r =d — cc. We write AC — DC, = (A+ RCy)C — ECy and denote 
A+ RCy again by A, then system (84) has the form (82) where A, B and E instead of D 
have the required degrees. This proves the second part of (b). 

Now we prove the first part of (b). We note that even though C° has no repeated factor, 
C* with co or Ce may have a common factor in x or y (for example C? = x(x* + y), 
C3 = y(x?+y’) or C4 = xy(x?+4+ y”)). In order to avoid this difficulty we rotate system (1) 
slightly such that C° has no factors in x and y. Then, applying the above method to the 
new system we get that the new system has a normal form (82) with the degrees of A, B 
and D as those of the second part of (b). 

We claim that under affine changes system (82) preserves its form and the upper bound 
of the polynomials, 1.e., a,b <m—c andd<m-—c +1. Indeed, using the affine change 
of variables u = ajx +b, y+ c, and v =a2x+ bry +c2 with a,b2 — anb; 4 0, system (82) 
becomes 


u=(aj,A+b,B)C — (ayb2 — anb,)DCy, 
v= (a2A+ b2B)C + (ayb2 — agb})DCy. 
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Hence, the claim follows. This completes the proof of (b), and consequently we have the 
proof of the lemma. 


LEMMA 11.7. Assume that C =0 and D = 0 are different irreducible invariant algebraic 
curves of system (1) of degree m, and that they satisfy conditions (i) and (iil) of Theo- 
rem 11.1. 
(a) If (Cy, Cy) = 1 and (Dy, Dy) = 1, then system (1) has the normal form 
x =ACD—EC,D-—FCD,, y=BCD+EC,D+ FCD,. (85) 


(b) IfC and D satisfy conditions (ii) and (v), then system (1) has the normal form (85) 
witha,b<m—c—dande, f<m—c—d+t+l. 

PROOF. Since (C, D) = 1, the curves C and D have finitely many intersection points. By 
assumption (i) at each of such points there is at least one nonzero first derivative of both C 
and D. Ina similar way to the proof of the claim inside the proof of Lemma 11.6, we can 
prove that under an affine change of the variables, system (85) preserves its form and the 
bound for the degrees of A, B, E and F. So, we rotate system (1) slightly such that all first 
derivatives of C and D are not equal to zero at the intersection points. 

From the Hilbert’s Nullstellensatz, there exist polynomials M;, N; and Rj, i = 1,2, such 
that 


MiIC+NiID+RiDy=1, = MoC+N2D+RoCy=1. (86) 
By Lemma 11.6 we get that 

P=A\C—E\Cy=GiD-—F,Dy, (87) 
for some polynomials A;, E,, G, and F). Moreover, using the first equation of (86) we 
have F} = SC +TD-+UC, for some polynomials S, T and U. Substituting F; into (87) 
we obtain that 

(A, + SDy)C + (—G| + TDy)D + (—E, + UDy)Cy = 0. (88) 
Using the second equation of (86) and (88) to eliminate C, we get 

—E,+UD,=VC+4+ WD, (89) 
for some polynomials V and W. Substituting (89) into (88), we have 

(Aj + SDy + VCy)C = (G; — TDy — WCy)D. 
Since (C, D) = 1, there exists a polynomial K such that 


A\+SDy+VCy=KD,  Gi—TDy—WCy=KC. (90) 
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Substituting E, of (89) and A, of (90) into (87), then we have 
P = KCD-—SCDy+WCyD-—UCyDy. (91) 
Similarly, we can prove that there exist some polynomials K’, S’, W’ and U’ such that 
O=K'CD+S'CD, — W'CyD + U'CyDy. (92) 


Since C is an invariant algebraic curve of (1), we have that PCy + QC, = KcC for 
some polynomial Kc. Using (91) and (92) we get 


KcC = C[D(KC, + K’Cy) — SC, Dy + S'Cy Dy | 
+ C,yCy| D(W — W’) — UD, + U'D, |]. 


As C, Cx and Cy are coprime, there exists a polynomial Z such that 

D(W — W')—UD, + U'D, = ZC. (93) 
Substituting the expression DW — U Dy into (91), we get 

P=KCD-—SCD,+ W'CyD—U'C,D, + ZCCy. (94) 


Since D = 0 is an invariant algebraic curve of system (1), we have PD, + QDy = KpD 
for some polynomial Kp. Using (92) and (94) we get 


KpD = D[C(KD, + K' Dy) + W'(Cy Dy — Cy Dy)] 
+ D,[CDy(—S + 8’) + U'(Cy Dy — Cy Dy) + ZCCYy I. 
As D and Dy, are coprime, there exists a polynomial M such that 
CDy(—S + S’) + U'(Cy Dy — CyDy) + ZCCy = MD. (95) 
The curves C and D are transversal implies that C, D and Cy Dy — Cy D, have no common 
zeros. From Hilbert’s Nullstellensatz, there exist some polynomials M3, N3 and R3 such 
that 


M3C + N3D + R3(Cx Dy — CyDy) = 1. (96) 


Eliminating the term C, Dy — Cy D, from (95) and (96), we obtain that U’ = 1C + JD for 
some polynomials J and J. Hence, Equation (95) becomes 


C[I (Cx Dy — Cy Dx) + Dy(—S + 8’) + ZCy] 
+ D[J(C, Dy — CyD,) — M| =0. 
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Since (C, D) = 1, there exists a polynomial G such that 


M = J(CyDy — CyDy) + GC, 
I (Cy Dy — CyDy) + Dy(—S + S') + ZCy = GD. 


Substituting ZC, — SD, and U’ into (94) we obtain that 
P=(K+G)CD— (IC, + S')CDy + (W' — JDx)DCy. 


This means that P can be expressed in the form (91) with U = 0. 

Working in a similar way, we can express Q in the form (92) with U’ = 0. Thus, (93) is 
reduced to D(W — W’) = ZC. Hence, we have W = W' + HC for some polynomial H. 
Consequently, Z = HD. Therefore, from (95) we obtain that CD,(—S + S’) = D(M — 
HCCy). Since (C, D) = 1 and (D, Dy) = 1, we have S = S’+ LD for some polynomial L. 
Substituting W and S into (91) we obtain that P and Q have the form (85). This proves 
statement (a). 

As in the proof of Lemma 11.6 we can prove that under suitable affine change of vari- 
ables the form of system (85) and the bound of the degrees of the polynomials A, B, E and 
F are invariant. So, without loss of generality we can assume that the highest order terms 
of C and D are neither divisible by x nor y. 

By the assumptions, the conditions of statement (a) hold, so we get that system (1) has 
the form (85). If the bounds of the degrees of A, B, E and F are not satisfied, we have 
by (85) that 


A*C’D* — E*C"' D4 — Ffc* Ds"! =0, 

Bec’ p? + E°Ccc | pt + FiC’Dt| =0. (97) 
We remark that if one of the numbersa+c+d,e+c—1+dand f+c+d-—1 is less than 
the other two, then its corresponding term in the first equation of (97) is equal to zero. The 
same remark is applied to the second equation of (97). From the hypotheses it follows that 
C* and Se are coprime, and also D¢@ and aa and C¢ and D%, respectively. Hence, 


from these last two equations we obtain that there exist polynomials K and L such that 
E°=KC‘, Ff = LD“, and 


Ata KCC M+ LDS, B’==KCO!=Lpe, 
We rewrite Equation (85) as 


%=(A—KCy—LD,)CD —(E—KC)C,D—(F —LD)CD,y, 
y=(B+KC,+LD,)CD+(E—KC)C,D+(F —LD)CD,. 


Thus, we reduce the degrees of A, B, E and F in (85) by one. We can continue this process 
until the bounds are reached. This completes the proof of statement (b). 
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LEMMA 11.8. Let C; =0 fori =1,..., p be different irreducible invariant algebraic 
curves of system (1) with deg C; = cj. Assume that C; satisfy conditions (i), (111) and (iv) 
of Theorem 11.1. Then 

(a) If (Cix, Ciy) = 1 fori=1,..., p, then system (1) has the normal form 


P Wal P 
i= (2- Ae \ Mc 5=(0+ 8) fe, (98) 
i=l i=l 


i=1 


where B, D and A; are suitable polynomials. 
(b) If C; satisfy conditions (ii) and (v) of Theorem 11.1, then system (1) has the normal 
form (98) with b,d <m— ey c; and aj <m— sy q+. 


PROOF. We use induction to prove this lemma. By Lemmas 11.6 and 11.7 we assume that 
for any / with 2 <1 < p we have 


! 1 ! 
p=y)(0- AS) TT, 0-2 (9+) TT, 
i=l } i=l 


i=1 


where )-\_, Bj = B and “)_, D; = D. Since C)41 =0 is an invariant algebraic curve, 
from Lemma 11.6 we get that there exist some polynomials E, G and H such that 


1 
AiC 
P= (4.- MG TY cy = Ci - GCi+1,y, 
i=l 


} i=1 


l 


i 
AjC; 
o=(p + a \TT = HCi41 + GCi41,x- (99) 
1 7 j=] 


Now we consider the curves 


Ke= | er=0,, g= heal. 
iFj 
From the assumptions we obtain that there is no points at which all the curves K; = 0 


and C741 = 0 intersect. Otherwise, at least three of the curves C; = 0 fori =1,...,/+1 
intersect at some point. Hence, there exist polynomials U and V; fori = 1,...,/ such that 


I 
UCi4i+ > ViKi =1. (100) 
i=l 
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Using this equality, we can rearrange (99) as 


1 
(E — GUC 41,y) C141 = )(BiCi — AiCiy + GViCi41,y) Ki. 


i=1 
l 
(H + GUCi41 x) C41 = ¥ (Di Cj + AiCix — GVjCi41,x) Ki. (101) 
i=1 
Using (100) and (101) to eliminate C}; we obtain that 


I I 
E-GUCHiy=) 4Ki, = H+GUCHi x =o Ki, 


i=l i=1 
for some polynomials J; and J;. Substituting these last equalities into (101), we have 


I 
SOG: _ Aj Ciy + GV;Ci+1,y — [F,Cj41) Ki = 9, 
i=1 


1 
Soi + AiCix — GViCi41,x — JiCi41) Ki = 0. (102) 
i=l 


It is easy to check that the expression multiplying K; in the two summations of (102) are 
divisible by C;. Hence, there exist polynomials L; and F; fori = 1,...,/ such that 


B,C; — AiCiy + GViCi41,y — iCi41 = LiC;, 
Dj Cj + AiCix — GViCi41,x — JiCi41 = iC. (103) 


So, from (102) we get that })_, Lj = 0 and S-)_, F; =0. This implies that (99) can be 
rewritten as 


I 
P=) 0 ((Bj — Li)C; — AiCiy) Ki. 


~ il 
nn 


0=V((G — Fj)C; + AjCix) Ki. (104) 
i=1 


Moreover, we write (103) in the form 


(Bi — Li)C; — AiCiy = FCi41 — GViCi41,y = Pi, 
(Dj — Fi)Ci + AiCix = JiCi41 + GViCi41,x = Qi. (105) 
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It is easy to see that C; and C)+ are invariant algebraic curves of the system x = P;, y = 
Q;. So, from statement (a) of Lemma 11.7 we can obtain that 


P; = (Bi — Li)Ci — AiCiy = XiCiCi41 — YiCiyCi41 — NiCiCi+1,y, 
Qj = (Dj — Fi)Ci + AiCix = ZiCiCi41 + ViCixCig1 + NiCiCi41,x- 


Substituting these last two equations into (104), we obtain that system (1) has the form (98) 
with the / + | invariant algebraic curves C;,..., Cj. From induction we have finished 
the proof of statement (a). 

The proof of statement (b) is almost identical with those of Lemma 11.7(b), so we shall 
omit it here. Hence, this ends the proof of the lemma. 


PROOF OF THEOREM 11.1. From Lemma 11.8 it follows statement (a) of Theorem 11.1. 
By checking the degrees of polynomials A;, B and D in statement (b) of Lemma 11.8 we 
obtain statement (b) of Theorem 11.1. 

From statement (a) of Lemma 11.8, we can rearrange system (1) such that it has the 
form (98). But from statement (b) of Lemma 11.8 we must have B = 0, D= 0 and A; = 0. 
This proves statement (c) of Theorem 11.1. 


12. Elementary and Liouvillian first integrals 


We now examine the effectiveness of the Darbouxian theory of integrability, i.e., what sort 
of integrals does it capture. The surprising result is that in some sense it captures every 
“closed form solution”. However, we clearly need to make this idea precise before we can 
explain the known results. Here, we follow the paper [30]. 

The idea of calculating what sort of functions can arise as the result of evaluating an 
indefinite integral or solving a differential equation goes back to Liouville. The modern 
formulation of these ideas is usually done through differential algebra. The advantage over 
an analytic approach is first that the messy details of branch points etc., is hidden com- 
pletely, and second that the way is open to apply these methods to symbolic computation. 

We assume that the set of functions we are interested in form a field together with a 
number of derivations. We call such an object a differential field. The process of adding 
more functions to a given set of functions is described by a tower of such fields: 


PoC hi c::-C. 
Of course, we must also specify how the derivations of Fo are extended to derivations on 
each F;. 
The fields we are interested in arise by adding exponentials, logarithms or the solutions 
of algebraic equations based on the previous set of functions. That is we take 


F, = Fo(01,..., 4), 


where one of the following holds: 
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(1) 60; = 0;5g, for some g € Fj_) and for each derivation 6. 
(ii) 66; = g~'8g, for some g € F;_| and for each derivation 6. 

(iii) 6; is algebraic over F;_,. If we have such a tower of fields, F,, is called an elemen- 

tary extension of Fo. 

This is essentially what we mean by a function being expressible in closed form. We 
call the set of all elements of a differential field which are annihilated by all the derivations 
of the field the field of constants. We shall always assume that the field of constants is 
algebraically closed. 


THEOREM 12.1 (Liouville theorem). [fan element f in a differential field F is the deriv- 
ative of an element g in an elementary extension field G with the same field of constants, 
then we must have 


f=hot+ ye In(hj), 
where c; are constants and all the h; lie in F. 


We say that our system (1) has an elementary first integral if there is an element u in an 
elementary extension field of the field of rational functions C(x, y) with the same field of 
constants such that Du = 0. The derivations on C(x, y) are of course d/dx and d/dy. 


THEOREM 12.2 (Prelle and Singer [87]). Jf the system (2) has an elementary first integral, 
then there is also an elementary first integral of the form 


vo + Ss cj In(u;), 
where the c; are constants and the v; are algebraic functions over C(x, y). 


It is known that we cannot strengthen this theorem to make all the v; rational func- 
tions in x and y. By manipulating this formula and taking traces we obtain the following 
corollary. 


COROLLARY 12.3. Jn the situation above there is always an integrating factor of the 
form R'/, with R € C(x, y) and N an integer. 


Thus the method of Darboux finds all elementary first integrals. For a direct proof of this 
corollary, see [20]. 

Another class of integrals we are interested in are the Liouvillian ones. Here we say that 
an extension F,, is a Liouwvillian extension of Fo if there is a tower of differential fields as 
above which satisfies conditions (i), (ili) or 

(ii)’ 596; = ha for some elements hy € Fj_1 such that dyhg = dghq. 

This last condition, mimics the introduction of line integrals into the class of functions. 
Clearly (ii) is included in (ii)’. 

This class of functions represents those functions which are obtainable “by quadratures”’. 
An element u of a Liouvillian extension field of C(x, y) with the same field of constants is 
said to be a Liouvillian first integral. 
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THEOREM 12.4 (Singer [95]). If the system (2) has a Liouvillian first integral, then it has 
an integrating factor of the form 


ef Udxt+Vdy Uy=Vyx, 
where U and V are rational functions. 


It can be shown that this last expression can always be integrated to get a Darbouxian 
function. More specifically, 


THEOREM 12.5. Let U, V be two rational functions with 
Uy = Vx, 

then 
[uot Vdy=wot ea In(w;), 

for some constants cj and wj; rational functions. 


Hence we have 


COROLLARY 12.6. Jf system (1) has a Liouvillian first integral, then there is a Darbouxian 
integrating factor. 


For a direct proof of this result see Pereira [85]. 
Thus the method of Darboux finds all Liouvillian solutions. However, there is another 
surprising result. 


THEOREM 12.7 (Singer [95]). Suppose that a trajectory of (1) can be described by a 
function in a Liouvillian extension of C(x, y). Then either this function is a first integral of 
the system, or the function is a polynomial. 


Thus a system has a Darbouxian integrating factor, or the only trajectories that can be 
described by closed form solutions or quadratures are the polynomial ones. 

What does the general first integral of a system with a Darbouxian integrating factor look 
like? Generically we can show that the first integral is also Darbouxian [27], but stranger 
things can happen. A reasonable conjecture which embodies all the cases which we know 
is that it is a sum of a Darbouxian function and terms of the form 


Rwy) 
/ eT [ki(u)" du, 


where R, s and the k; are rational functions. Several examples of these have been given by 
Zotadek [106]. 
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13. Liouvillian first integrals for the planar Lotka—Volterra system 


The aim of this section is to present the complete classification of the Liouvillian first 
integrals for the quadratic Lotka—Volterra systems in C: 


xX =x(ax+by+c), 
y= y(Ax+ By+C). (106) 


We say that system (106) has a Liouvillian first integral if it has a first integral or an 
integrating factor given by a Darbouxian function, see for more details Section 12 or 
Singer [95]. We note that our Darbouxian theory of integrability takes into account the 
invariant algebraic curves and their multiplicity through the exponential factors, see Sec- 
tion 1.5 or for more details [34]. We emphasize that a complete characterization of Liou- 
villian integrable polynomial differential systems has been made for very few families of 
differential systems. We follows the paper [10]. 

As we shall see, systems (106) can be formulated as the following quadratic homoge- 
neous Lotka—Volterra systems in C?: 


x= x((b — B)y+ Ap 

y=y((A—a)x+Cz), 

Z=—z(ax + By). (107) 
Several authors and mainly Moulin Ollagnier [77] have studied the Liouvillian first inte- 
grals of the system 

xX =x(@Cy+z)=x®y, 

y=yt+wAz)= yy, 

Z=72(wBx + y)=7@,. (108) 
In fact, these homogeneous Lotka—Volterra systems in C? can be thought as the planar 
projective version of the following planar Lotka—Volterra systems in C?: 

x= x(—a@Bx + (@C —1l)y+ 1); 

y=y((1 —@B)x — y +A). (109) 
For more details between the affine and the projective version of a planar polynomial vector 
field, see Section 6, or for instance [77] or [70]. 


We note that if c(a — A)B £0, then system (106) becomes system (109) with the fol- 
lowing rescaling of the variables: 


c c ol 
’ gt 3 wa a Paced f ’ 110 
9.9 (gooa gy. 21) (110) 
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where 


: oB=———; oC = 4 (111) 

The Darbouxian theory of integrability says that if a planar polynomial differential sys- 
tem of degree m = 2 has at least m(m + 1)/2 = 3 invariant algebraic curves or exponential 
factors, then the system has a Liouvillian first integral (see again Section 12 or Singer [95]). 
This result will play a main role in the classification of all Liouvillian first integrals of sys- 
tems (106). 

We want to show that the Darbouxian theory of integrability is one of the best meth- 
ods for finding first integrals of polynomial ordinary differential equations. For showing 
this we choose the 2-dimensional Lotka—Volterra systems (106) as paradigmatic systems 
for the study of the integrability, and we complete the classification of their Liouvillian 
first integrals. This model, introduced by Lotka [72] and Volterra [100], appears in ecol- 
ogy where it models two species in competition, and it has been widely used in applied 
mathematics, in chemistry and in a large variety of problems in physics. 

Moulin Ollagnier in [77] classified the irreducible systems (108) (and his results pro- 
vide almost the classification of the nonirreducible ones) having a Liouvillian first integral. 
In the paper [10] the authors, first, provide a new tool for studying the existence of Li- 
ouvillian first integrals, and second they use this tool for completing the classification of 
systems (107). 

System (107) is called irreducible if the 1-form 


w = (®, — Py)yzdx + (®y — B,)zx dy + (By — By) xy dz 
= —(Ax + By + Cz)yzdx + (ax + by + cz)zx dy 
+ ((A—a)x + (B — b)y + (C —c)z)xydz 


has no nontrivial common factor in its three components, for more details see [77]. 

Systems (109) always have two invariant algebraic curves x = 0 and y = 0. From the 
Darbouxian theory of integrability (see Theorem 2.1), it is known that if they have another 
invariant algebraic curve or an exponential factor, then the system has a Liouvillian first in- 
tegral. We remark that almost all the Liouvillian integrable systems (109) given by Moulin 
Ollagnier in [77] have a third invariant algebraic curve. For system (107) it is shown in [10] 
that in seven of the new Liouvillian integrable cases the integrability is due to the existence 
of an exponential factor. 

We associate to a given 3-dimensional Lotka—Volterra system (108) two if wAwWB x 
wC = 0, or five if mAwWBwC £ 0, equivalent 3-dimensional Lotka—Volterra systems. The 
first two are obtained doing circular permutation of the variables x, y, z and of the parame- 
ters w~A, OB, WC; 1.€., 


(x, y,z,@A, WB, oC) > (y,z,x,@B, oC, WA); 
and the remainder three systems are obtained doing the transformation 


(x, y,z,@A, WB, oC) > (WBx, WAZ, oCy, 1/@C, 1/@B,1/@A), 
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and the two new transformations obtained from this one doing the above circular permuta- 
tions. Sometimes the conjugated systems to these previous ones are different, obtaining in 
all 12 related systems. We say that all these Lotka—Volterra systems are E equivalent. All 
the results of this paper are stated modulo these E equivalences. Of course, the analogous 
E equivalences exist for 2-dimensional Lotka—Voterra systems (109). 

The main results of [77] and [10] are the following two theorems, respectively. 


THEOREM 13.1. Consider an irreducible system (109). Then the following statements are 
equivalent. 
(a) System (109) has a Liouvillian first integral. 
(b) System (109) has an invariant algebraic curve f = 0 different from x = 0. and y = 0. 
(c) The triple [wA, wB, wC] of parameters of system (109) falls, up to E equivalences, 
in one of the cases of the following list. 


We introduce the following parameters 


1 1 1 
p=—wA re q=-—oB 3C’ r=—wC an 
The numbers p, g and r are related with the Kowalevskaya exponents of system (108), see 
[52] for more details. 

In the first two cases wA, wB and wC are related by a unique condition and f has 
degree 1. 

1. ~aAwWBoC +1=0, f=x-—aCy+oAaC. 

2. wB =1 where wC = 01s possible, f = y— WA. 

Case 2 is formed by three E equivalent systems. The other two are: wC = | where 
wA = 0is possible, f = 1 — wBx; and wA = 1 where wB = 0 is possible, f =x —wCy. 

In the next two cases wA, wB and wC are related by two conditions and f has de- 
gree 2. 

3. p=1, q = 1, consequently wAwBwC = 1 and r = 1; f = wA*(@Bx — 1)? — 

2wA(wBx + 1)y+y?. 

4, wA=2,q =1; f =(x —@Cy)* — 2@C’y. 

Case 4 is formed by five other E equivalent systems, namely: 

wB =2,r=1, f =(y —wA) — 2wA?x; 

oC =2, p=1, f =(1—wBx)* — 2wB* xy; 

oC = 1/2, p=1, f = (Bx — 1)? — 2ya@C/oA; 
wA=1/2,q=1, f = (wCy — x)* — 2xwA/wB; 
wB =1/2,r=1, f =(wA— y)* — 2xywB/wC. 

There is a finite number of isolated triples of complex numbers providing an invariant 
algebraic curve of system (21) with degree 3, 4 or 6. Here i stands for the square root of —1 
and j =(—1 +iV/3)/2 is a third root of 1. Firstly, these cases were found in [53] using 
the so-called Painlevé analysis, see [52]. 

5. [wA,wB,wC] = [V — 1)/3,7 — 1,7] or equivalently [p,g,r] = [1, 2,2], here 

(wAwBaoC) = —1; f = 9x? —27jx?y+9(2+ j)x? —27(1 4 j)xy?+9(24+ jyxyt 
911+ f)x —9y? —9(1 — f)y? + 9jy +142). 
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[wA, wB, wC] = [Gi —2)/5, (§ —3)/2, 1-1] or equivalently [p, g, r] = [1, 2, 3], here 
(wAwBoC)* = —1; f = 625x+ + 2500(1 — i)x*y + 500(3 + i)x3 — 7500ix*y? + 
5000x7y + 300(4 + 31)x? — 5000(1 +1) xy? + 1000(1 — 31) xy? + 200(9 + 13i)xy+ 
40(9 + 13i)x — 2500y* + 2000(—2 + i) y? + 600(—3 + 41) y* + 80(—2 4+ 1li)y + 
4(7 + 24i). 


. (WA, wB,wC)] = [-1 + j, (—2 + j)/7, (—4 + j)/3] or equivalently [p,q,r] = 


[4,1,2], here (wAwBwC)> = 1; f = 6(—397 — 683j)y> + 405(8 + Sj)x4 + 
540(19 + 18j)x? + 135(—323 + 37j) y? + 45(—360 — 323 j)y4 + 162(3 + j)x> + 
6(25 — 211j)xy? + 45(16 — 39) x*y4 + 135(5 — 3j)x4y? + 162(62 + 149j)x + 
54(—286 + 397) y+ 60(17 — 20) xy? + 54(4— f)x°y +27x°+ (—37 — 360) yo + 
27(37 + 360) + 324(—87 + 62j)xy + 54(94+ 71 j)x?y + 378(—149 — 87j) xy? + 
54(179 — 29j)x3y + 27(—104 — 947 j)x*y* + 18(—1427 — 2074j) xy? + 162(18 — 
pxty + 108(52 — 41j)x2y? + 36(73 — 328j)x2y>? + 126(—23 — 94j)xy4 + 
60(—683 — 286) y? + 405(39 + 55j)x?. 


Case 5 is formed by six E equivalent systems which can be obtained doing circular 
permutations to [wA, wB, wC] and to [1/wC, 1/wB, 1/wA]. Cases 6 and 7 are formed by 
twelve E equivalent systems which are obtained as in Case 5, and additionally conjugating 
all the parameters. 

There are some isolated triples of rational numbers providing an irreducible invariant 
algebraic curve of ae 3,4 or 6. 


8. 


[wA, wB, wC] = [—7/3, 3, —4/7], f = —259308x? — 185220x7y + 259308x? + 
567xy 3_13930xy2—71001xy — 86436x +324y4+ 3024 y3+ 10584y74 16464y + 
9604. 


. (A, wB, oC] = [—3/2, 2, —4/3], f = 108x* + 6xy? + 180xy — 108x + 8y? + 


36y? + 54y +27. 


. [wA, oB, wC] = [2, 4, —1/6], f = 216x3+ 108x7y — 54x74 18xy*—36xy4+ y?— 


4y* + 4y, 


. [@A, @B, wC] = [2, —8/7, 1/3], f = 216x? + 189x* + 882xy — 343 y? + 686y. 
. [@A, wB, wC] = [6, 1/2, —2/3], f = 9x2y + l2xy* — 144xy + 432x 4 4y? — 


T2y? + 432y — 864. 


. [wA, @B, oC] = [—6, 1/2, 1/2], f = 3x7y + 24xy + 144x — 8y* — 96y — 288. 
. (WA, oB, wC] = [3, 1/5, —5/6], ie 1296x* + 4320x7y — 6480x? + 5400x7y? — 


18900x7y + 3000xy? — 18000xy* + 27000xy + 625 yt — 5625y? + 16875y* — 
16875y. 


. [@A, @B, wC] = [2, —13/7, 1/3], f = 648x4 — 216x3y — 252x7y + 1176xy? — 


343 y? + 686y?. 
. [@A, @B, wC] = [2, 2,2], f =x? + xy? —3xyt+y. 
. [wA, wB, wC] = [2, 3, —3/2], f = 8x? + loxy — y+ 4y? —4y. 
. [wA, wB, wC] = [2, 2, —5/2], f = 8x? — 4xy? + 24xy + y4* — 6y3 + 12y? — By. 
. [wA, wB, wC] = [— 4/3,3, -5/4], f = 576x2 + 864xy — 384x +27y3 + 108y2 + 
144y + 64. 
. [@A, @B, wC] = [—9/4, 4, —5/9], f = 419904x> + 279936x7y — 314928x7 + 


15552xy* + 69984xy + 78732x — 256y* — 2304y? — 7776y" — 11664y — 6561. 
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21. [wA, wB, wC] = [—3/2, 2, —7/3], f = 324x7 + 72xy* + 864xy — 324x + l6yt + 
96y? + 216y* + 216y+ 81. 

22. [wA, wB, wC] = [—5/2, 2, —8/5], f = 125000x? — 5000x7y? + 225000x7y — 
187500x? — 1600xy* — 6000xy? + 15000xy? + 87500xy + 93750x — 64y® — 
960y° — 6000y* — 20000y? — 37500y? — 37500y — 15625. 

23. [wA,@B,@C] = [—10/3,3,—-7/10], f = 81000000x4 + 64800000x3y 
— 108000000x? — 243000x*y? + 3240000x7y7 + 29700000x7y + 54000000x* — 
97200xy* — 1296000xy? — 6480000x y? — 14400000x y — 12000000x + 729° + 
14580y> + 121500y4 + 540000? + 1350000y? + 1800000y + 1000000. 

There is a special family where the degree of f is unbounded, see Section 4. 

24. [wA, oB, oC] = [—(2/ + 1)/(2/ — 1), 1/2, 2], 1] = 1,2,.... In this case, it is not 
easy to provide the explicit expression of /. 

Cases 8 to 24 are formed by six E equivalent systems, with the exception of Case 16 

which is formed by only two E equivalent systems. 

From (110) and (111) it follows that systems (106) studied by Moulin Ollagnier are 
those which satisfy a(B — b)C 40 and c(a — A)B # 0. Therefore, it remains to deter- 
mine: 

(i) Which are the Liouvillian integrable systems (106) with a(B — b)C = 0 and c(a — 

A)B #0? 

(11) Which are the Liouvillian integrable systems (106) that cannot be written into the 
form (109)? Or equivalently, what are the Liouvillian integrable systems (106) hav- 
ing c(a — A)B =0? 

Now we shall determine the normal forms of the Lotka—Volterra systems (106) which can 
have a Liouvillian first integral and which have not been studied by Moulin Ollagnier. 
According with the previous paragraph those systems must be systems (106) satisfy- 
ing 

(i) either a(B — b)C = 0 and c(a— A)B £0, 

(ii) orc(a— A)B=0. 

In fact, case (ii) can be subdivided into the following two subcases: 

(ii.1) a(B —b)C £0 and c(a— A)B=0, 

(ii.2) a(B —b)C = 0 and c(a— A)B=0. 

Doing the change of variables (x, y) > (y, x) it is immediate to check that the expres- 
sions a(B — b)C and c(a — A)B are interchanged. Therefore, this change of variables 
interchanges cases (i) and (ii.1). In other words, case (i) is contained in case (ii). Finally, 
again due to the change of variables (x, y) > (y, x) to study case (ii) is equivalent to study 
the case a(B — b)C = 0. 

In the next proposition we reduce the study of systems (106) with a(B — b)C = 0 to 
analyze the Liouvillian integrability of some subclasses of systems (106). 


PROPOSITION 13.2. Yo complete the study of the Liouvillian integrable Lotka—Volterra 
systems (106) it is sufficient to consider the Liouvillian integrability of the following sub- 
classes of systems (106): 
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(lvl) x=cx, y= y(Ax+ By+C). 

(v2) x=x(y+c), y= y(By+1). 

(lv3) x =xy, y=y(x+ By +1). 

(lv4) x =xy, y= y(Ax + By). 

(lv5) x=x(ax+byt+c), y=By’. 

(lv6) x=xv+)), y=y(x+ By). 

(lv7)  x=x(ax+by+c), y=xy. 

(v8) x=x(ax+by), y=y(xt+y). 

(v9) x=x(ax+by+1), y=y(x+y). 

(lv10) x=x(x+0c), y=y(Ax+1) withcA=0. 


(lvll) x=x@+yt+1), y=y(Axt+y+1). 


PROOF. We divide the class of systems (106) satisfying a(B — b)C = 0 into the following 
four subclasses. 

Case 1: a=0, C #0, B — b arbitrary. Then, doing the rescaling (x, y,t) > 
(ax, By, t/C) in system (106) we obtain the system 


oe uate pope eee na (112) 
H=7(-e= —}, = y{ —x+— . 
it cre cae arc haR os 


Now we consider the following three subcases: 
(1.1) b=0. Then system (106) is contained into system (Iv1) after a redefinition of the 
parameters. 
(1.2) b 40, A=0. Taking 6 = C/b system (112) becomes x = x(y + c/C), y= 
y(By/b + 1); 1.e., system (lv2) after a redefinition of the parameters. 
(1.3) bA #0. Taking a = C/A and 6 = C/b system (112) becomes x = x(y + c/C), 
y= y(x + By/b + 1); or equivalently x = x(y +c), y= y+ By + 1). Now, if 
c # 0, then doing the changes of variables x = —c/Y, y =cX/Y and the rescaling 
of the independent variable t ~ —Yt/c, we get system (v9). If c = 0, then we 
obtain system (Iv3). 
Case 2:a = 0, C = 0, B—b arbitrary. Then, doing the rescaling (x, y, t) > (ax, By, yt) 
in system (106) we obtain the system 


x =x(bByy+cy), y = y(Aayx + BByy). (113) 


We deal with the following three subcases: 
(2.1) b=0. We obtain a particular case of system (Iv1). 
(2.2) b40,c=0. Taking 6 = 1/b and y = 1 in (113) we get system (lv4). 
(2.3) be £0. Taking 6 = c/b and y = 1/c in (113) we get a particular case of sys- 
tem (Iv5) if A = 0. Additionally, if A 4 0 taking a = c/A we obtain system (Iv6). 
Case 3:a #0, C = 0, B—b arbitrary. Then, doing the rescaling (x, y, t) > (ax, By, yt) 
in system (1) we obtain the system 


X=x(aayx+bByy+cy), y= y(Aayx + BByy). 


We consider four subcases: 
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(3.1) A=0. Then we obtain system (lv5). 

(3.2) A#0, B =0. Taking ay = 1/A, we get system (lv7). 

(3.3) AB40,c=0. Taking wy = 1/A and By = 1/B, we have system (Iv8). 

(3.4) ABc 40. Taking y = 1/c,a=c/A and B =c/B, we obtain system (Iv9). 

Case 4:a 40,C 40, B—b=0. Then, doing the rescaling (x, y, t) > (Cx/a, By, t/C) 
in system (106) we obtain the system 


: bp c ; A bp 
tax(r+ Py +S), p=y(Sx+2%y+1). (114) 
We distinguish the two subcases: 

(4.1) b=0. Then we obtain system x = x(x +c), y = y(Ax+ 1). IfcA 40, then doing 
the change of variables x = Y, y = X, and a rescaling of the independent variable 
this system becomes system (lv2). If cA = 0, then we get system (Iv10). 

(4.2) b #0. Taking B = C/b system (114) goes over to system x = x(x + y+), 
y= y(Ax+y+1).Ifc #1 and A ¥ 1, then doing the change of variables x = 
(l—c)¥/(A-—1)X), y = (1—c)/X, and the rescaling of the independent variable 
t > Xt/(c—1), we obtain system (Iv9). Ifc 4 1 and A = 1, then doing the change 
of variables x = 1/X, y = Y/X, and the rescaling of the independent variable 
t > Xt/(1 —c), we obtain system (lv7). If c= 1, we get system (Iv11). 


In the next proposition we characterize which systems (vi), for i = 1,..., 11, are irre- 
ducible. 


PROPOSITION 13.3. The following statements hold. 
(a) The next systems are irreducible: (v1) with c(A* + B*)(B* + C*) 0, (lv2) with 
c(B — 1)(cB — 1) £0, (Iv5) with (a? + c*)(a* + (B — b)”) £0, (v6) with B £0, 
(Iv9) with a #1 or b 1, (lv10) with c? + (A — 1)? £0, and (Iv11). 
(b) Systems (lv1)-(lv11) which do not appear in (a) are reducible. 


PROOF. The proposition follows easily from the definition of irreducible system. 


From Theorem 2.1 and Propositions 13.2 and 13.3 we obtain the following new Liouvil- 
lian integrable Lotka—Volterra systems (106). These new cases are easy to obtain, many of 
them come from [9]. The difficult problem will be to prove that the Lotka—Volterra systems 
of Proposition 13.2 which not appear in the following list are not Liouvillian integrable. 

25. System (lv1) has the exponential factor exp(x) if c 4 0; and it has the function x as 

a first integral if c = 0. 

26. System (Iv2) has the invariant straight line By + 1 = 0if B $0, and the exponential 

factor exp(y) if B =0. 

27. System (Iv3) has the integrating factor 1/(x?""y). 

28. System (lv4) has the straight line y = 0 formed by singular points. So, in 

R* \ {y =0} the system has the first integral of the linear system % = x, ¥ = 
Ax + By. 


B+l 
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29. System (lv5) has the exponential factor exp(1/y) if B 4 0, and the function y is a 
first integral if B = 0. 

30. System (Iv6) has the integrating factor 1/(xy) if B=0. 

31. System (lv7) has the straight line x = 0 formed by singular points. So, in 
R? \ {x = 0} the system has the first integral of the linear system + = ax + by +c, 
yoy. 

32. System (lv8) is a quadratic homogeneous system and consequently it is integrable. 
In fact, if a 41 or b #1, then the function 1/(xy((a — 1)x + (b — 1)y)) is an 
integrating factor of the system. If a = b = 1 then the straight line x + y = 0 is 
formed by singular points. So, in R* \ {x + y = 0} the system has the first integral 
of the linear system x =x, y= y. 

33. System (lv9) for b = 0 has the invariant straight line ax + 1 = 0 if a4 0, and the 
exponential factor exp(x) if a = 0. If a = 1 it has the integrating factor 1/(xy7). 
If (a, b) = (1/2, —1) then the system has the invariant algebraic curve xy + 1 + 
x + x*/4 = 0. If (a,b) = (1/2, 1/2) then the system has the exponential factor 
exp((2 + x)*/y). 

34. System (Iv10) has the invariant straight line x + c = 0 if c 4 0, and the exponential 
factor exp(1/x) ifc =0. 

35. System (lv11) for A = 1 has the straight line x + y + 1 =0 formed by singular 
points. So, in R* \ {x + y + 1 = 0} the system has the first integral of the linear 
system x =x, y= y. If AF 1 it has the exponential factor exp(y/x). 

We note that the exponential factors which appear in cases 33, 34 and 35 (respectively 
29) correspond to the fact that the geometric multiplicity of the invariant algebraic curve 
x = 0 (respectively y = 0) is higher than 1. The exponential factors of the cases 25, 
26 and 33 correspond to the fact that the infinite straight line has geometric multiplicity 
higher than | as invariant algebraic curve of the projectivized vector field. For more details 
see [34]. 

In order to show that there are no additional Lotka—Volterra systems to those described 
in the list which are Liouvillian integrable (modulo the corresponding equivalencies or the 
reductions to the normal forms of Proposition 13.2), we must prove that the following two 
systems 


(lv6) with BO. 
(lv9) withb40, a¢land(a,b)¢ {(1/2, —1), (1/2, 1/2)} 


have no Liouvillian first integrals. We shall prove this for the system (lv6), similarly can 
be made for the system (lv9), for more details see [10]. Then the classification of the 
Liouvillian integrable Lotka—Volterra systems is completed by the following result. 


THEOREM 13.4. The following statements hold. 

(a) After Theorem 13.1 to complete the study of the Liouvillian integrable Lotka— 
Volterra systems (106) it is sufficient to consider the Liouvillian integrability of the 
eleven subclasses (Ivi) of systems (106) fori =1,..., 11. 

(b) System (lvi) fori =1,..., 11 has a Liouvillian first integral if and only if it is one of 
the cases described from cases 25 to 35. 
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Of course, statement (a) is equivalent to Proposition 13.2. 

Now in order to show how to prove Theorem 13.4 we shall study system (lv6) with 
B #0. Systems (lv9) with b 4 0, a 1 and (a, b) ¢ {(1/2, —1), (1/2, 1/2)} can be proved 
using similar arguments, for more details see [10]. 


PROPOSITION 13.5. System (lv6) with B 4 0 has no Liouvillian first integrals. 


PROOF. From Singer results (see Section 12) we know that if system (lv6) with B 40 
(simply (lv6) in what follows) has a Liouvillian first integral, then it has an integrating 
factor of the form (14) where the f; = 0 are invariant algebraic curves and the Fj; are 
exponential factors. Now we shall prove that the unique irreducible invariant algebraic 
curves of (lv6) are x = 0 and y = 0. So from Proposition 1.10, it follows that the unique 
invariant algebraic curves of (Iv6) are x = 0 and y = 0. Additionally, we shall also prove 
that (lv6) has no exponential factors. Since B ¥ 0 a linear combination of the cofactors 
of x = 0 and y = 0 cannot be equal to minus the divergence of system (lv6). Then, by 
Theorem 2.1 it follows that system (lv6) has no integrating factors of the form (14) with 
fi=x and fo=y. 

We start by proving that system (lv6) has no irreducible invariant algebraic curves dif- 
ferent from x = 0 and y = 0. Suppose that f = 0 is an irreducible invariant algebraic curve 
of (lv6) different from x = 0 and y = 0. Then f satisfies (9), 1.e., 


a ) 
HOt DL + y+ BIE = (hot his +key) (115) 
where kop + kix + k2y is the cofactor of f = 0. 
Since f is a polynomial we can write 


f = fox) + fi@)y +--+ + fin(x)y™ 
= ofo(y) + ofi(y)x +++- + ofn(y)x", (116) 


with fo(x), fin(x), wfo(y) and wf, (y) nonzero. We note that f(x, y) cannot be indepen- 
dent on x or y, otherwise it factorizes and its factors would correspond to invariant straight 
lines (real or complex) which do not exist. 

Taking y = 0 in (115) we get the following ordinary differential equation 


xfo(x) = (ko + kix) fo(x). 


Its general solution is fo(x) = Dx*° exp(k,x), where D is a constant which cannot be zero, 
otherwise y would be a factor of f in contradiction with the fact that f is irreducible and 
different from y. Since fo(x) is a polynomial, we get that kj = 0 and kp € Z*, where Zt 
denotes the nonnegative integers. 

Now, taking x = 0 in (115) and since B 4 0, we get the following ordinary differential 
equation 


By ofg(y) = (ko + kay) wfo(y). 
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Its general solution is wfo(y) = Ey'2/® exp(—ko/(By)), where E is a constant which can- 
not be zero, otherwise x would be a factor of f in contradiction with the fact that f is 
irreducible and different from x. Since wfp(y) must be a polynomial, we get that ko = 0, 
and that k7/BeZ*. 

In short, we have fo(x) = D and wfo(y) = Ey"2/8. Hence, if kz 4 0 then fo(x) =0 
because f (0,0) = 0. Therefore, y is a factor of f, a contradiction because f is irreducible 
and different from y. Consequently, we must have that k2 = 0 and fo(x) = wfo(y) = 
D= E. Since the cofactor of f = 0 is zero, it follows that if there is another irreducible 
algebraic invariant curve f = 0 different from x = 0 and y = 0, then the polynomial f is 
a first integral of system (Iv6). 

Suppose that f is an irreducible polynomial first integral of system (lv6) of minimum 
degree. Then H = f — f(0,0) is another polynomial first integral such that H(0, 0) = 0 
and consequently, H = x! y«g with / and k positive integers, g coprime with x and y, and 
the polynomial g cannot be constant because it is easy to check that system (Iv6) has no first 
integrals of the form x! y*. Since H = 0 is formed by invariant algebraic curves, it follows 
that g = 0 is formed by invariant algebraic curves different from x = 0 and y = 0. Hence, 
there exists an irreducible invariant algebraic curve h = 0 with h dividing to g (eventually 
h can be equal to g) different from x = 0 and y = 0, and having degree smaller than the 
degree of f. Since h also is an irreducible polynomial first integral (because its cofactor 
is zero) and its degree is smaller than the degree of f, we have a contradiction with the 
minimality of the degree of f as a polynomial first integral of system (Iv6). In short, we 
have proved that there are no irreducible invariant algebraic curves of system (v6) different 
from x = 0 and y=0. 

Now we shall prove that system (Iv6) has no exponential factors. According to Proposi- 
tion 1.12, if system (Iv6) has exponential factors, then they must be of the form 


exp(h), exp(h/x'), exp(h/y*), exp(h/(x'y*)), (117) 


where h is a polynomial, and / and k are positive integers. 

The singular points of system (lv6) are (0,0) and (B, —1). Let ko + kix +ko2y bea 
cofactor of an exponential factor of system (lv6). From the definition of exponential factor, 
the left-hand side of equality (13) is zero on the singular point (B, —1), then from the 
right-hand side we obtain that kz = kp + Bk,. So, a cofactor of any exponential factor of 
system (lv6) can be written as ky + kyx + (ko + Bky)y. 

First we shall see that there are no exponential factors of the form exp(h/x!). Without 
loss of generality we can assume that h and x are coprime, and / is positive. 

Suppose that exp(/x!) is an exponential factor of system (Iv6). Then it satisfies (13), 
Le., 


xah/ax — a 


x(y +1) a ns, y(x + By) —— =kot+kix+ (ko + Bhi)y, 
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where we have simplified the common factor exp(h/x!). This last equality can be written 
as 


ah ah ; 
(y+ 1) x5 —th HOP By). = oct eka Coe Bk) e (118) 


Since / is a polynomial we can write 
h =aho(y) + whi (y)x + whz(y)x? ++. (119) 
Taking x = 0 in (118) and since B £ 0, we get the following ordinary differential equation 


—(y + Dloho(y) + By*ohy(y) = 0. 
Its general solution is who(y) = Dy!/8 exp(—1/(By)) where D is a nonzero constant, oth- 
erwise x would be a factor of h. The fact that D $ 0 gives a contradiction, because who(y) 
must be a polynomial and / is a positive integer. Hence, there are no exponential factors of 
the form exp(h/x’). 

We shall prove that there are no exponential factors of the form exp(). Suppose that 
exp(/) is an exponential factor of system (lv6). Then it satisfies (13), i.e., 


ah ah 
x(y+ )~ +ya+ Be =ky +kix + (ko + Bhi)y, 


where we have simplified the common factor exp(/). Taking (x, y) = (0, 0) in this equality, 
it follows that kg = 0. So, we can write it as follows 


oh oh 
x(yt+ 1)—+ ya 4+ By) — =k («+ By). (120) 
ox oy 
Now, taking x = 0 in (120) we obtain the following ordinary differential equation 


yoho(y) = ki, 


here we have used once more that B ¥ 0. Its general solution is who(y) = E+ ki logy, 
where EF is a nonzero constant. Since who(y) is a polynomial, we get that k; = 0. However 
k, cannot be zero, otherwise h will be a polynomial first integral, in contradiction with 
the fact that the unique irreducible invariant algebraic curves are x = 0 and y = 0. Hence, 
there are no exponential factors of the form exp(h). 

Suppose that exp(h/y*) is an exponential factor of system (Iv6). Without loss of gen- 
erality we can assume that / and y are coprime, and k is positive. Then it satisfies (13), 
Le., 


ah ah ’ 
y+ Ia + @&+ By) er Fae = y(ko +kix + (ko + Bki)y), (121) 
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where we have simplified the common factor exp(h/y*) and multiplied by y*. Since h is a 
polynomial we can write 


h=ho(x) +hi@)y +haa)y? +o. (122) 
Taking y = 0 in Equation (121) we get the following ordinary differential equation 
ho(x) — kho(x) = 0. 


Its general solution is ho(x) = Dexp(kx) where D is a nonzero constant, otherwise y 
would be a factor of h. The fact that D 4 0 gives a contradiction, because /o(x) must be a 
polynomial and k is a positive integer. Hence, there are no exponential factors of the form 
exp(h/y*). 

We shall prove now that there are no exponential factors of the form exp(h/(x! y*)) with 
l and k positive integers. Without loss of generality we can assume that h, x and y are 
coprime. Then this exponential factor must satisfy (13), .e., 


oh oh 
(y+ 1){x— —-lh)+ («+ By)| y——kh 
Ox oy 
=x! yk (ko + kix + (ko + Bki)y), 


where we have simplified the common factor exp(h/(x! y*)) and multiplied by x! y*. Tak- 
ing y = 0 in this equation we get the following ordinary differential equation 


xhy(x) — d+ kx)ho(x) = 0. 


Its general solution is ho(x) = Dx! exp(kx) where D is a nonzero constant, otherwise y 
would be a factor of h. The fact that D 4 0 gives a contradiction, because 4o(x) must be a 
polynomial and k is a positive integer. Hence, there are no exponential factors of the form 
exp(h/(x! y*)). This completes the proof of the proposition. 


14. On the integrability of two-dimensional flows 
By definition a planar differential system is 


d 
aay Ox. y), (123) 


=x’ = P(x,y), 5 


dt 


where P and Q are C" maps with r > 1 from an open subset U of R? to R. We say that U 
is the domain of definition of the differential system (123), and that 


0 0 
X= P—+Q— (124) 
ox oy 


is the C’ vector field defined on U associated to differential system (123). 
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A CK function H:U —> R with k > 0 is a strong first integral of the differential sys- 
tem (123) defined in U if H is constant on each solution of this system, and H is non- 
constant on any open subset of U. Here k > 0 means that k = 0,1,2,...,00,@. More 
precisely, k = 0 means that H is continuous, k = 1,2,...,0o means that H is Chok=a@ 
means that H is analytic. If k > 1 then the previous definition of integrability implies that 
the derivative of H following the direction of the vector field X is zero; i.e., if XH = 0 
on U. 

This definition of strong first integral is the usual definition of first integral which appears 
in the major part of books on differential equations (see for instance [3] and [96]). With 
this definition the linear differential system 


sot aoe y=y, (125) 


defined on R* has no strong first integrals. This is due to the fact that every strong first in- 
tegral of system (125) must be a continuous function on R* that must take a constant value 
on each straight line through the origin, because these straight lines are formed by orbits of 
the system. Hence it must be constant on the whole R*, consequently there are no strong 
first integrals for system (125). By using this argument it follows that if system (123) has 
a strong first integral, then it cannot have nodes, foci, center—foci, singular points having 
some parabolic or elliptic sectors, limit cycles and separatrix cycles that be the a- or w- 
limit set of some orbit of the system (see [96] for definitions). Since we do not like that 
differential systems so easy as system (125) have no first integrals, we will introduce the 
notion of weak first integral. 

Let be a set of orbits of system (123) such that U \ © is open. We say that a Cé 
function H:U \ © > R with k > 0 is a weak first integral of the differential system (1.9) 
defined in U if H is constant on each solution of system (123) contained in U \ 2’, and 
H is nonconstant on any open subset of U \ &’. If k > 1 this definition implies that the 
derivative of H following the direction of the vector field X is zero on U \ X. 

We remark that the unique difference between the notions of strong and weak first inte- 
gral is that a weak first integral does not need to be defined in the whole domain of defin- 
ition U of the differential system (123). This difference has been noted by many authors. 
Thus, the first integrals computed by Darboux [38] in 1878 for polynomial differential 
systems possessing sufficient algebraic solutions are in general weak first integrals. If we 
study the integrability of the linear differential systems 


Fax! sar thy, © ay sex tdy, (126) 
with ad — bc 4 0 (nondegenerate), then with the notion of strong first integral only the 
centers and the saddles are integrable, but with the notion of weak first integral all linear 
systems (126) are integrable. In particular we show that system (125) has the weak first 
integral H :R* \ {0} > R where H(x, y) =xy/(x?4 y’). 

We claim that the notion of weak first integral is the natural notion of integrability for 
two-dimensional differential systems instead of the more usual notion of strong first inte- 
gral. Theorem 14.1 will confirm this claim. In order to present it we need some preliminary 
definitions and results. In this section we follow the papers [19,63]. 
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For differential system (123) the following three properties are well known, see for more 
details [96]. 
(a) (Existence and uniqueness of maximal solutions for a differential system) For all 
p <U there exists an open interval J, of the real line where it is defined the unique 
maximal solution gp : 1) > U of (123) such that g,(0) = p. 

(b) (Group property) If gq = gp(t) and t € Ip, then Ig = 1, —t={r —t: r € Ip} and 
Qq(s) = Gp(t +s) forall s € Ig. 

(c) (Differentiability with respect to initial conditions) The set D = {(t, p): pe U,t Ee 
Tp} is open in IR3 and the map gy: D > U defined by g(t, p) = Pp(t) is C’. 

The map g:D > U is a local flow of class C’ with r > 1 on U associated to sys- 
tem (123), which verifies 

(i) g(0, p) = p forall pe U; 
(ii) g(t, g(s, p)) =o(t +5, p) forall p € U, and all s andt such that s,t+5€/,; 

(ili) @p(—t) = gy, (t) for all p € U such that f, —t € Ip. 

Let g be a local flow on the two-dimensional manifold M, and let X' be a subset of M 
formed by orbits of g such that M \ D is open. We say that a C* function H:M\ 5 >R 
with k > 0 is a weak first integral of p if H o @p is constant for each p € M \ x and H is 
not constant on any open subset of M \ X’. Of course, when the local flow is the local flow 
associated to a C’ differential system (123) with r > 1, the above definition of weak first 
integral for system (123) and the definition of weak first integral for its associated local 
flow coincide. 

In this paper we consider C’ local flows with r > 0 on an arbitrary two-dimensional 
manifold M (separable metric, but not necessarily compact nor orientable and possibly 
with boundary). Of course, when r = 0 the flow is only continuous. Two such flows, (M, ¢) 
and (M’, y’), are C*-equivalent with k > 0 if there is a C* diffeomorphism of M onto M’ 
which takes orbits of g onto orbits of y’ preserving sense (but not necessarily the parame- 
trization). Of course, a C° diffeomorphism is a homeomorphism. 

Let g bea C” local flow with r > 0 on the two-dimensional manifold M. We call (M, ¢~) 
C*-parallel if it is Ck -equivalent to one of the following flows: 

(1) R? with the flow defined by x’ = 1, y’ = 0; 

(2) R? \ {0} with the flow defined (in polar coordinates) by r’ = 0, 6’ = 1; 

(3) R? \ {0} with the flow defined by r’ = r, 6’ = 0; 

(4) S! x S! with rational flow (e.g., the flow induced by (123) above under the usual 

covering map; note in particular that all rational flows on the torus are equivalent). 
We call these flows as strip, annular, spiral, and toral, respectively. 

Let p € M. We denote by y(:p) the orbit of the flow g on M through p, more precisely 
y(p) = {@p(t): t € Ip}. The positive half-orbit of p € M is y* (p) = {@p(t): t € Ip, t > 
0}. In a similar way it is defined the negative half-orbit y~ (p) of p€ M. 

We define the w-limit and the w-limit of p as (y~*(p)) and let 


a(p)=cl(y-(p))-—y-(p), — @(p) =cl(y*(p)) — y*(D), 


respectively. Here, as usual, cl denotes the closure. 

Let y(p) be an orbit of the flow g defined on M. A parallel neighborhood of the orbit 
y(p) is an open neighborhood N of y(p) such that (N,v) is C*-equivalent to a parallel 
flow for some k > 0. 
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We say that y(p) is a separatrix of g if y(p) is not contained in a parallel neighbor- 
hood N satisfying the following two assumptions: 

(1) for any g € N, a(q) =a(p) and w(q) = w(p), and 

(2) cl(N) \ N consists of a(p), w(p) and exactly two orbits y(a), y(b) of gy, with 

a(a) =a(p) =a(b) and w(a) = (p) =a (0d). 

We denote by » the union of all separatrices of g. Then » is a closed invariant subset 
of M. A component of the complement of © in M, with the restricted flow, is called a 
canonical region of @. 

The main result of this section is the following one. 


THEOREM 14.1. Let g be a C" flow on a two-dimensional manifold M for some r € 
{0,1,...,00, w}, and let & be the union of all separatrices of @. Then 
(1) Every canonical region of (M, ¢) is C" parallel. 
(2) The flow 9 restricted to every canonical region has a C’ (respectively C®, C®) first 
integral for r € N (respectively r = 00, w). 


Statement (1) in the case C° parallel was proved by Markus [74] and Neumann [81], the 
rest of the theorem is proved in [63]. See [19] for a version C° of statement (2). Later on, 
here we will provide a proof of Theorem 14.1 for the C° version. 

In the next two theorems we use the fact that any analytic vector field on S* has finitely 
many limit cycles as it was proved by I’ Yashenko [57] and Ecalle [39]. The following two 
results improve Theorem 14.1 for planar polynomial differential systems. For a proof of 
them see [63]. 


THEOREM 14.2. For every planar polynomial system there exist finitely many invariant 
curves in R* and singular points y;, i= 1,2,...,1, such that R\(Ui_ yi) has finitely 
many connected open sets, and on each of these connected sets the system has an analytic 
first integral. 


COROLLARY 14.3. Let X = (P, Q) be a polynomial vector field in R* such that P and Q 
are coprime. Then, using the notations of Theorem 14.2, the set ee y; is formed by all 
the separatrices of X in R?, and the open components of RP-\(Ui- yi) are the canonical 
regions of X. 


Statement (1) of Theorem 14.1 follows directly from the following result. 


LEMMA 14.4 (Neumann lemma [81]). Let gy be a local flow on the two-dimensional man- 
ifold M. Then every canonical region of (M, v) is C°-parallel. 


PROOF. Let (R, vy’ = v|R) be a canonical region. There are no separatrices in R, so the 
set consisting of orbits homeomorphic with S! is open, and similarly the set consisting of 
orbits homeomorphic with R is open. Hence, R consists entirely of closed orbits or entirely 
of line orbits. 
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Also, two orbits of y’ can be separated with disjoint parallel neighborhoods. To prove 
this we suppose y(p) and y(q) are distinct orbits (closed or not) which cannot be sepa- 
rated. Then, for any parallel neighborhood N, of p, we have g €cl(Np); Le., 


q €{ \cl(Np) =a(p) Uy(p) Va(p). 
Np 


But then g € a(p) (or g € w(p)) and this is impossible because g € Ng C R and a(p) U 
w(p) C cl(Ng) \ Ng. 

It follows that the quotient space R/g’, obtained by collapsing orbits of (R, y’) to points, 
is a (Hausdorff) one-dimensional manifold. Hence the natural projection 7: R > R/g’ is 
a locally trivial fibering of R over R or S!. Since the flow provides a natural orientation 
on the fibers, there are only four possibilities, the four classes of parallel flows described 
above. 


PROOF OF STATEMENT (2) OF THEOREM 14.1 FOR C° FLOWS. From Lemma 14.4 it 
follows that every canonical region R of (M, ¢) is C ° parallel; i.e., there is a homeomor- 
phism h of R onto M’ which takes orbits of g@ onto orbits of gy’ preserving the sense (but 
not necessarily the parametrization), and (M’, y’) is one of the following flows: 

(1) M’ =R? with the flow defined by x’ = 1, y’ = 0; 

(2) M’ =R? \ {0} with the flow defined by r’ = 0, 6’ = 1; 

(3) M’ =R? \ {0} with the flow defined by r’ = r, 0’ = 0; 

(4) M’=S! x S! with the rational flow. 
Clearly H(x, y) = y =C isa first integral for the flows (1) and (4), H(r,@) =r =C a first 
integral for the flow (2), and H(r, 9) = 0 = C a first integral for the flow (3). Hence, H oh 
is a continuous valued first integral for the flow g on the canonical region R. 


15. Darbouxian theory of integrability for polynomial vector fields on surfaces 


In this section we follow the paper [68]. A polynomial vector field X in R? is a vector field 
of the form 


) ) ) 
X= P(x, y,z)—— + O84, y,2—+RQYD, 
Ox dy Oz 


where P, Q and R are polynomials in the variables x, y and z with real coefficients. In all 
this section m = max{deg P, deg Q deg R} will denote the degree of the polynomial vector 
field Y. 

Let G:R* — R bea C” map with r > 1. The gradient of G is defined by 


dG 0G 0G 
von y= (3 — Fa eve) 


dx’ dy’ az 
If VG(x, y, z) £0 for all points (x, y, z) € R°, then 


L={,y, eR: Ge, y,2=0} (127) 
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is called a 2-dimensional regular surface. A polynomial vector field X in R? defines a 
polynomial vector field on & if 


X (x,y,z): VG(x, y,z) =9, (128) 


for all the points (x, y, z) of the surface ¥; 1.e., for all (x, y, z) € X the vector V(x, y, z) 
belongs to the tangent plane to & at the point (x, y, z). 

In what follows sometimes we will consider real regular surfaces extended to complex 
ones; that is, being G a real map we consider its natural extension to C?. Thus, we continue 
denoting by Y = {(x, y,z) € C?: G(x, y, z) = 0} the complexification of (127). Always 
we will work with real regular surfaces (127) such that its complexification also satis- 
fies (128). 

Let U be an open subset of R?. A polynomial vector field 4 on the regular surface © 
is integrable on the open subset UM » if there exists a nonconstant analytic function 
H:U > R, called a first integral of X on UN ZX, which is constant on all solution curves 
(x(t), y(t), z(t)) of the vector field VY on UN ZX; 1e., H (x(t), y(t), z(t)) = constant for all 
values of t for which the solution (x(t), y(t), z(t)) is defined on UN ZX. Clearly H is a first 
integral of the polynomial vector field ¥ on UN & if and only if XH = 0 on all points 
(x, y,z) of UN ZY. We note that the curves {H (x, y, z) = constant} (UN Z) are formed 
by trajectories of Vv. 


15.1. Invariant algebraic curves and exponential factors 


In a similar way as we did for studying the invariant algebraic curves of real planar poly- 
nomial vector fields, also for the real polynomial vector fields on real surfaces we will look 
for complex invariant algebraic curves and we will think both the real polynomial vector 
field on a surface and the real surface as complex ones. 

Let f € C[x, y, z], where as it is usual C[x, y, z] denotes the ring of the polynomials 
in the variables x, y and z with complex coefficients. The algebraic surface f = 0 defines 
an invariant algebraic curve { f =0}M Zz of the polynomial vector field V on the regular 
surface ¥ = {(x, y,z) €C?: G(x, y, z) = 0} if 

(i) for some polynomial K € C[x, y, z] of degree at most m — 1 we have 


RESP EL op ARE (129) 
ax dy Oz 


on all the points (x, y, z) of the surface Z; 
(11) the intersection of the two surfaces f = 0 and & is transversal; i.e., for all the points 
(x,y,z) €{f =0}N DY we have that 
VG(x,y,2AVS (x,y,z) £9, 


where A denotes the vectorial product of two vectors of C?. 
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The polynomial K is called the cofactor of the invariant algebraic curve { f =0}N Z. 

Since on the points of the invariant algebraic curve { f = 0}M the gradient V f of the 
surface f = 0 is orthogonal to the polynomial vector field V = (P, Q, R) (see (129)), and 
the vector field V is tangent to the surface Z, it follows that the vector field V is tangent to 
the curve { f =0}M Z. Hence, the curve { f = 0} X is formed by trajectories of the vector 
field 1. This justifies the name of invariant algebraic curve given to the curve {f =0}N X 
satisfying (129) for some polynomial K, because it is invariant under the flow defined 
by ¥. We note that our definition of invariant algebraic curve {f = 0}/M X does not need 
that the regular surface to be algebraic, only needs that the surface { f = 0} be algebraic. 

Let h and g polynomials of C[x, y, z]. Then the function F = exp(g/h) is called an 
exponential factor of the polynomial vector field VY on & if for some polynomial K € 
C[x, y, z] of degree at most m — | it satisfies the following equality 


ed ea God (130) 


on all the points (x, y, z) of X. As before we say that K is the cofactor of the exponential 
factor F’. 

As we will see from the point of view of the integrability of polynomial vector fields 
on regular surfaces & the importance of the exponential factors is double. On one hand, 
they verify equation (130), and on the other hand, their cofactors are polynomials of degree 
at most m — 1. These two facts will allow that they play the same role that the invariant 
algebraic curves in the integrability of a polynomial vector field ¥ on 2. 

The following proposition has essentially the same proof as Proposition 1.12. 


PROPOSITION 15.1. Let F = exp(g/h) be an exponential factor for the polynomial vector 

field X on the regular surface &, satisfying that the polynomials g and h are relatively 
prime, and that the intersection of the surfaces {h = 0} with & is transversal. Ifh is non- 
constant, then {h = 0} & is an invariant algebraic curve of X on &, and g satisfies the 
equation 


Xg= gk, +hKr, 


on the points (x, y, z) of &, where Kj, and K Fr are the cofactors of h and F respectively. 


15.2. The surfaces 


Now we describe the 2-dimensional regular surfaces on which we will study the Darboux- 
ian theory of integrability for the polynomial vector fields defined on them. These surfaces 
will be the quadrics and the 2-torus. 

It is well known that the quadrics can be classified into seventeen types. There are five 
types of imaginary quadrics (namely the imaginary ellipsoid, cone, cylinder, two planes 
that intersect, and two parallel planes). Since in this section we only consider real polyno- 
mial vector fields on real surfaces, we omit these previous five imaginary quadrics. From 
the twelve real quadrics there are three which are formed by planes (namely two planes 
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that intersect, two parallel planes, and a double plane). Since the study of the Darboux- 
ian theory of integrability of the polynomial vector fields on these surfaces is reduced to 
the classical study of the Darbouxian theory of integrability of planar polynomial vector 
fields, we omit these three types of quadrics. In short we only deal with the remainder nine 
quadrics. 

We remark that the reduction of every quadric to each canonical form is made through 
a linear isomorphism, and that a such isomorphism and its inverse are polynomial diffeo- 
morphisms. Therefore, the study of the Darbouxian theory of integrability of polynomial 
vector fields on these nine quadrics can be restricted to take for each of these quadrics its 
canonical form. In what follows we describe the canonical forms for these nine quadrics 
and their local charts, that we shall need later on. In fact we only present one local chart 
for each surface, the full atlas would be described in a similar way, but it is not necessary 
for studying the existence of first integrals. 

Parabolic cylinder. Its canonical form is given by z7 — x =0. 

Elliptic or circular paraboloid. Its canonical form is given by y* + z* — x =0. 

Hyperbolic paraboloid. Its canonical form is given by y? — z7 — x = 0. 

Let h(x, y) be equal to x, x — y? and y? — x for the parabolic cylinder, the circular 
paraboloid and the hyperbolic paraboloid, respectively. Then for each one of these cases 
we have that there is an open subset 2 of R? and a diffeomorphism A: 2 —> ¥ defined by 


Mr s)=(x,y,2=(r5,VA(r,5)), 


whose inverse is A~! (x, y, z) = (r,s) = (x, y). The entries of the Jacobian matrix DA(r, s) 
are polynomial functions in the variables r, s and /h(r, s). 
Ellipsoid or sphere. Its canonical form is given by 


x?+y?+77-1=0. 


We identify R? as the tangent plane to the 2-dimensional sphere ¥ at the point (0, 0, —1). 
Then we have 1:R? — © \ {(0, 0, 1)} the diffeomorphism given by 


A(r, 8) = (x, y, Z) 


1 
= Tob pyd 2M 28,0? + 9° — 1). 


That is, 4 is the inverse map of the stereographic projection A~!: ¥ \ {(0, 0, 1)} > R? 
defined by 


Aes, Z=(r,5)= (= 4). 


—z 1l-z 


The entries of the Jacobian matrix DA(r, 5) are rational functions in the variables r and s. 
Hyperboloid of two sheets. Its canonical form is given by 


xr t+y—24+1=0. 
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Without loss of generality we restrict our attention to the sheet 2 having z > 0. Then we 
have the diffeomorphism A:IR* —> ¥ defined by 


Mr,s)= (x,y, 2 =(r,5,Vr2 +52 +1), 


whose inverse is A~! (x, y, z) = (r, s) = (x, y). The entries of the Jacobian matrix DA(r, s) 
are rational functions in the variables r, s and /r2 + s2 +1. 
Cone. Its canonical form is given by 
x*+y?—27=0. 


Since the cone is not a regular surface at the origin, without loss of generality we restrict 
our attention to the sheet ¥ having z > 0. Then we have the diffeomorphism A :R* > ¥ 
defined by 


AG N= Oy. = (Kav? +7), 
whose inverse is A~! (x, y, z) = (r, s) = (x, y). The entries of the Jacobian matrix DA(r, s) 
are rational functions in the variables r, s and Vr2 + s2. 
Hyperbolic cylinder. Its canonical form is given by 


x 2S 1= 0, 


Without loss of generality we restrict our attention to the sheet » having x > 0. Then we 
have the diffeomorphism 1 :IR* > ¥ defined by 


AZ_N=@ yD=(Vs? +175), 
whose inverse is A~! (x, y,Z) =(r, 5) = (y, Z). The entries of the Jacobian matrix DA(r, s) 
are rational functions in the variables r, s and Vs? + 1. 
Hyperboloid of one sheet. Its canonical form is given by 


x +y?—2-1=0. 


Without loss of generality we restrict our attention to the surface X having z > 0. Then we 
have the diffeomorphism A: {(r, s) € R*: r2 +.s* > 1} > EN {z > 0} defined by 


Mr s)=@,y,2=(r5,Vr? +521), 


whose inverse is A~! (x, y, z) = (r, s) = (x, y). The entries of the Jacobian matrix DA(r, s) 
are rational functions in the variables r, s and /r2 +s? — 1. 
Elliptic or circular cylinder. Its canonical form is given by 


x7 4+77-1=0. 
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We identify R* with the tangent plane to the cylinder ¥ at the generatrix through the 
point (0, 0, —1). Let / be the generatrix to the cylinder through the point (0, 0, 1). Then we 
consider the diffeomorphism z :R* > ¥ \/ defined by 


4r r>—4 
u(r, s)=(%,y,2= nya aes i 


with inverse 


xr (x%yy2=%5)= ,y). 
1l-—z 


The entries of the Jacobian matrix Dz(r, s) are rational functions in the variables r and s. 
After the presentation of the nine quadrics for which we shall study the Darbouxian 
theory of integrability of their polynomial vector fields, we present the 2-torus. 
The 2-torus. We choose for the 2-torus T? = R*/Z? the following canonical form. For 
a> 1 let ¥ = T? be the regular surface of R? defined by 


4 (\/x2+y?2-a)= 1. 


The intersection of this torus with the (x, y)-plane is formed by the two circles y; and 
y2 with center at the origin and radius a — | and a + 1, respectively. Let C be the circular 
cylinder parallel to the z-axis and tangent to the torus & at the circle yz. Letuw:C > Y\y1 
be the diffeomorphism 


(u,v, w) =(x,y,2)=(— Ce ee 
LU, v,w)=(x,y, z= @an|? peed | "ea: 


On each plane P containing the z-axis, the diffeomorphism jz|crpp is the inverse of the 
stereographic projection at the two points PM y, from (2 \ v1) M P onto the two genera- 
trices CN P. Its inverse .~! is given by 


(a+ 1)x (a+ Dy 2z ) 
[x2 + 2 (yr 4 y2 1-at [x2 + 2 : 
Then we have the diffeomorphism A = wom :R* > ¥ \(y, Up(1)). Here x corresponds to 


the local chart of a circular cylinder parallel to the z-axis, while the 2 presented previously 
corresponds to a cylinder parallel to the y-axis. Here, we have that 


ea. y, =v, w) =( 


ee eo Zg=(r,5)= [+ =} 


Jxety2—(atly l-at+Vx2+y? 
The entries of the Jacobian matrix DA(r, 5) are rational functions in the variables r and s. 
We remark that the nine quadrics that we consider have canonical form of the type 
z? =h(x, y) where h is a polynomial and its square root is not a polynomial. Similarly, the 
2-torus that we consider has canonical form z? = h(x, y) =1—(/x2 + y2 —a)’. 
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15.3. Darbouxian theory 


Now we will extend the results of the Darbouxian theory of integrability for planar poly- 
nomial vector fields (see for instance Theorem 2.1) to polynomial vector fields on a regular 
surface 2. Here the regular surface will be one of the nine quadrics described in the pre- 
vious subsection, or the 2-torus. In order to develop this theory we need some preliminary 
algebraic results. 

Let Rmx, y, z] denote the real linear vector space of all polynomials of R[x, y, z] 
having degree < m. Let R,»,[x, y,z = a(x, y)] be the real linear vector space of all the 
functions obtained from the polynomials of R,,[x, y, z] substituting z by the function 
a(x, y). Here a(x, y) is equal to ./h(x, y) for the quadrics and for the 2-torus, where 
h(x, y) is a polynomial such that its square root is not a polynomial if 2» is a quadric, and 
h(x, y)=1-—(/x2+ y? — a) if & is the 2-torus. 

We define d(m) as (m + 1)? or 2(m? + 1) for the quadrics or the 2-torus, respectively. 


LEMMA 15.2. The dimension of the linear vector space Rm[x, y, z= a(x, y)] is d(m). 


PROOF. We denote by B; a basis of the real vector space formed by all polynomials in the 
variables x and y having degree < k. It is well known that the cardinal of By is (A+ 1)(kK+ 
2)/2. 

Assume that the function a(x, y) is associated to one of our nine quadrics. Then it is 
easy to check that B,, Ua@B~, is a basis for the real vector field R,,[x, y,z = a(x, y)]. 
Since the cardinal of this basis is 


(m + 1)(m + 2) Si m(m + 1) 


= 1)2 
5 5 (m+ 1)’, 


it follows the lemma when the surface is a quadric. 
Assume that 


oho!) ee eee \xt+y2-a) =J1-(-a), 


is the function associated to the 2-torus. Then it is easy to verify that 
Bm UaABm— U BBm—2 U &BBm—3, 
is a basis for the real vector field R»[x, y, z= a(x, y)]. Since the cardinal of this basis is 


(m+1)(m+2) m(m+1) (m—-1)m— (m—2)(m—1) 


dis = 2(m2 
2 2 2 2 alae 


it follows the lemma when the surface is the 2-torus. 


The functions of the linear vector space R,,[x, y, z = a(x, y)] are polynomials in the 
variables x, y and a when & is a quadric, and polynomials in the variables x, y, a, 6 and 
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aB when » is the 2-torus. We note that such polynomials always have degree one when 
they are thought as polynomials in the variable either a, 6 or af. 

Since the dimension of the linear vector space R[x, y, z= a(x, y)] is d(m), this space 
is linearly isomorphic to R¢“”) by identifying each polynomial with the d(m)-tuple of its 
coefficients. 

Let » be a quadric. For k = 1,...,r we say that r points (xx, ye, Zk) € & are inde- 
pendent with respect to the linear vector space R»_1[x, y,z = a(x, y)] = R?™ if the 
intersection of the r hyperplanes 


m(m+1)/2 : (m—1)m/2 ; 
xp YLaij + Ss. xLyLa(xe, ye)bij = 0 
ij i+j=0 
(in the variables aj; and bj; of R“), for / = 1,...,r, defines a linear subspace of dimen- 


sion m2 —r. 


Let be the 2-torus. We say that r points (xz, yg, ze) € &, fork =1,...,r, are in- 
dependent with respect to the linear vector space R»—1[x, y,z = a(x, y)] =R? if the 
intersection of the r hyperplanes 


mm+1)/2 (m=1ym/2 (m—2)(m—1)/2 
Y> xivgaist DS) xfyfatyedby+ > xi BR. WE: 
i+j=0 i+j=0 i+j=0 


(m—3)(m—2)/2 


+ >) xpyporxe, ve) BOR, Yedi = 0, 
i+j=0 


for] =1,...,r (in the variables aj;, bij, ci; and djj of R¢")) defines a linear subspace of 
dimension 2m? — r. 


THEOREM 15.3. Let & be one of the nine quadrics of the previous subsection or the 2- 
torus. Suppose that the real polynomial vector field X on the real regular surface X of 
degree m admits p invariant algebraic curves {fj =0}M X with cofactors Kj for i = 
1,..., p, g exponential factors F; = exp(gj/hj) with cofactors L; for j =1,...,q, and 
r independent singular points (xx, yg, Zk) Of X in XY such that fi(xx, ve, Zk) #0 fori = 
1,...,p and fork =1,...,r. Of course, every hj is equal to some fj except if hj is 
constant. The following statements hold. 

(a) There exist d;, wj € C not all zero such that ae AiKi+ ae pj Lj =O0onall the 


points (x, y, z) of &, if.and only if the function ti vee oe Fi‘... Fy’! substituting 


ea by | fi|*' if; €R, is a first integral of the vector field X on E. 

(b) fp +qt+r=d(m— 1) +1, then there exist 4;, 4; € C not all zero such that 
ae AiKi + i pj Lj =0 on all the points (x, y, z) of X. 

(c) The vector field X on X has a rational first integral if and only if p+q+re2 
d(m—1)+2 and p+q 33. 
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PROOF. By hypothesis we have p invariant algebraic curves { fj = 0} X with cofac- 
tors K;, and g exponential factors F; with cofactors L;. That is, the polynomials fs 
satisfy ¥ fj = K; fj, and the Fis satisfy VF; = L; Fj, on all the points (x, y, z) of the 
regular surface X. 

(a) We have A;, 4; € C not all zero such that Pi AiKi + vial jLj =0 onall the 
points (x, y, z) of X’. On the other hand, we have that 


x( kop tr Aan) 


_ (#4 Ap Hl Hq : Xfi aE} 
=( fp F; KG ) ye a 


P q 
= (apr Fhy( Souk + Sits) = 


on all the points (x, y, z) of &. Hence statement (a) follows. 

(b) Since (xx, ye, Z) is a singular point of the vector field ¥ = (P,Q,R) on ZX, 
we have that P(xx, ye, Zk) = OCXk, Ve, Zk) = R(Xk, Ye, Ze) = 0. Then, since V fj = 
P(ofi/dx) + Q(Ofi/dy) + R(Of;/0z) = Kj fj on all the points (x, y,z) of X, it fol- 
lows that Ki (xx, ye, Zk) fi (xk, Yes Z&) = 0. By assumption fj (xz, ye, Zk) # 0, therefore 
Kj (xx, yk, Ze) = 0 fori = 1,..., p. Again, since VF; = P(OF;/dx) + Q(0F;/dy) + 
R(OF;/0z) = Lj F; onall the points (x, y, z) of X, it follows that L j (xx, ye, Ze) Fj (Xk Ves 
zx) = 0. Since F; = exp(g;/h;) does not vanish, Lj (xx, ye, Ze) =O for j = 1,...,q.Con- 
sequently, since the r singular points are independent, all the vectors Kj (x, y,z= a(x, y)) 
and L j(x, y,z = a(x, y)) belong to a linear vector subspace S of Cn_i[x, y,z=a(x, y)] 
of dimension d(m — 1) —r. We have p + q vectors K;(x, y,z=a(x, y)) and Lj(x,y,z= 
a(x, y)), and since from the assumptions p+ q > d(m — 1) —r, we obtain that these p+ q 
vectors must be linearly dependent on S. So, there are 4;, 4; € C not all zero such that 


P q 
Soa Ki be, y,z=a(x, y)) + Sony) (Ge, y,z=a(x, y)) =0. 
i=l j=! 


Hence statement (b) is proved. 

(c) Under the assumptions of statement (c) we can apply statement (b) to two subsets of 
p+4q-— 122 functions defining invariant algebraic curves or exponential factors. There- 
fore, we get two linear dependencies between the corresponding cofactors, which after 
some linear algebra and relabeling, we can write into the following form 


M, +03M3+---+Qp qMp q=9, 
M2 + £3M3 +--+ + Bpt+qMp+q = 9, 


where M_ are the cofactors K; and L;, and the a and £; are real numbers. Of course, these 
two equalities must be satisfied only on all the points (x, y, z) of . Then, by statement (a), 
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it follows that the two functions 


IGi||G3|° ---|Gp4ql*?*4, 


|G2||G3|¥3 --- |G p4qlFor9, 


are first integrals of the vector field V on X, where for] =1,..., p+ q the function G; 
is the polynomial defining an invariant algebraic curve or the exponential factor having 
cofactor M;. Then, taking logarithms to the above two first integrals, we obtain that 

Hy =log|Gi| + 03 log|G3| +--+ ap4q logiG p+gl, 

Hy = log|G2| + Bs log|G3| +--+ Bp+y log |G p+gl, 


are first integrals of the vector field V on 2. 

For each one of the regular surfaces » that we consider, we have defined in the previous 
subsection a local chart 4:R? + ¥ given by A(r,s) = (x, y,z). We continue denoting 
by A the natural extension of i from C? to the complexified ©. We note that when is the 
circular cylinder the map here denoted by 4 was denoted by ¢ in the previous subsection. 
Now, the vector field Y on ¥ induces a vector field w¥ on C? through w¥V Tir, 5) = 
Di (A(r, s))X! associated to w¥ is denoted by 


r=oP(r,s), S$=@Q(r,5). (131) 


Since Hj(x, y, z) is a first integral of VY on Z, it follows that wH; (r,s) = Aj(A(r, 5)) isa 
first integral of w¥ on C? (or R? when we restrict on the real domain), for i = 1, 2. 
Each first integral aH; provides an integrating factor R;(r, s) for system (131) such that 


d@H; 0wH; 
Ps as aaa 
r Ss 


for i = 1, 2. Therefore, we obtain that 


dwHy 

Ri or 

— (132) 
d@H. 

R Be 


Since the functions G; are polynomials or exponentials of a quotient of polynomials, 
from the expression of Hj it follows that the entries of the Jacobian matrix DH; (x, y, z) 
are rational functions in the variables x, y and z. From the chain rule we have that 


DoH,(r, s) = DH; (A(r, s)) 0 DXC(r, s). 


In the previous subsection we have studied that the functions A(r, s) and DA(r, s) are ratio- 
nal in the variables r, s and, sometimes 5(x, y), a convenient square root depending on r 
and s, according with the type of the surface 2. So the partial derivatives of (132) are 
rational functions in the variables r, s and perhaps d(r, s). 
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Now using for each surface ¥ the expression (r,s) = A~!(x, y,z), we can write the 
function R1/R2 of (132) in the variables (x, y, z). From Proposition 15.1 it follows that 
the function (R;/R2)(r, 5) is a first integral of system (131), and consequently that the 
function (R;/R2)(x, y, z) is a first integral of the vector field Y on 2. This completes the 
proof of statement (c). 


We note that in statement (b) of Theorem 15.3 the number d(m — 1) + 1 is equal to 
m? + 1 for the nine quadratics and 2m* — 4m + 5 for the torus. 
We remark that in Theorem 15.3(c) once we know a rational first integral in the vari- 


ables x, y, z and uw = x2 + y%, it is always possible to construct a rational first integral 
in the variables x, y and z. 

For an extension of the results of Theorem 15.3 to vector fields on a regular algebraic 
hypersurface of R” see [71]. 
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Global results for the forced pendulum equation 535 
1. Introduction 


The obtention of global (i.e., nonperturbational) results for the forced pendulum equation 
started with the rigorous mathematical study of the periodic solutions of the periodically 
forced pendulum equation 


y’ +a’ siny = Bsint (1) 


initiated in 1922 by Georg Hamel, in a paper of the special issue of the Mathematische 
Annalen dedicated to Hilbert’s sixtieth birthday anniversary [55]. 

Hamel’s contribution starts by proving the existence of a 27-periodic solution of Equa- 
tion (1) through the direct method of the calculus of variations. He shows that the corre- 
sponding action integral 


20 12 
A(y) =) ¢ ~ +a? cos y(t) + By(t) sins) dt 
0 


has a minimum over the space of 27-periodic C!-functions, and his argument easily ex- 
tends to the case where bsint is replaced by a continuous 27r-periodic function h(t) with 
mean value zero. The Ritz method is then used to find a first approximation of the amplitude 
of the periodic solution. 

Hamel then notices that the symmetries of the equation imply that any solution of Equa- 
tion (1) satisfying the boundary conditions 


y(0) = ya) =0 (2) 


can be extended as an odd 27-periodic solution. The problem (1)-(2) is reduced to the 
nonlinear integral equation 


20 
yt) = —a? K(t, t) sin y(t) dt — Bsint := F(y) (0), (3) 
0 


where K (tf, T) is the Green function of 
y=h), yO)=yo)=0. 
The method of successive approximations 


Yn+1 = Fn), yo(t) = —bsint, 


is shown to converge to a (unique) solution when a* < 1. Hamel’s argument is equivalent 
to proving the existence of a sufficiently large integer m, for which the mth iterate F” of 
F is a contraction in the space C((0, 7]). 

When a? > 1, Hamel uses Lyapunov—Schmidt’s method to study the 27-periodic solu- 
tions of (1) when || is sufficiently small, and mentions the possibility of the existence of 
more than one 27:-periodic solution. 
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So, Hamel anticipates or uses several of the fundamental methods of nonlinear analysis, 
in a work which will not be essentially superseded during some sixty years. 

An important role in renewing the interest to the forced pendulum equation was played 
by Fucik in the late nineteen seventies, when he wrote, in the Introduction of Chapter 26 
of his monograph [49]: 


Finally we shall present here one attempt to obtain the existence of a T- 
periodic solution of the mathematical pendulum equation 


—u' (t) +sinu(t) = f(t). (4) 


The result is not final since the necessary and sufficient condition obtained for 
T -periodic solvability of (4) is not useful. 


After describing very partial results in this direction and mentioning extensions personally 
communicated by Dancer, Fucik concluded that the 


description of the set P of f for which the equation uw” + sinu = f(t) has a 
T -periodic solution seems to remain a terra incognita. 


Motivated by Fu¢ik’s remarks, but unaware of the existence of Hamel’s paper, Castro [32] 
(for a < 1), Dancer [36] and Willem [129], independently (for arbitrary a), reintroduced 
in the early eighties the use of the direct method of the calculus of variations, in the setting 
of Sobolev spaces. The time was ripe for the obtention by Mawhin and Willem [85], some 
sixty years after the first one, of a second periodic solution, using a refinement of the 
mountain pass lemma. 

At the same time, the forced pendulum equation also became a paradigm for the theory 
of chaos, and appeared in the description of Josephson type junctions. We only describe 
global results in this direction here, and refer to the bibliography of [82,117] for the nu- 
merous perturbational and numerical aspects. 

A fundamental role in the development of the qualitative theory of nonlinear differential 
equations and its applications to engineering, was also played by the pendulum equation 
with a constant torque or Tricomi’s equation 


y"+cy’ +asiny=b, 


introduced by Tricomi [125,126] in his studies of synchronous electrical machines, and 
widely developed since (see [83] for references). 

To keep the size of the survey reasonable and facilitate the comparison between results 
obtained through different methods, we only state the theorems for the standard (possibly 
dissipative) forced pendulum equation 


y"+cy +asiny=h(t). 


Most of the assertions remain valid if asin y is replaced by an arbitrary continuous S- 
periodic function g(y) with mean value zero. Recent results depend upon the fact that 
asin y is replaced by a S-periodic function whose Fourier series contains higher harmon- 
ics [63]. Also, some conclusions survive when the friction term cy’ is replaced by a more 
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general one of Liénard type f(y)y’ or of Rayleigh type f(y’). See the references in [82] 
and the recent papers [52,54]. 

For the same reason of brevity, we will not describe the possible generalizations to sys- 
tems of pendulum-type, and in particular to the equations of the forced multiple pendulum, 
and to higher order pendulum-type equations. The reader can consult the bibliography in 
[82] and the recent paper [116]. We shall also leave aside the existence of forced oscilla- 
tions of the spherical pendulum (which depends upon methods of a quite different nature), 
considered by Furi, Pera and Spadini, and the pendulum-type equations describing the /i- 
bration of satellites. Again, references to the corresponding literature for those questions 
can be found in [82]. 

Let us mention also that the corresponding problem for the case of Dirichlet boundary 
conditions, namely 


y”+y+asiny=h(t), y0)=0=y(x), 


and its analog for partial differential equations, has been the object, since the pioneering 
papers of Ward [128] using critical point theory, and of Schaaf and Schmitt [118] using 
global bifurcation, of a number of studies by Arcoya, Cafiada, Lupo, Roca, Ruiz, Solimini, 
Urefia and others. References can be found in [82] and in the more recent contributions 
[28-31]. This problem, which has both deep analogies and strong differences with the 
periodic boundary value problem for the forced pendulum, will not be considered here. 

Finally, in order to keep the number of references at a reasonable level, we have only 
quoted the papers whose results are directly mentioned in this survey. Further bibliograph- 
ical information can be found in [82]. 


2. Autonomous pendulum equations 


2.1. The free conservative pendulum 


To allow the evaluation of the subsequent results, let us briefly recall the structure of the 
solution set of the free conservative pendulum equation 


y” +asiny =0, (5) 


where a > 0. This information can easily be obtained from the energy integral 


y’2 
Ge arn (6) 


by studying the orbits (y, y’) in the phase-plane (or in the phase-cylinder S! x IR). Equa- 
tion (5) admits two geometrically distinct equilibria, namely 


(y(), y'@) = ©, 0), (vy), '@) = @, 0). 
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The orbits through (A, 0), with 0 < y(0) = A <7 are closed and surround the equilib- 
rium (0, 0), which is therefore a center. They correspond to periodic solutions of (5) with 
maximum amplitude A and maximum velocity ./2a(1 — cos A). Their period 


dy 
BS ava /a(cos y — cos A) 


is an increasing function such that 


20 
lim 7 (A) =— li T(A) = ; 7 
a) Tat! shoes (A) = +00 (7) 
Physically, those periodic solutions correspond to oscillations of the pendulum around its 
stable equilibrium position. 

The orbits through (0, B) with B > 2,/a (respectively B < —2.,/a) are the periodic 
curves 


y’ =+[B? — 2a(1 — cos y)]'”” (8) 


in the upper (respectively lower) phase-plane (or closed curves surrounding the phase- 
cylinder). So y(t) is strictly monotone and its inverse function t(y), given by 


mee y ds 
y= 7 [B2 — 2a(1 — cos y)]!/2’ 


is the indefinite integral of a 27-periodic function. Thus, if we define 


20 dy 


J B2 — 2a — cosy). 


T(B) := (9) 


t(y) has the form 


B 
ny) =+(S2y+ Pon). 


2 
with P a 27-periodic function. Therefore, 


(y+ 20) + P(y +27) =1(B)+ y+ P(y)=t(B) +t, 


which shows that 
y(t + t(B)) =y(t)+2n (t€R), 
and hence, by (8), 


y(t+r(B))=y'O (eR). 
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Such a y is called a periodic solution of the second kind of Equation (5). The function t(B) 
is such that 


lim 1t(B)=-+00, lim 1(B)=0 
B>2./a+ B-+00 


Physically, those solutions correspond to rotations of the pendulum. 

Finally, the orbit through (0, 2,/a) (respectively (0, —2,/a) connects in the upper (re- 
spectively lower) half phase-space the equilibria (—z, 0) and (z, 0) (heteroclinic orbits) 
(or homoclinic orbits connecting (sz, 0) to itself in the phase-cylinder). Thus (zr, 0) is a 
saddle point. Those orbits correspond to positive (respectively negative) asymptotic solu- 
tions y of (5) such that 


jim y= —n7, imo) =1 
(respectively 
Jim yd=m lim (0=—m, 


and 


lim y'(t)=0 
t— x00 


Physically, those solutions correspond to motions which are asymptotic (in the past or in 
the future) to the unstable vertical equilibrium. 
Notice that, if T < 24, the only T-periodic solutions of Equation (5) are the equilibria 


Sar 
y=Oandy=a.IfT > a, and ifm > | is the largest integer such that 7 —_> a. in other 
words if 
_[Tva 
ie ee ak 


where [s] denotes the integer part of s, then Equation (5) has, besides the two equilibria, 
nontrivial T-periodic solutions corresponding to the closed orbits of amplitude A, such 
that 


T 
T(An)=— (k= 1,2,...,m). 


2.2. The free damped pendulum 
The study of the free damped pendulum 


y"+cy'+asiny =0, (10) 
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where, without loss of generality, we assume c > 0 and a > 0, is more delicate, as no 
energy integral exists. Equation (10) still admits the constant solutions 


y=0, y=, 


but has no nonconstant T-periodic solution of any period 7. Indeed, if y is a T-periodic 
solution of (10), integrating the identity 


"Wt 


yy’ + cy’? + asiny)y’ =0, 


over [0, T], and using the periodicity gives 


. 2 
cf (y'(D)" dt =0. 
0 


Thus y’ =0, and y =0 (mod z). 
Now, the variational equation around the zero equilibrium 


2’ +z’ +az=0 


has characteristic roots which are both real and negative if c > 2,/a and complex conjugate 
with negative real part if c < 2,/a. Thus the zero equilibrium is asymptotically stable. The 
variational equation around the equilibrium y = 


z’ +cez'-—az=0 


has a positive and a negative characteristic root. It is unstable of saddle point type. 
Using the Lyapunov function 


Vy, 2 =27 + (cy +2)? + 4a(1 — cosy), 


for the associated first order system obtained in letting y’ = z in (10), one can show that, in 
the phase-cylinder, with the exception of the two orbits which constitute the stable manifold 
of the saddle point (zr, 0), all other orbits correspond to solutions tending to (0,0) when 
t — +00. The stable equilibrium (0, 0) is a focus or a node according to c < 2./a or 
c > 2/a. 

Thus Equation (10) has no nonconstant periodic solution, no periodic solution of the 
second kind, no homoclinic orbit. It has two heteroclinic orbits connecting (z, 0) to (0, 0) 
and corresponding to the unstable manifolds of the saddle point (zr, 0). We refer to [6] for 
the corresponding phase plane or phase cylinder portraits. 


2.3. The pendulum with constant torque 
The differential equation of the conservative pendulum with constant torque is 


y(t) + asin y(t) =b, (11) 
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where a > 0, b > 0, and its energy integral 


12 
yO — acos y(t) by =C (CER), (12) 
gives the equations of the family of the orbits of (11) in the phase space (y, y’). 

Equation (11) has zero, one unstable (y(t) = 2/2), or one stable (y(t) = arcsin(b/a)) 
and one unstable (y(t) = a — arcsin(b/a)) equilibria, according to b > a,b =a orb <a. 
If b < a, Equation (11) has T-periodic solutions for each T € ]22/Va? — b, +-oo[, and, if 
b > a, Equation (11) has no (nonconstant) T -periodic solution. If b < a, Equation (11) has 
one homoclinic orbit to the saddle point (7, 0) and no homoclinic orbit if b > a. Finally, 
Equation (11) has no heteroclinic orbit and no periodic solution of the second kind. See [6] 
for more details and corresponding phase portraits. 

The differential equation of the damped pendulum with constant torque 


y"+cy’ +asiny=b, (13) 


where a > 0,b > 0,c > 0, is also the equation of synchronous electrical motors considered 
by Tricomi in [125,126]. Because of the absence of a first integral, the discussion of its 
qualitative behavior in the phase space or phase cylinder is much more delicate, and, in 
contrast to the undamped case, periodic solutions of the second kind may exist. 

Equation (13) has no, one unstable or one stable and one unstable (saddle point) equi- 
librium, according to b > a, b=a or b <a. It has no nonconstant T-periodic solution 
and no homoclinic orbit. For b > a, it has no heteroclinic orbit, and one periodic solution 
of the second kind, with y’(t) > 0 for all t € R. For b <a, there exists co > 0 such that 
Equation (13) has no periodic solution of the second kind and two heteroclinic orbits if 
c > cg, and one periodic solution of the second kind and one heteroclinic orbit if c < co. 
The effective determination of co is an important and delicate problem. 


3. Periodic solutions of the forced pendulum 

3.1. The problems 

We now consider the (possibly dissipative) periodically forced pendulum equation 
y"+cey’+asiny=h(t) (=h+h(o), (14) 

where we can assume, without loss of generality, that c > 0, a > 0, and where h = h+ 

h is T-periodic, for some period T > 0, and corresponding frequency w := a For the 

simplicity of exposition, we assume that h is continuous. Most results hold under weaker 


regularity conditions. 
We use the following notations: 


LE = {he Lh (R): A(t +T) =A(t) forae. te R}, 


loc 
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H'((0, T]) = {a € AC([0, T]): h’ € L7([0, T])}, 
Cr = {he C(R): ht +T) =A(t) forall t € R}, 
Hy = {h € ACjoc(R) N Cr: h’ € L?([0, T])}, 


’ 


T . 1/p 
Allp= h(t)|* dt ; Allo = h(t 
lll (/ jnco)| ) Walloo = max, |h(t) 


1/2 
Wells qo.ry = Walls = (Wall3 + 1H'3) 


h= if h(t) dt, h(t) =h(t) —h, 

Le ={heL?:h=0}, Cr={heCr: h=0}. 
Consequently, 

LE=R@LF, Cr=R@Cr, 
with the corresponding decomposition y = y+ y. 


DEFINITION |. A T-periodic solution of Equation (14) is a solution y: R > R such that 
yt+T)=y(t) forallt eR. 


We will sometimes use an interesting equivalent formulation of the problem of T- 
periodic solutions for Equation (14). 


LEMMA lI. If H(t) denotes the unique T -periodic solution in Cr of equation 
y"t+ey'=h, (15) 


then y(t) is a T-periodic solution of Equation (14) if and only if x(t) = y(t) — H(t) isa 
T -periodic solution of equation 


x" + ex! +asin(x + H(t)) =h. (16) 
When h is not constant, Equation (14) has no constant solution, and one expects that 
the equilibria will by replaced by 7 -periodic solutions. By integrating Equation (14) over 
[0,7], we immediately obtain a necessary condition for the existence of a T-periodic 
solution to Equation (14). 
PROPOSITION 1. [f Equation (14) has a T -periodic solution, then 


—a<h€a. (17) 


The main questions one can raise about the T-periodic solutions of Equation (14) are 
the following ones: 
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1. Determine the nature and the properties of the set 
R=R(c,a,T) C[-a,a] ® Cr 


of T-periodic forcings h such that Equation (14) has at least one T-periodic solution, 
i.e., the range of the nonlinear operator 


d? d P 
ae + cay + asin(-) 
over the space of C* T-periodic functions. 
2. Forhé R, discuss the multiplicity of the T -periodic solutions. 
3. Forh € R, discuss the stability of the T -periodic solutions. 
4. Discuss the existence of subharmonic solutions, i.e., solutions with minimum period 
kT for some integer k > 2. 
Concerning the multiplicity, it is clear that if y is a T-periodic solution of Equation (14), 
the same is true for y + 2k, k € Z. Consequently, we say that y, and y2 are geometrically 
distinct T -periodic solutions of (14) if they do not differ by a multiple of 2z. 


3.2. The possibly dissipative case c > 0 


The Lyapunov—Schmidt’s decomposition (see, e.g., [50]) consists in the following elemen- 
tary fact. 


LEMMA 2. y= y+yisaT-periodic solution of Equation (14) ifand only ifit is a solution 
of the system 


ji" +7 +asin(y + ¥) —asinG + ¥) =A), (18) 
asin(y + y) =h. (19) 


Of course, instead of y = y + y, one can also decompose y as y= y(t) + [y — y(t)], 
for some t ER. 

In the classical Liapunov-Schmidt’s method, the first equation in (18) is solved with 
respect to y for fixed y (using a fixed point or implicit function theorem, or critical point 
theory) and this solution is introduced in the second equation, which then becomes the 
(one-dimensional) bifurcation equation. One can also study directly the equivalent system 
(18)}+(19) by degree or critical point theory. 

The method of upper and lower solutions for the periodic solutions of Equation (14) 
(see, e.g., [76]) consists in the following statement. 


LEMMA 3. Jf a and B are of class C”, T-periodic and such that, for all t € R, 


a(t) < Bt), 
a(t) + co’ (t) + asina(t) > h(t) > B’ (t) + cB'(t) + asin B(t), (20) 


then (14) has at least one T -periodic solution y such that a(t) < y(t) < B(t). 
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Furthermore, if the inequalities are strict in (20), the coincidence degree of the T- 
periodic boundary value problem for (14) with respect to the open bounded set 


Q={yeCr: WER, at) <y() < BO} 
is defined and equal to one. 


The coincidence degree is the Leray—Schauder degree of a suitable associated nonlinear 
operator in Cr, whose fixed points give the T -periodic solutions of (14). See, e.g., [50,74]. 

The following results are now classical and can be found in [85,47,76]. Some of them 
were first proved in [36] and some have been reobtained in [61]. We recall first the main 
ideas and results of the used methods. 


THEOREM 1. For eachheé Cas there exists 
mj, =m; (c,a,T) < Mj = Mj (c,a,T) 
such that the following hold. ‘ 
1. Equation (14) has at least one T -periodic solution if and only if h € [m;,, Mj]. 
2. —agm;, <M; <a, mo =—a, Mo =a. 


3. Ri(c,a,T)= Unee, lj M;,| x {h} Cc [-a,a]® Ce is closed. 

4. Equation (14) has at least two distinct T -periodic solutions if h € |m;,, Mj I. 

To prove this theorem, one first uses the Lyapunov—Schmidt decomposition. Leray— 
Schauder’s fixed point theorem applied to an integral formulation of (18) in the space 
Cr with parameter y € S | implies the existence of a connected closed set C(c,a, T, h) Cc 
S! x Cr of solutions (9, ¥) of (18), whose projection on S! is equal to S!. Hence, Equation 
(14) has at least one T-periodic solution if i belongs to the nonempty set 


L(c,a,T,h) = {asin + 9): (9,9) €C(c,a,T, h)}. 


The fact that Tc, a,T, h) is an interval follows from the fact that if hy < ho belong to 
T(c,a,T,h), andifh € hy, h2[, then a corresponding solution y; = y; + y; of equation 


y’ +cy +asiny=hj+h (i =1,2) 

satisfies the equations 
Hy + Fj + a sin(F; + Fi) — asinG: + Fi) =hO), 
asin(yi + 31) =hi G=1,2), 

and hence (¥;, vj) € C(c, a, T, h) (i = 1,2) and are such that 


asin(y) + 91) <h <asin(y2 + 32). 


Global results for the forced pendulum equation 545 
As the real map 
(5, 5) > asin(y +) (21) 
is continuous, there exists, by connexity, some (y, vy) € C(c,a, T, h) such that 
asin(y +3) =h, 
and y= y+ y isa T-periodic solution of Equation (14). We set 
mj; =infZ(c,a,T,h), Mj; =supZ(c,a,T,h). 


It follows from (17) that —a < mj; < Mj, <a, and it is trivial that mp = —a and Mo =a. 

To prove that R(c, a, T) is closed, one considers a sequence (/;) in Ri(c, a, T) converg- 
ing uniformly to h € Cr, and (¥;, ¥;) a corresponding sequence in S! x Cr of T-periodic 
solutions. It is easy to show from (18) that (¥;) is bounded in C a and Ascoli—Arzela the- 
orem implies that, up to a subsequence, (¥; + y;) converges to some T-periodic solution y 
of Equation (14). This implies that Z(c, a, T, h) is closed. 

To prove the multiplicity result when mj; < h<M ;,, we observe that in this case, if yn 
(respectively yy) is a T-periodic solution of Equation (14) with h = mj, + h (respectively 
h=M,+ h), then ym (respectively yj) is an strict upper (respectively lower) solution for 
Equation (14) with periodic boundary conditions. As Equation (14) is invariant under the 
substitution y > y + 2k (k € Z), we can assume without loss of generality that yy(t) < 
ym(t) for all t € R and that y,,(t) — yy(t) < 22 for some t € R. An easy maximum 
principle type reasoning then shows that yy(t) < ym(t) for all t ¢ R. Hence Lemma 3 
implies that (14) has at least one T-periodic solution ) such that 


y(t) < i(t) < ym(¢) (22) 
for all t € R, and such that the associated coincidence degree with respect to the open set 

2, ={yeCr: WER, yu(t) < y(t) < ym}, 
is equal to one. Now, (yy + 27, ym + 27) and (yy, ym + 27) are also two strictly or- 
dered couples of lower and upper solution for Equation (14) with T-periodic boundary 
conditions. Consequently, the coincidence degree respectively associated to the T -periodic 
boundary value problem for Equation (14) with respect to the open sets 

822 = {y € Cr: VteR, yy(t) +27 < y(t) < ym(t) + 2x} 


and 


223 = {y €Cr: VtreR, yy < y(t) < Ym +2} 
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are equal to one. As 

21 C 23, 22 C 23, 2) N22 =H, 
it follows from its additivity property that the coincidence degree associated to the T- 
periodic boundary value problem for Equation (14) with respect to the open set £23 \ (1 U 
$22) is equal to —1, and Equation (14) has at least one T-periodic solution Yo € 23\ (QU 
922). By construction, }; and 2 do not differ by a multiple of 27. 
3.3. The conservative case c= 0 
In the conservative case 

y+asiny=h(t) (=h+h()), (23) 
the direct method of the calculus of variations allows to prove that 0 < [m;, M;]. The 
starting point of this approach or of any application of critical point theory to the periodic 
solutions of the forced pendulum equation without dissipation is the following classical 


observation. 


LEMMA 4. y is a T-periodic solution of Equation (23) if and only if y is a critical point 
of the action functional 


T ca Ca) 
An: H} => R, yo f (2 + acos yin + ninco ar. (24) 
0 


If convenient, we also write Ap(y, y) instead of A_(y). We recall a few definitions and 
results. Let E be a Banach space and gy € C!(E, R). We denote its Fréchet differential at y 
by ¢’(y), and its value at v € E by (g’(y), v). 


DEFINITION 2. y € E isa critical point of if y'(y) = 0. c € R is a critical value of o if 
c= ¢(y) for some critical point y of ¢. 


We recall a classical and easy to prove sufficient condition for the existence of a minimum 
to g. 


PROPOSITION 2. Let E be a reflexive Banach space and y € C!(E, R) be bounded from 
below and sequentially weakly lower semi-continuous. Then y has a minimum on E. 


A slight extension of Hamel’s result [55,129,36] follows from Proposition 2. 


THEOREM 2. For eachhe Cr, Equation (23) has at least one T -periodic solution which 
minimizes Ap over Hy. In other words, 0 € [m;,, Mj]. 
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First observe that if h = 0, Ay is 27-periodic and, using the Sobolev inequality for 


y=y+yeHz, 


max|y| < 


T1/2 
Noo, 25 
max 31 < Sally's (25) 


we get 


#2. 
oor= ff oe +acos y(n + hin 510 | dt, 
I 


> 5 [lor ar—ar—( f lico|ar) max 
2 1 1 I 


l rex? eee T1/2 , 2 \? 
>5fb'oPa-ar-([ fiola) (borer) . (26) 


This shows that A, is bounded from below. From the sequential weak lower semicontinuity 
of the map ye i |y’(t)|? dt, and the compact embedding of Hy into Cr, it is easy to 
show that A, is sequentially weakly lower semi-continuous. 

The existence of a second solution for the conservative forced pendulum when h = 0 
can be proved by a generalized mountain pass lemma, which extends both the geometrical 
and the compactness assumptions of the classical Ambrosetti-Rabinowitz mountain pass 
lemma [4]. This abstract extension, due to Ghoussoub-—Preiss [51] and Yihong Du [42], 
was motivated by the first proof of a second T-periodic solution to Equation (23) given in 
[85], as it was the case for the slightly less general version given earlier by Pucci—Serrin 
[113]. We first introduce two definitions. 


DEFINITION 3. A Palais—Smale sequence at level c € R for y € C'!(E, R) is a sequence 
(yn) in E such that 


On) >c, On) 20, ifn ov. 


The function ¢ satisfies the (PS),-condition if the existence of a Palais-Smale sequence at 
level c for yg implies that c is a critical value for ¢. 


DEFINITION 4. The function yg € C!(E, R) satisfies the Palais—Smale condition (PS) (re- 
spectively the bounded Palais—Smale condition (BPS)) if any sequence (respectively boun- 
ded sequence) (y,) such that (y(y,)) is bounded and y’(y,) > 0 has a convergent subse- 
quence. 

We now state the generalized mountain pass lemma. 


LEMMA 5. Letd,e€ E,0<r <|le—d||, be such that 


q:=max|9(4), 9(@)} <b-= _ inf _ 90). (27) 
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Let 


r={y €C((0, 1], £): y@)=d, y(1) =e}, 


c:= inf sup g(y(s)). 
VE se(o,1] ( ) 


Then c > b, and if ~ satisfies the (PS)- and (BPS) conditions, c is a critical value for 9. 
Moreover, if c = a, there is a critical point z such that p(z) = c and ||z — d|| =r. 


The original mountain pass lemma requires that a < b and that the classical Palais— 
Smale compactness condition holds. 

To apply this Lemma 5 to Ay, when h € Cr, the most technical part is to check that Ay, 
verifies the Palais—Smale-type conditions. 


LEMMA 6. [fhe Cr, Ah satisfies the (BPS)-condition and the (PS)¢-condition for each 
ceR. 


To show the (BPS)-condition, assume that (Aj, (yn)) converges to 0 and (y,) is bounded in 
Hi Then, up to a subsequence, (y,) converges weakly in H}. and uniformly on J to some 
ye ve Consequently 


(Aj, (yn) — An), ¥ — Yn) > 9, 
asn — oo. But 
(Aji, n) — A, (”), ¥ — Yn) 


= fn —y@P ara [ [sin yn Ce) —sin yO] [yn — yO] ar, 
and 


: [sin yn(t) — sin yt) |[yn(@) — yp] dt > 0 


I 


as n — oo. Consequently, 
2 
[ino-y'o) dt > 0, 


as n —> oo, and hence y, —> y in Hoe Thus A; satisfies the (BPS)-condition. Finally, let 
(yn) be such that Ap (yn) > ¢ and Aj,(yn) > 0 as n > oo. Thus (Ap(yn)) is bounded 
and, using (26) we see that (||y/,||,2) is bounded. Now, by 2z-periodicity of Aj, there 
exists Zz, € [0,27[ such that z, = y, (mod 27). Letting wy(t) = zn + yn(t), we have 
An(¥n) = An(wn), Aj, (in) = Aj, (Wn) and (wy) is bounded in ee By the reasoning for 
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(BPS) applied to this sequence, we see that, up to a subsequence, wy > w € Hy and this 
easily implies that c is a critical value of Aj. 
We can now prove the existence of a second T-periodic solution. 


THEOREM 3. For each h € Cr, Equation (23) has at least two geometrically distinct T - 
periodic solutions. 


A first solution y* has been obtained which minimizes A; over He: To obtain a second 
one, it remains to check the geometry of the generalized mountain pass lemma. As 


An(y*) = An(y* ae 2m) = ei 


T 


let us take 0 <r < 22, d= y*,e = y* + 27. Then, all conditions of Proposition 5 are 
satisfied. If the critical value c > min Ht An, then the corresponding critical point is geo- 
metrically distinct from y*. If c = min Hi An, then Ap has a critical point z such that 
0 < |lz — y*|| =r < 2z, so that y* and z are two geometrically distinct T-periodic solu- 
tions of Equation (23). 

The periodicity property of A, when h = 0 allows also the use of a Lusternik— 
Schnirelman type argument to prove directly that Ay, has two distinct critical points (see 
[78,34,114]). Let G be a discrete subgroup of a Banach space FE anda: E — E/G be the 
canonical surjection. 


DEFINITION 5. AC X is called G-invariant if x~'(m(A)) = A. 9: E > R is called G- 
invariant if g(y + g) = g(y) for every y € E and every g €G. 


When 9 is differentiable, the same G-invariance holds for y’, so that if y is a critical 
point of gy, then a! (x(y)) is a set of critical point of g, called a critical orbit of 9. 
A suitable Palais—Smale condition for G-invariant functions is the following one. 


DEFINITION 6. A G-invariant differentiable functional g: E — R satisfies the (PS)G- 
condition if, for every sequence (yx) in E such that (g(yx)) is bounded and g’(yz) > 0, 
the sequence (z(yx)) contains a convergent subsequence. 


The following multiplicity theorem holds for G-invariant functionals [114]. Its proof is 
based upon Lusternik—Schnirelman category [86]. 


PROPOSITION 3. Let g € C!(E,R) be a G-invariant functional satisfying the (PS)G- 
condition. If y is bounded from below and G generates a subspace of finite dimension 
N, then o has at least N + | critical orbits. 


If we consider A, with h € Cr, so that Ay, (y +27) = An(y) forall y € H1, we can take 
the discrete subgroup G = {2kz: k € Z} of ee Ify=y+y eH), there exists a unique 
k €Z such that yo := y — 2km € [0, 27[, and yo + y is a representative of [y] € Hy/G. 
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So the (PS)g-condition for Ay, essentially reduces to the (BPS)-condition checked above. 
Proposition 3 gives another proof of Theorem 3. 

In [119], Serra and Tarallo have introduced a new reduction method of Liapunov— 
Schmidt's type, which provides equivalent formulations for some of problems for the forced 
conservative pendulum equation. One first observes that, for each € € R, the functional Aj, 
is bounded below on the hyperplane Hy. = {ye Hy: y = &}. Consequently, by the argu- 


ment of Theorem 2, it reaches its minimum on Hy é and we let 


gn(&) = min Ap(y) = min An, y), (28) 
y=é je H} 


defining in this way the real function g, :R — R, € & gp, (&). Define also 


Mi (é) = {y € Hp: F}=&, An(y) = onG)} 


= {ye} F=8 AnE,5) = min AVé,d| 
zeH} 
(the set of y in the hyperplane y = € where Aj; reaches its minimum on this hyperplane), 


Mn = J Mal) = {y € Ap: Any) = gn(9)} 
EER 


= [ye Hp: AiG, 5) = min n.d}. 
zeH} 


THEOREM 4. The following properties hold for gp. 

1. @p is locally Lipschitz continuous on R. 

2. Mn(&) 4 @ and compact for each € € R, Mp is weakly closed and M,:R > Qur is 
upper semi-continuous. 

3. If y € My and y gives a local minimum to gp, y gives a local minimum to An. 

4. gn is differentiable at — if and only if yw ie (asin y(t) — h(t)) dt is constant on 
Mn(&). 

5. If gn has a critical point, Ap has a critical point. 

6. If gp is not strictly monotone, Ap has a critical point. 


Properties 1, 2 and 3 are easy to prove, and Property 5 is a consequence of Property 4. 
To prove this last one, define 


a £ 
ME.) = An 5) = [ {a cos[é + 5(s)] + h(s)} ds, 


and show, using the following inequalities, valid when Ay (&, y) = gn (€), 


pn +6) — gn) < An(E +4, y) — Anf&, y) 
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and the mean value theorem, that if g;, is differentiable at €, then 
1, (E) < ME +9) < GE). 


The proof of the converse is a little more elaborate and uses the compactness property in 
Property 2 and the uniform coercivity of A;,(&,-) on bounded sets. Finally, the proof of 
Property 6 uses, at a local maximum of g,, an argument on upper and lower solutions 
similar to the one used in Theorem 1. 

It is interesting to compare this approach to the classical method of Lyapunov—Schmidt. 
In this case, one proves that, for each € € R, the set 


Kn(&) = {y € Cr: y =&, F solves Equation (18)} 


is not empty, and then the problem is reduced to find the elements of the set Ky = 
User Ky, (&) such that 


asin(y + 9) =h. 


In the Serra—Tarallo’s approach, on each slice & + He of Hy}, one considers only the el- 
ements of K;,(&) which minimize the restriction of Ay on this slice, which provides the 
subset M,(é) C Kn(&), and then, instead of trying to solve Equation (19) on this set, one 
concentrates on the reduced functional gy, and relates its critical points to those of Ap. 
Hence the spirit is more variational than in earlier approaches combining a Lyapunov— 
Schmidt argument with some variational method (like Castro—Lazer’s one used in [32]), in 
that the emphasis, at each step, remains on the functional instead of on its gradient. One 
of the main features of this approach is that, in contrast to most other ones, it still works 
when asin y is replaced by a more general almost periodic function. 


3.4. The dissipative case c > 0 
We just have shown that 0 € [m;, M;] when c = 0. A natural question is to find an ex- 


plicit element in [m;, Mj] when c > 0. The following result, proved in [85] by topological 
degree arguments, shows that m; < M; and 0 € |m;, M;[ when c is sufficiently large. 


ec 
THEOREM 5. If = > walla, then m; <0 < M;. 

The question was then raised to know if 0 <€ [m;,, Mj] for each c > 0. A negative answer 
was first given by a counterexample of Ortega [99], and this result was improved by Alonso 


[2] in the following form. 


THEOREM 6. For each c > 0, there exists he Cr and Ty = To(a,c) such that for each 
T >To, 0 ¢[m;,, Mj]. 
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The idea of Alonso’s result consists in constructing a forcing term close to a piecewise 
constant function A(t) taking a large positive value p in the interval [0,7] and a small 
negative value —q in the interval [t, T], where pt — q(T — Tt) =0. 

Further information has been given by Ortega, Serra and Tarallo [107] who have proved 
the following interesting result. Let H be defined in Lemma | and Br € i be the T- 
periodic function defined by 


Bri) =2n (4 \=]) sihe (29) 


THEOREM 7. Given a > 0, c > 0.and T > 0, there exists ¢ > 0 such that Equation (14) 
has no T -periodic solution ifh € Le and 


|| — Brll2 <e. 
Moreover, ¢ can be explicitly computed in terms of a, c and T. 


To prove this result, the authors first consider the equivalent formulation (16) of Equation 
(14) which, for H = Br is itself equivalent to equation 


y" + cy’ —asin(y + at) =0. (30) 
Multiplying both members of Equation (30) by y’ + @ and integrating over [0, T] shows 
immediately that Equation (30) has no T-periodic solution. This is in contrast with the 
case where c = 0, for which Bates [9] has shown the existence of a continuum of T- 
periodic solutions (see also [86]). The following lemma provides estimates for the possible 
T-periodic solutions of equation 

y” + cy’ —asin(y + ot + P(t) =0, (31) 


where P € Las 


LEMMA 7. Let y be a possible T -periodic solution of Equation (31). Then 


12 a 
Iv la <@ al P lle : 


1 | 1672 
vs)= 5 (s+ say ms), 


Taz JT a 1 a 1/2 
ly’ 12 => -2 —o(-|Pll2) +P). 
Ww 


2(w? + c?) Ge + c2 c 


where 


and 
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The first inequality is obtained by subtracting and adding a sin(y + wt) to Equation (31), 
multiplying both members by y’ + w, integrating over [0, 7] and using T -periodicity and 
Cauchy—Schwarz inequality. For the second inequality, one first observes that the right- 
hand side of the equivalent form of Equation (31) 

y” +cy’ —asin(y + of) = —asin(¥ + of) + asin(y + ot + P(t) = f@ 


has mean value zero if y solves (31) and we call F the solution of Equation (15) with 
right-hand side f(t). Setting z= y — F, we obtain the equivalent equation 


2” + cz' — asin(y + ot) = 0, 


with solution 


z(t) = SS a sin(y + wt) — as cos(y + wt) 
such that 
2 Ta 
ella = Moree). 
Then 


es Ta’ 2Ta2 fa 2Ta2 | fll2 
Wills 2S sn 4a oo ee eo ; 
2(w? + c?) w? + c? 2(w? + c?) w +c? w + c2 


The result then follows from 
IFO] <a(|[FO| + |PO]) 


and the use of Wirtinger’s inequality. 
To deduce Theorem 7 from Lemma 7, it suffices to observe that if 


Ta? a VT a 1 a 2 1/2 
——* (py. ) +2 >“ ( of SIP P 
sat raw (ells) +205 cx gze( cll) +4PH8) 


Ta 
4 PEL, ew ae 
2(@? +c?) 


then Equation (31) has no T-periodic solution, and, since y(s) > 0. as s — 0, this happens 
when ||P ||2 is sufficiently small. 

A consequence of Theorem 7 is that, under its conditions, every solution y of Equa- 
tion (14) is such that lim;—, +00 | y(1)| = co. This follows from the fact that the Poincaré 


mapping 


P:(y(0), y'(0)) > (y(T), y'(T)) (32) 
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associated to an arbitrary solution y of Equation (14) is an orientation preserving homeo- 
morphism of the plane, whose fixed points are the T-periodic solutions of Equation (14). 
As P has no fixed point under the conditions of Theorem 7, the theory of Brouwer for 
fixed point free homeomorphisms [53] is applicable, and the orbits of P must go to infin- 
ity. The result then follows from the easily verified fact that the derivatives of the solutions 
of Equation (14) are bounded. 


3.5. The degeneracy problem 


The degeneracy problem for the T -periodic solutions of Equation (14), which is still open, 
consists in proving or disproving the existence of some h such that m; = M;.. Here is the 
known partial information. 

We start with some results valid for c > 0. 


THEOREM 8. For the T-periodic problem for Equation (14), the set {h € Cr: mj, < Mj} 
is open and dense. 


This has been proved using various arguments [85,76,68], and in particular a generalized 
Sard—Smale’s theorem. Thus, generically, [m;, Mj] is a nondegenerate interval. 

We now describe some contributions of Ortega and Tarallo [108], which generalize in 
various directions earlier results of Donati [41] and of Serra, Tarallo and Terracini [121]. 


DEFINITION 7. Equation (14) is said to be degenerate if the set of h such that Equation 
(14) has a T-periodic solution is a singleton {h;}, i.e., if mz = Mj. 


In the (excluded) case where a = 0, Equation (14) is degenerate. It only admits T- 
periodic solutions when h = 0, in which case it has an unbounded path of T-periodic 
solutions. This fact will be extended to the case where a > 0. Let T be the set of T -periodic 
solutions of Equation (14). Using the Lyapunov—Schmidt decomposition and the Leray— 
Schauder argument of the proof of Theorem 1, we obtain the existence of a connected 
and closed subset C C T such that {y(0): y €C}=R. By the same argument, one indeed 
proves that given a closed interval J C R and t € R, a closed connected set C;,; C T exists 
such that {y(t): y € Cr} = 1. 


THEOREM 9. The following statements for Equation (14) are equivalent. 
(i) The equation is degenerate. 
(ii) For any € ER, there exists a unique yz € T which satisfies yz (0) = &. 
(iii) There exists a continuous path — +> yg in T which satisfies 


lim YE (t) = +00 
E—+00 


uniformly int ER. 
Moreover, if one of those conditions holds, the map & +> ys is continuous, monotone 
(ye (t) < yn (t) for all t € IR when & <n), and such that ye42n = ye +20. 
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To show that condition (i) implies condition (11), one first observes that if two elements 
y,z€T intersect at some fg then they coincide or intersect transversally (y’ (to) 4 z’(to)). 
This implies the following useful intermediate proposition. 


PROPOSITION 4. If AC T be connected and z € T \ A, and if, for some y* € A, z and 
y* do not intersect, then z does not intersect any y € A. 


Indeed, {y € A: y does not intersect v} is trivially open, and {y € A: y intersects v} is 
open by the transversality property. 

Coming back to the proof of Theorem 9, one then shows that, for any & and 1, letting 
Cre =CzJ—-00,¢], one has Crs = T,¢:={y €T: y(t) < &}. This depends in particular on 
the property 


IIvlloo < |y(|+€, (33) 


satisfied by any T-periodic solution of Equation (14). One next proves using again Propo- 
sition 4 that given y,z € J and t € R such that y(t) < z(t), one has y(t) < z(t) for all 
t €R. This follows from the fact that, for € = y(t), z ¢ T;,z and cannot intersect the very 
large functions in 7;,¢. Then the existence of ys follows from the existence of C and its 
uniqueness from the above monotonicity property. 

To show that condition (ii) implies condition (iii), one uses (33), the uniqueness property 
and the local compactness of TJ. By uniqueness also ys427 = yg + 27 and this implies the 
limiting properties of ys for § > soo. Finally, to prove that (iii) implies (i), assume that y 
is a T-periodic solution of Equation (14) and define 


A={€ER: WER, yx O<yO}, B={EER: WER, ye > yO}, 


and €4 = max A, €g = min B. One has yz, < y, ys, > y and they must touch somewhere, 
namely at t4 and tg, so that 


Ye, (ta) = y'(ta), Ye, (ta) SY" (ta), 


and the reverse inequality for yz, at tg. Then, 


hj, = Ye,@a) + yg, (ta) + asin yg, (ta) — ha) 
< y"(ta) tey'(ta) -asin y(ta) —h(ta) =h 
= yy, (te) + cy:, (te) + asin ye, (te) — h(te) 
< yf, (te) + cys, (te) +a sin ye, (tp) — (tg) = hy, 
so that h = h;. 
Consequences of Theorem 9 are that the solutions bounded over R of a degenerate 


equation are either T-periodic solutions, or heteroclinic connections between different T- 
periodic solutions, and some information about the stability of the T-periodic solutions. 


556 J. Mawhin 


We now describe some results valid in the conservative case c = 0, with, first, an im- 
provement of Theorem 8 proved in [68] using a generalized Sard—Smale lemma. 


DEFINITION 8. A regular value for a mapping f of class C! between two smooth Banach 
manifolds is the image by f of a point c such that f, is onto. 


THEOREM 10. The set G of regular values for y > y" +asiny on C3. is open and dense 
in Cr, and, for every g €G, there exists ¢ > 0 such that, if \|h — glloo < €, Equation (23) 
has a T -periodic solution. 


Serra, Tarallo and Terracini [121] have found another characterization of degeneracy in 
the conservative case. If h € Cr, let 


co= min Ah, (34) 


Ay 
and for € € R, let 
Keo &) = {y € Hp: An(y) = ©, y=é}. 


PROPOSITION 5. If Ky (&) 4 Y for each E ER, then 
(i) For each € ER, Ke, (€) = {ye}. 
(ii) The map & > yz is continuous and ys (t) < yn(t) for all t if & <n. 
(i11) There are no other periodic solutions (of any period) to (23). 


To prove (i) one supposes that K,, contains two points v and w. As v — w = 0, one has 
v(t) = w(t) for some t and we show that v’(t) = w’(t). Indeed, y = max(v, w) € Ht 
and it is easy to show that A;,(y) = co, so that y solves Equation (23), thus is differentiable 
at tT, and the result follows. The second part of (11) is proved in an analogous way and the 
first one easily follows from the fact that if &, — &, then (y¢,) is a bounded Palais—Smale 
sequence, and hence is relatively compact. To show (iii) one first assume that u is a periodic 
solution of Equation (23) with period rational with 7, and one defines 


B={&eR: WER, y(t) Su}. 


Like in Ortega—Tarallo reasoning above, B is nonempty, bounded below and closed, and 
one shows that, if &) = inf B, then u = ye,. If ye, (t) > u(t) for all t € R, then the rational- 
ity of the period of u with T implies that ¢ := inf;er[ys,(t) — u(t)] > 0. For 6 > 0 such 
that |& — &| <6 implies ||ye — ye lloo < €, we see that & — 6 € B, a contradiction with 
the definition of &). Thus ye (to) = u(to) for some fo and then also Ye (to) =u’ (to), so that 
ye =u. If the period of u is irrational with T, then h = 0 is constant and the assumption is 
not satisfied. 


THEOREM I1. Lethe Cr and co = min yt Aj,. Then mj, < M,j, if and only if 
Kel) = forsomeée R. (35) 


In this case, 0 is an interior point of |m;,, Mj]. 
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If Keo (€) = @, then one can find p > 0 and 6 > 0 such that if ||y — || < e, and | Aj, (y) — 
col < p, then || A. (y)|| > 6. If not, for each positive integer n, there exist y, such that 


1 1 1 
In -Ell< =, |AROn)—col <=, AL On) | < =. 
n n n 


The (BPS)-condition leads to a contradiction. Now let z € H} be such that Aj (z) <cot+6 
and m, k be two integers such that € + 2kn <z7<&+2mz.Let B={ye He: E4+2kn < 
y <& + 2mz}. Since by construction and its 27-periodicity Aj (z) < co + 6 < mingg Aj, 
we have Ajp(z) < minggz A; provided he [—, ], for some sufficiently small x > 0. Tak- 
ing a minimizing sequence (y,) for Ay restricted to B, which, up to a subsequence, weakly 
converges to y, we obtain A; (y) = ming Ay, and, from A;(y) < Ap(z) < mingg An, y is 
a local minimum for A; on H. 7 and hence a solution to Equation (23). The proof of the con- 
verse result is essentially the same as the proof of the implication (iii) = (i) in Theorem 9. 

Serra and Tarallo [119] have used their reduction method to obtain more precise infor- 
mation. 


THEOREM 12. Leth eCr. 
1. If gp is constant, then Mj (&) = {ye}, and if y is a periodic solution of Equation (23), 
then h =0 and y = ye for some € ER. 
2. Qn is not constant if and only if there exists €9 > 0 such that Equation (23) has at 
least one T -periodic solution for each |h| < &9. 
3. [m;,, Mj] = {0} ifand only if gp is constant. 


4. {he Cr: @; is not constant} is open and dense in Cr. 
5. If gn is constant and h #0, then Equation (23) has no bounded solution. 


From the study of some dynamical properties of diffeomorphisms of the plane having a 
continuum of fixed points, Campos, Dancer and Ortega [27] have refined conclusion (iii) 
of Proposition 5. 


THEOREM 13. Jf (23) is degenerate, then every solution which is bounded in the future is 
a T -periodic solution. 


The corresponding diffeomorphism of the plane is of course Poincaré’s map. 

Finally, Kannan and Ortega [61] have proved the following asymptotic result, showing 
that Mj, — m;, can be small, and have given an example showing that the involved set is not 
open. The proof makes use of some Riemann—Lebesgue lemma and asymptotic analysis 
techniques. 


THEOREM 14. Forc=0, 
{fA ee aoe 7 ane i 0} 


contains an open and dense subset of Cr. 
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3.6. Multiplicity and stability results under restrictions of the coefficients 


More precise results in the conservative case c = 0 can be obtained if one assumes that 
condition 


a<w (36) 
holds. Donati [41] has proved the following result about the structure of the solution set. 


THEOREM 15. Jf condition (36) holds and h € [m;, Mj], then Equation (23) has at most 
finitely many distinct T -periodic solutions when [m;,, Mj,| 4 {0}. Otherwise, Equation (23) 
has an analytic unbounded curve of solutions. 


Starting from the Lyapunov—Schmidt’s reduction, one first PEoves that for each ye R 
andhe Cr, Equation (18) has a unique solution § = §(j, h) € Ce; which depends analyt- 
ically upon ¥ and A, and is such that 


Fllc2 < C(I¥| + WAlloo) 


for a suitable constant C > 0. The problem is reduced to the study of the real valued 
function F defined over R x Cr by 


3 1 ff e 
Fy, h):= =f asin[ y + y(y, A) dt 


One shows that, for each fixed h € Cr, F(-,h) isa real analytic 27 -periodic function and 
that 


= aun oe wh) <O0<M;= max F(y,h). 
is ee YS eee (y, A) 


The result follows from properties of analytical functions. 

By imposing further restrictions upon c,a, and T, it is possible to obtain on one hand 
exact multiplicity results for the T -periodic solutions, and, on the other hand, informations 
upon their Lyapunov stability. The pioneering work in the first direction is due to Tarantello 
[123] (using a Lyapunov—Schmidt approach) and, in the second direction, to Ortega [100— 
102] (using relations between stability and the Brouwer degree of Poincaré’s operator). 

If we first assume that c > 0, a recent paper of Cepitka, Drabek and JenSikova [33] 
provides the sharpest known conditions. 


THEOREM 16. Jf 
2 
c>0, a<max{ 40% oe ror, 


then mj, < Mj, and Equation (14) has: 
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(1) exactly one T -periodic solution if either h = mj, or h=M;; 


(2) exactly two T-periodic solutions if h € \m;,, Mj[. 
If 
2 2 2 
c+a*r ow w 
0, Ga 7 “> 2 
c> a< max a 5) c+ q | 


then the conclusions | and 2 remain true and the periodic solution obtained in case \ is 
unstable while one solution obtained in case 2 is asymptotically stable and the other one 
unstable. 


The proof of the exact multiplicity results in Theorem 16 is based upon the Lyapunov— 
Schmidt reduction method together with the real analytic version of the implicit function 
theorem, to analyze the bifurcation equation. The uniqueness in the solution of Equa- 
tion (18) is deduced from some preliminary study of the T-periodic solutions of linear 
equations of the type 


y" +ey' + g(Ny =0, 
with g T-periodic. The stability conclusion is obtained in the same way as in Ortega’s 
papers. 
Assume now that c = 0. The difficulty in analyzing the stability in the conservative case 


is that asymptotic stability can no more be expected. In a recent paper, Dancer and Ortega 
[37] have proved the following proposition. 


LEMMA 8. A stable isolated fixed point of an orientation preserving local homeomor- 
phism on RR? has fixed point index equal to one. 


The proof of this result depends upon a variant of Brouwer’s lemma on translation arcs. 
One of the given applications is the following result. Let V :IR* > R, (t, y) > V(t, y) be 


continuous together with Y and 7 -periodic in ¢. 


LEMMA 9. [fy is an isolated T -periodic solution of equation 


» OV 


y = 5 Ca): (37) 
y 


and y reaches a local minimum on Hy of the action functional 


T 12 
p(y) =[ ¢ - Bs V(r.) dt, 


then y is unstable. 
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This result is proved by showing first, through a result of Amann on the computation of 
degree of gradient mappings and a relatedness principle of Krasnosel’skii—Zabreiko, that 
the index of y is equal to minus one. The result then follows from the previous one. 

An immediate consequence for the pendulum equation is the following one. 


THEOREM 17. Jfhe Cr, any isolated T -periodic solution of Equation (23) minimizing 
Ap is unstable. 


One can then ask if the above result still holds without the isolatedness assumption. 
Ortega [105] has proved the following interesting property of fixed points in the plane. 


LEMMA 10. Jf D CR is a domain and F : D C R* > R? is real analytical and not the 
identity on D, its Jacobian is equal to | on D, and if p is a stable fixed point of F, then p 
is isolated in the fixed points set of F. 


The delicate proof of this result uses Brouwer’s plane translation theorem. 
As an application, the following unstability result is proved in [105]. 


LEMMA I1. J/fV is real analytic, and y is a T -periodic solution of Equation (37) on which 
yg has a local minimum on H1., then y is unstable. 


An immediate consequence for the forced pendulum equation is the following one. 


THEOREM 18. [fhe Cr is analytical, the number of T-periodic solutions of Equa- 
tion (23) that are stable and geometrically distinct is finite. 


Calanchi and Tarallo [26] have used the Serra—Tarallo reduction method to show the 
following result. 


THEOREM 19. Assume that a < w*. Then there exists K = K(a,T) > 0 such that if 


|Z|l2 < K, there exists an increasing and continuous map n:R — R such that, for the 
reduction function pj, one has 


= -1 
#p, '(4) =#[aT cos(-)] (nQ)). 
Furthermore, each critical point of An over He, is a local minimum or a point of mountain 
pass type. 
3.7. Many T -periodic solutions for special forcings 


We now raise the question of the possibility of having more than two geometrically distinct 
T-periodic solutions for the forced pendulum. In [40], Donati proved the following result. 
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THEOREM 20. Given a > 0 and T > 0, there exists h* € Cr anda neighborhood V of 
h* in Cr such that for each h € V, Equation (23) has at least four geometrically distinct 
T -periodic solutions. 


The proof is based upon a classification of singularities of the nonlinear Fredholm operator 


ce + asin(-) over the space of C* T-periodic functions. 

Applying to Equation (16) a classical perturbation method as used for example by Loud 
for Duffing’s equation, Ortega [104] has improved this result by replacing 4 by any even 
number. 


THEOREM 21. Given a > 0 and an integer N > 1, there exists h* € Cr and 6 > 0 such 
that if h € Cr is such that ||h — h*||,1 <6, then Equation (23) has at least 2N geometri- 
cally distinct T -periodic solutions. 

The idea of the proof consists in considering the equation 


y" +a sin(y + Br(t)) =0, (38) 


where G7 is defined in (29), which has a continuum (y,-)-er of T-periodic solutions, and 
in considering a perturbation of Equation (38) 


y” +asin(y + Br(t) + W(t, €)) =0, (39) 
with conditions upon W insuring that By (t) + W(f, €) is smooth and that one has at least 
2N periodic simultaneous bifurcations for ¢ = 0. 

We finally describe some recent results obtained by Urefia [127], which cover the possi- 
bly dissipative case. 
THEOREM 22. Forany N &€N, the set 


Sy i= {h € ie (14) has at least N geometrically distinct solutions} 


has nonempty interior in Lis More precisely, 
(1) intSy NL} 4G ifc=0; 
(2) intSyN {he Lh: —e <h <0} AGHA intSyN {hE Lh: 0<h <ehifc £0. 


The proof uses the equivalent formulation (16). One first observes that there exists a 
necessarily constant / such that the problem 


y” +cy’+asiny=h, y(0)=0, yt+T)=y(t)+2n 


has a unique solution, denoted by y,,7. This is proved by considering the equivalent prob- 
lem of finding w € Cr solution of equation 


v’ +cv' +asin(v + wt) =h—we, 
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and using Schauder’s fixed point theorem to obtain h= her for which a solution v¢,7 ex- 
ists. Notice that such a problem is degenerate, and hence has a nontrivial curve of solutions 
y:R- ch; at> ver (- +a) + wa. Some bifurcation technique based upon Lyapunov— 
Schmidt decomposition is then used to obtain many solutions bifurcating from such a 
closed loop at a constant external force. See [127] for the quite involved details, as well as 
for the proof of the following result, when c = 0. 


THEOREM 23. Let N EN be given. If c = 0 and 


3+1\N 
> 12t09( 72 )- 
v2 /Ja 
there exists an open set On C Le with On N i 4%, such that, for any h € On, Equa- 
tion (23) has exactly 2N geometrically distinct T -periodic solutions. 


3.8. Many T -periodic solutions for small length pendulum 


To motivate a further multiplicity result of perturbation type proved by Fonda and Zanolin 
[46] in the forced case, let us recall that for the conservative free pendulum equation (23), 
relation (7) implies that, given any positive integer N, Equation (5) has a closed orbit 
with least period ft foreachk=1,2,...,N, ifa> Ant N? To deal with the forced case, 
Fonda and Zanolin use Weiyue Ding’s generalization of the Poincaré—Birkhoff fixed point 
theorem [39] for the area-preserving twist homeomorphism given by Poincaré’s operator 
P, that we recall now. 
Let A be the annulus S! x [a, b] in R?. If ¢: A > R? \ {0}, we denote by 


F(0,r):Rx [a,b] > R x [0, +00[, (@,r) b (0 + f@.r),g@, r)) (40) 


its lift on the polar coordinates covering space, where f and g are 27-periodic in 0. 
The eldest fixed-point theorem for maps in an annulus is the Poincaré—Birkhoff’s theo- 
rem [112,15]. 


LEMMA 12. Every area-preserving homeomorphism @: A — A which rotates the two 
boundaries in opposite directions, i.e., is such that f (0,a) f(@,b) <0 for all @ €R, has 
at least two fixed points in the interior of A. 


A more effective version for applications has been given by Weiyue Ding [39]. 


LEMMA 13. Let A C R? \ {0} denote an annular region whose inner boundary I, and 
outer boundary I are closed simple curves around the origin 0 and denote by Dj; the 
open region bounded by T;, i = 1,2. Let p: A—> R? \ {0} be an area-preserving homeo- 
morphism. Suppose that 
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(1) the inner boundary curve I\ is star-shaped around the origin, 
(11) g admits a lift F onto the polar coordinate covering space (40), such that f (0,r) > 
0 on the lift of I, and f (@,r) <0 on the lift of In, 
(iii) there exists an area-preserving homeomorphism yo : Dy — R? which satisfies 
gola =v and 0 € go(D1). 
Then ¢ has at least two fixed points in the interior of A. 


The result of Fonda and Zanolin can be stated as follows. 
THEOREM 24. Given any positive integer N, there exists ay > 0 such that, for any a > ao, 
Equation (23) has at least N periodic solutions with minimal period T, which can be 


chosen to have exactly 2j simple crossings with 0 in the interval (0, T[ (j = 1,2,..., N). 


To prove this result, the authors notice that a simple change of variable transforms Equa- 
tion (23) into equation 


y’+siny =a 'h(a~'/7) (41) 
and the T-periodic solutions of Equation (23) correspond to the T ./a-periodic solutions 


of Equation (41). They combine then a perturbation argument together with Ding’s twist 
theorem. 


3.9. Subharmonic solutions when c = 0 


Subharmonic solutions of a T-periodic equation are solutions whose minimal period is a 
proper multiple of T. 


DEFINITION 9. If k > 2 is an integer, a subharmonic solution of order k of Equation (14) 
is a periodic solution of Equation (14) with minimal period kT. 


The first existence theorem for the subharmonic solutions of Equation (23) with h € Cr 
have been obtained by Fonda and Willem [45] using Morse theory (see, e.g., [86]). Offin 
[96] has proved a close result using an index theory for periodic extremals and a variant of 
the mountain pass lemma. The subharmonics of order k are associated to the critical points 
of the functional Ay, defined by 


kT yp2 
An xo) = f (2 +-acos yin + nyo) dt, 
0 


over the Sobolev space H,. 
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DEFINITION 10. The Morse index of an isolated T-periodic solution y of Equation (23) 
is the supremum of the dimensions of the subspaces of ise on which the quadratic form 


r 
Xy(v) =f (1/2){v’?(t) — [a cos y(t) Jv? (n)} de 
is negative definite. 


If, for A € R, we denote by o, , anda,’ , the characteristic multipliers of the T -periodic 
differential equation 


v” + [acosy(t)]v + Av =0, 


then y is said to be nondegenerate if 1 ¢ {oy 79% 7}. Givenao € S', one defines J(y, T,o) 
to be the number of negative 4’s for which o € cee OX 7}. Then J(y, T, 1) is equal to 
the Morse index of the T-periodic solution y of (23). Bott's iteration formula [24] ensures 
that 


J(y, kT, 1) =~ J(y,T, 0). 


ok=1 


THEOREM 25. Suppose that the T -periodic solutions of Equation (23) are isolated and 
that every T -periodic solution of Equation (23) having Morse index equal to zero is non- 
degenerate. Then there exists ky > 2 such that, for every prime k > ko, there is a periodic 
solution of Equation (23) with minimal period kT. If moreover the kT -periodic solutions 
of Equation (23) are nondegenerate for k = | and every prime k, there exists ky > 3 such 
that, for every prime k > ko, Equation (23) has at least two periodic solutions with minimal 
period kT. 


By assumption and an easy reasoning, An,1 = Ap has a finite number of critical points 
yO, Y1,--+» Yn, which, of course, are also critical points of Ay, for any k > 2. The first 
ingredient of the proof consists in showing the existence of some integer ko such that, for 
k > ko and 0 <i <n, either the Morse index J(y;,kT,1) of y; is equal to 0 and y; is 
nondegenerate, or J(y;, kT, 1) > 2. This is done using Bott’s iteration formula. Now, let 
k > ko be prime, so that the critical points of Ay,, have minimal period T or kT. Assume 
now by contradiction that YOr.-++ Yn are the only critical points of An... The Poincaré 
polynomial of the space S! x Ay jy! (whose coefficient of ¢” is the nth Betti number of S! x 

A) i is equal to 1 +f, and tile: by the Morse inequalities [86], one has 


Yo Malt, y) = (1+ H(1+ OW) (42) 
j=0 


for some polynomial Q(t) with nonnegative integer coefficients. In this formula, 


Mx(t. yj) = >) dimCj(Ank, yf), Ci(Anks YA) 


i 
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is the ith critical group of yj; [86], so that dimC;(An,x, yj) = 5i,s(y),k7.1) When yj is 
nondegenerate. By the claim, if J(y;,kT, 1) =0, then M;(t, yj) = 1, and otherwise, if 
J(yj, kT, 1) > 0, then dim C;(Aq,x, yj) = 0 fori = 0,1, and M;(t, y;) starts with terms 
in f~ at least. So, the left-hand member of (42) contains no term in ft, a contradiction. The 
proof of the second part of Theorem 25 is similar. 

Combining the Fonda—Willem’s theorem with the results of [68], one obtains the generic 
existence of subharmonic solutions. 


THEOREM 26. There exists an open dense subset G of Cr such that for every h € G, there 
exists ky > 2 such that, for every prime k > ko, Equation (23) has a periodic solution with 
minimal period kT. 


As shown in [121], the modified Lyapunov—Schmidt reduction method also provides 
some information about subharmonic solutions, by relating their existence to the properties 
of Ph. 


THEOREM 27. Equation (23) with h € Cr has subharmonics of infinitely many distinct 
levels if and only if gp is not constant. If min yi Ap is isolated in the set of critical levels 


of An, then Equation (23) with h € Cr admits subharmonics of arbitrary large minimal 


period if and only if gp is not constant. Finally, the isolatedness assumption in the previous 


statement can be dropped if a < w”. 


Fonda—Zanolin’s multiplicity result [46] has a counterpart for subharmonic solutions, 
proved using the same fixed point technique. 


THEOREM 28. Given any two positive integers M, N, there exists ag > 0 such that, for 
any a > ao, Equation (23) has, for each k = 1,2,...,M, at least N periodic solutions 
with minimal period kT. 

4. Rotating solutions and Mather sets 

4.1. Periodic solutions of the second kind 

Besides periodic solutions, we have seen the free pendulum has also periodic solutions of 
the second kind, which are the sum of a linear function of t and of a periodic term. We 


shall study the existence of such solutions for the forced conservative pendulum (23). 


DEFINITION 11. y is a periodic solution of the second kind of (23) if there exists p € 
Z \ {0} and g € N \ {0} such that, for each ¢ € R, one has 


y(t+qT)=y)+2pz. (43) 
Notice that such a solution is such that 


y(t+qT)=y'() 
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for all t € R, and hence, integrating and using (43), we find that 
P 
yt)= ao + v(t) (44) 


with w = 27/T and v some gT-periodic function. Conversely, every solution of (23) of 
the type (44) is a periodic solution of second kind. Such a solution has the rotation number 


ne oe (45) 


t>+0co ot q 


Under some conditions, the conservative forced pendulum (23) can also admit periodic 
solutions of the second kind. First, the change of unknown y(t) + v(t) defined by (44) and 
the use of direct methods of the calculus of variations to the transformed equation allows a 
very simple proof of the following result [79]. 


THEOREM 29. For eacha > 0, T > 0, q €N\ {0}, p€Z\ {0}, and each h € Cr, Equa- 
tion (23) has at least one solution y satisfying (43). 


Such a solution, also called a rotating solution of Equation (23) with rotation number e. 
is entirely determined by its values on [0, gT], and satisfies the boundary conditions 


y(qT) = y(0) + 2pz, y'(qT)=y'(0). (46) 


A second geometrically distinct solution also follows from the mountain pass argument. 
In the case of an analytic h, Ortega’s approach described in Section 3.7 provides infor- 
mation about the number and stability of those rotating solutions [105]. 


THEOREM 30. [fhe Cr is analytic, given p € Z \ {0} and q € N \ {0}, the number of 
stable and distinct rotating solutions with rotation number e of Equation (23) is finite. 


4.2. Solutions with an arbitrary rotation number 


We shall now show that Equation (23) with h € Cr also admits solutions having an arbi- 
trary rotation number. This follows from some results of Mather [69] and Moser [89,88], 
that we sketch in the form given by Denzler [38], which is closer in spirit to the calculus 
of variations (see also [95]). Let J = [t1, to] be given and consider the action functional Aj 
defined on H!(J) by 


I y?() 
aoy= | ( 5 + acos y(0 + h()y(O) a. (47) 
I 


DEFINITION 12. A function y € H!(J) is called minimal with respect to fixed boundary 
conditions on I = [t1, ta], if Al(z) > Al(y) for all ze H'(1) equal to y at t) and hf. 
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A function y € A(R) is called a minimal if it is minimal with respect to fixed boundary 
conditions on every interval. Finally, a function y € H (0, qT)) is minimal with respect 
to condition (43) if, for 1 = [0,qT], A}(z) > A} (y) for all z € H'((0, qT) satisfying 
condition (46). 


Notice that the direct method of the calculus of variations easily implies that, for h € Cr, 
minimal solutions with respect to fixed boundary conditions on a given interval J always 
exist, are of class C*, and satisfy Equation (23). From Theorem 29, the same is true for the 
functions which are minimal with respect to condition (43). In particular those minimals 
have no corners, a fact which is useful in several proofs. 

The existence of minimals is not clear from the direct methods of the calculus of varia- 
tions, and will follow from a delicate sequence of arguments. We first give some properties 
of the minimals [38]. The first one deals with the possible intersections of two different 
minimals. 


LEMMA 14. Two different minimals can intersect at most once, and are not tangent to 
each other anywhere. Two different minimals which are C! asymptotic as t > oo cannot 
intersect at all. 


The non-tangency is a consequence of the uniqueness of the Cauchy problem. The 
first intersection property is proved by contradiction, assuming that two minimals y and 
z intersect twice in the interior of some interval J, and noticing that if y* = min(y, z), 
z* = max(y, z), then 


Al(y*)> ALO), — Ah(z*) > AL, 
Al (y*) + A}(z*) = Ah(y) + A} (2), 


so that Aj O*)=A ; (y), y* is minimal and hence y and z must intersect tangentially and 
be identical. The asymptotic property follows from the fact that up to an arbitrarily small 
error, asymptoticity counts like an intersection. 


LEMMA 15. The following statements are equivalent for y € HR). 
(a) y is minimal and satisfies (43); 
(b) y is minimal with respect to condition (43); 
(c) y is minimal with respect to condition 


y(t+ NqT)= y(t) +2Npx 
for some positive integer N. 
To prove that (b) <> (c), let z be minimal in the sense of (c) and y minimal in the sense 


of (b). The translate v(t) = z(t + qT) — 2p must intersect z at least once because, if not, 
one gets inductively a contradiction with the condition in (c). By the periodicity conditions 
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v and z intersect infinitely many times and hence coincide. Thus z(t + qT) = z(t) + 2mp, 
and 


0,qT 0,qT 0 
NAW" (2) > NA, |(y) = Al 


NINN) 2 Ay 1) = NAT), 
implying (b) = (c). It is easy to show that (c) = (a). That (a) = (b) is equivalent to 
showing that all minimals y with fixed boundary conditions verifying (43) yield the same 
action over one period. If not the difference between the two actions increases indefinitely 
with the number of periods but remains bounded by minimality on the corresponding large 
interval. 

If y is minimal, the same is true for any of its translates y(t — qT) + 2pz. They corre- 
spond to the same orbit on the torus R/27Z x TZ parametrized by the (y, t) coordinates. 
The following lemma shows that there are no self-intersections on this torus. 


LEMMA 16. A minimal y(t) does not intersect any of its translates y(t — qT) +2pz. 


There can be at most one intersetion, say at fg and w.l.g. we can assume that y(t + 
qT) < y(t) +2pz fort > to and y(t+ qT) > y(t) + 2pm for t < to. Let €(f) = y(t) — 
Pot and &(t) = &(t + qnT). It is easy to show that for t > fg (respectively t < tg) the 
sequence (&,(t)) (respectively (_,(t))) is decreasing and that one of the two sequences 
is bounded from below, say (&)(t)). Its limit n(t) as n > oo satisfies, by construction, 
n(t+qT) =n(t). Now, from the differential equation satisfied by &(r), one gets that |&” (r)| 
is bounded on the real line and the boundedness of |&(t)| on [fo, +oo[ follows from the 
above reasoning. Then the same is true for |&’(t)| and Arzela—Ascoli theorem applied to 
(E,) implies its convergence in the C!-topology. As & and &,_1 have the same limit y, y 
and its translate are C!-asymptotic, a contradiction to the existence of the intersection fo. 


THEOREM 31. Every minimal y has a rotation number 


y(t) 
a lim —. 
toto ot 
Moreover, 
|y(t) — yO) — aat| < c(1 + 27a), (48) 
Iy'| <e, (49) 


where the constant c does not depend upon y. 
Using Lemma 16 and Denjoy theory for mappings on the circle applied to the conjugate of 
the Poincaré mapping over [0, 7] with respect to the projection on the first component of 


the phase space, restricted to its translates, one obtains the existence of some @ such that 


lyGiT) — yO) —2raj|<1 (jeZ). (50) 
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To obtain the inequalities, notice that, as h € Cr, we can find, using Sobolev inequality, 
5 > 0 independent upon y such that, for each z € H 1((0, T]), 


5 Ti: T 
—aT +5 f oP ar < ape <ar+et |2/(0)|7 ae. 
0 0 


Now if x is the function interpolating linearly y with respect to its values at 0 and T, we 
get 


4 - 
=a0 al Iv @P dt < APO) < APT) 
0 


T 
<a +3" f |x’ (0) |? de 
0 
=aT +(T8)"|y(T) — yO)’. 


Consequently, using (50), 


aT 4 
[wor dt < nr + Za(I + lala)”, 


which gives, for ¢ € [0, T], 


t 
yo-yo =(f yids) < if bor ds < (1+ 2mlal)’ 


Using inequality (50), inequalities (48) and (49) easily follow. 
We can now prove the existence of minimals. 


THEOREM 32. For every a € R, there exists a minimal with rotation number a. Further- 
more, C!-limits (in the sense of uniform convergence of the function and its derivative on 
compact subsets of R) of minimals are minimals, and the rotation number is continuous 
(i.e., ifa sequence of minimals (yn) with corresponding rotation numbers (an) converge to 
a minimal y with rotation number «a in the C!-topology, then ot = limn+oo Hn). 


The result follows from Theorem 29 and Lemma 15 when aq is rational. If a = 
limy—so0 is irrational, let y, be a minimal for the boundary conditions 


Yat + GnT) = yn(t) +27 pn 


such that (translation invariance) |y,(0)| < 27. For tf € [—R, R], Theorem 31 yields esti- 
mates 


lIy()|<MR, ly, | <M, yn(t)| <M 
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with M independent of t andn, which gives, by Ascoli—Arzela theorem some C!({—R, R])- 
converging subsequence and by a diagonal procedure a subsequence which converges C! 
on every compact interval to some limit y. Such a y is minimal with rotation number a. 
4.3. Mather set 


We now restrict to the case where a is irrational. 


THEOREM 33. The translates y(t + jT) — 2km of a minimal y are totally ordered. The 
ordering is the same as the ordering of ja — k, and is independent of y. 


The mapping (j,k) + ja —k is one-to-one and we may write 
y+ jT) —2kw :=u(tlB), B= jak, 


with u(t|-) so defined for a dense set of reals 6 and strictly monotone in f. It can therefore 
be easily extended to all real 6 by 


ut (t\B):= lim u(tly), u(t/B):= lim u(tly), 
y>B+ y>B- 


DEFINITION 13. The Mather sets My and M,(t) of Equation (23) are defined by 


s 


Mz = {u*ClB): BER}, My (t) = {u* (lB): Be R}, 


Ma= Mi UM,, Ma(t) = Mf (t)U M; (0). 


It can be shown that they do not depend upon the minimal y chosen for their construction 
and that they have the following properties. 


THEOREM 34. The Mather sets have the following properties. 

(1) Ma(t) is invariant under the Poincaré map y(t) +> y(t + T) and the translation 
yrey+2n. 

(2) Ma(t) is closed without isolated points. 

(3) Ma(t) does not contain any nonempty closed strict subset invariant under Poincaré 
map and translation. 

(4) M(t) is either R or is nowhere dense. 

(5) Ma consists of trajectories of some vector field y' = W(y,t) defined either on a 
Cantor-like part or on the whole of the (y, t)-plane. 


Hai Huang has proved in [57], for pendulum-type equations, the generic existence of 
invariant cantori (minimal orbits defining a Cantor set on the torus). 
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5. KAM theory and Lagrange stability 
5.1. Twist mappings 


The existence of quasi-periodic solutions to the forced pendulum can be obtained by ap- 
plying to the Poincaré’s operator some theorem for twist mappings, that we recall now. 

Let A = S! x [a,b] be an annulus in R*, and ¢: A — R?* a mapping with lift (40). 
Moser’s twist theorem [87] can be stated as follows. 


LEMMA 17. Letl>5, Be C>(R) be such that |B’(r)| > v > Oforallr € [a, b], lete > 0, 
and let a be an irrational number satisfying the Diophantine conditions 


for some positive y, t, and all integers n > 0, m. Then there exists 6 = 6(€,1,a) > 0 such 
that each area-preserving mapping $ : A — R? whose lift (40), with f, g € C', is such that 


If —Blcoi+lg—rlei < vd, 
possesses an invariant curve of the form 
6=t+w(t), r=c+2(t), 


in A, where w,z are of class C!, 1-periodic, |w|c1 + |zlc < €, ¢ €]a, bl, on which 
takes the form t > T +a. 


The following result has been proved independently by Levi [66] and by Moser [89,94], 
using Moser twist theorem. 


THEOREM 35. Assume that h € Cr. For any a € 0, 1[ satisfying the set of Diophantine 
inequalities 


nete? 


n 


for some y > 0 and t > 0, and all integers m,n with n > 0, there exists an integer ky = 
ko(y, #) such that the Poincaré mapping associated to (23) possesses, for all integers k 
with |k| > ko, a countable set of invariant curves r = fu+K(0) = fuse (0 + 27). 


Physically, the solutions correspond to quasiperiodic rotations with average angular ve- 
locity a +k. The basic idea of the proof is that, for large velocities y’, the forced pendulum 
equation has solutions which are close to those of the integrable system y” = 0. One first 
shows that, because of condition i = 0, the Poincaré map P is exact on the phase cylinder 
{(y,z) € S! x R} (i.e. Sco zdy= te, zdy if Co is an arbitrary noncontractible circle going 
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once around the cylinder and C; its image under P). Then one shows that P is C*-close 
to a twist mapping for large y’, namely 


Pi@,r)=0+r+H+n@6,r), Po6,r)=r+n6,r), 


where H = ff) h(t) dr dr and |Irillca + [Irallea < Clzi7t. 

Independently, and by the same approach, Jiangong You [130] has proved a similar 
result, and has completed it as follows. 

Notice that an invariant curve with rotation number a@ of the Poincaré mapping of Equa- 
tion (23) give rise to an invariant torus with rotation numbers (1, «) in the extended phase 
space S! x R x R of the corresponding (f, y, y’). 


THEOREM 36. Equation (23) has an invariant torus if and only ifh € Cr. [fit is the case, 
there exists a* > 0 such that, for every irrational number a > a* satisfying the Diophan- 
tine condition 


Y 
Hole 


m 
a-——|> 
n 


for all integers m and n withn > 0, and some y > 0, Equation (23) has an invariant torus 
with rotation number (1, a). 


The necessity is proved by observing that the Calabi invariant of P, defined by C(P) = 
Seq rdg— if r dO, where y is a circle in R x S! homotopic to a circle {r} x S!, is equal 
to h. Thus, if P possesses an invariant closed curve which is homotopic to {r} x S', one 
has C(P) = 0, and hence h = 0. 

We now show that those results imply a property called Lagrange stability, answering a 
question raised by Moser in the Introduction of [87]. 


DEFINITION 14. Equation (23) is called Lagrange stable if any solution of (14) is bounded 
over R in the phase cylinder {(y mod 2z, y’)}. 


Physically, this means that any solution of (14) has angular velocity bounded over R. 
The Lagrange stability is a consequence of the results of Levi and Moser described above. 
See also [67]. 


THEOREM 37. Ifhe Cr, then for any sufficiently large N > 0, there exists M = M(N) 
such that any solution y(t) of Equation (23) with |y’(0)| < M satisfies |y'(t)| < N for all 
teR. 


Independently, You [130] also proved the Lagrange stability of (23) and completed the 
result as follows. 


THEOREM 38. Equation (23) is Lagrange stable if and only ifh € Cr. 
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Indeed, if h = 0, then, from Theorem 36, Equation (23) has an invariant torus with 
rotation number (1, ~) for infinitely many sufficiently large irrational numbers qa. Letting 
u=-—y, v =—z, Equation (23) becomes 


u” +asinu=—A(t), 


and has an invariant torus with rotation number (1, @) for infinitely many sufficiently large 
irrational numbers a. Thus Equation (23) has an invariant torus with rotation number 
(1, —@). One uses two such invariant tori to confine any solutions in their interior. To 
prove the necessity, one shows, using the estimates on P, that Equation (23) has a solution 
with y’ unbounded if h 4 0. 

The destruction of invariant tori with rotation number (1, w) and w a Liouville irrational 
in pendulum-type equations has been considered by Hai Huang [56]. 

Let us notice the Mather’s theory of previous section can also be expressed in the frame 
of mappings on an annulus, which enlightens its relation with KAM theory. We keep the 
notations of Section 3.8. 


DEFINITION 15. ¢:A — A is a monotone twist homeomorphism if it preserves orienta- 
tion, preserves boundary components of A and if its lift (40) is such that f(@, -) is strictly 
monotone for each 6. For definiteness, we assume it to be increasing. 


Let F/(6,r) = (0;,r;), and 


. oj 
a (~) = lim = 
J7w J 


be its rotation number. The twist interval of }, [a@a(@), ap(@)], is defined up to an integral 
translation. 

If $7(z) =z, then F4(0,r) = (0 + 2pz,r), for some integer p determined up to a 
multiple of g. 

A is the rotation number of z. One calls a point z = (6,1) a Birkhoff point of type (p,q) 
if there exists a sequence (n,n )nez such that (0, ro) = (8,1), Ont > On, (Ontgstntq) = 
(On + 27, 1n+q)s Ont+q,tntq) = F On, tn) (n € N). One has Birkhoff’s twist theorem [16]. 


LEMMA 18. Let ¢: A— A be an area-preserving monotone twist homeomorphism and 
P 
@ € [aa ($), on (o)], 

with p,q relatively prime. Then ¢ has at least two Birkhoff points of type (p,q). 


The situation is different for a irrational. 
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DEFINITION 16. A Mather set of rotation number a for F is a closed invariant set for F 
with representation 0 = u(t), r = v(t), where u is monotone increasing, u — Jd and v are 
1-periodic (not necessarily continuous !), and 


u(t +a) =u(t)+ f(u(t), v(t), v(t + @) = g(u(t), v(7)). 
One has the Aubry—Mather’s twist theorem [7,69]. 


LEMMA 19. Let ¢:A — A be an area-preserving monotone twist homeomorphism and 
let a € [ag(), ap(@)] be irrational. Then there exists an invariant Mather set Ty with 
rotation number a. Furthermore, Ty is a subset of a closed curve r = y(@) where y is 
2x -periodic and Lipschitz continuous, i.e., v(t) = y(u(t)). 


When u and v are continuous, I, defines a Lipschitz continuous invariant curve. When 
u and v have countably many discontinuities, I, can be seen as a Cantor set on the curve 
r=y(@). 


5.2. Chaotic dynamics 
We first recall the definition of chaotic dynamics. 


DEFINITION 17. Equation (23) displays chaotic dynamics if 
(i) the solutions of Equation (23) depend sensitively on the initial conditions; 
(11) Equation (23) has infinitely many periodic solutions with diverging periods; 
(iii) Equation (23) has an uncountable number of bounded, nonperiodic solutions; 
(iv) the Poincaré map associated to Equation (23) has positive topological entropy. 


The following definition is due to Serra, Tarallo and Terraccini [121]. Without loss of 
generality we take T = 1. Letn > 1 be an integer, h € C,, and 


y?@) 
2 


Ann: H} > R, yo fT + acosy(t)+ W090 |. 
0 


DEFINITION 18. yo and y; are consecutive minimizers of Aj on H} if 
(1) Anno) = Ann (1) = min yy! Ann :=Chyn- 
(2) yo(t) < y1(t) for all t € [0,7]. 
(3) ye A) NLyo, yi] and Ann (y) = chin imply y € {yo, yi}. 


This notion is weaker than the isolatedness or nondegeneracy of minimizers in the vari- 
ational sense. 

Write y(+o00) = u if limy. +00 (y(t) — u(t)) = 0, and, following an idea of Rabinowitz 
[115], define the functional J by 


G+))n 7 y/2 
1o=D(fo | G2 + acosyit) + A191 | dt ~ enn) (51) 
d 


; 2 
jeZ 
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over the classes of functions 
(yo, yi) = {y € Age: y(—00) = yo, y(+00) = yi}, 
P01, yo) = {y € Ayge: ¥—00) = 1, (+00) = yo}. (52) 
Define 


Z = |yo(9), 1 ODL, 


Sov.) = {yO eZ: :yeTOo.y), JO) = min JI, 
I'(yo.y1) 


Sn, y0) = {yO ET: yEPOr yo), JO) = min J}. 
P(y1,Y0) 


The following result has been proved in [21]. 


THEOREM 39. Leth €C}. If An.n has two consecutive minimizers yo and y, and if 


S(yo y)#L and S(y1, yo) AT, (53) 
then Equation (23) displays chaotic dynamics. 


A first important step in proving the above theorem, which is interesting in itself, is the fol- 
lowing existence result for heteroclinic (or one-bump) solutions between two consecutive 
minimizers yo and y; on H a 


PROPOSITION 6. Let co = infr(yo,y1) J, c= infr(y,,y9) J. There exists qo € I’ (yo, y1) 
and q, € I'(y1, yo) such that J (qo) = co, J (qi) = 1. The functions qo and q, solve Equa- 
tion (23). 


A second step is the existence of multi-bump solutions. One makes the convention that the 
indices in y,c,q,... have to be taken mod 2. 


PROPOSITION 7. Assume that yo and y, are two consecutive minimizers of An over ba 
and that condition (53) holds. Then, for every sufficiently small 5 > 0, there exists m = 
m(6) € N such that for every sequence (pj)iez such that pi+, — pi > 4m, and for every 
j,k €Z with j <k, there exists a classical solution q of Equation (23) satisfying 


yot)<q@)<yt) (eR), 
q(-) = yj, q(+00) = Yeti, 


and, for alli = j,...,k, 


la(pi —m) — yi(pi-—m)| <8, |q(pitm) — yin (pitm)| <4. 
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From this result, one deduces the existence of solutions with infinitely many bumps. 


PROPOSITION 8. Assume that yo and y, are two consecutive minimizers of An over i} 
and that condition (53) holds. Then, for every sufficiently small 5 > 0, there exists m = 
m(6) € N such that for every sequence (pj)jez such that pi+1 — pi > 4m, there exists a 
classical solution q of Equation (23) satisfying 


yot)<q@)<yit) (eR), 


and 


la(pi —m) — yi(pi —m)| <5, |q(pitm)—yini(pitm)| <6 (eZ). 


Notice that, by choosing the points p; in a periodic way, a slight modification of the 
argument gives the existence of infinitely many periodic solutions of Equation (23) with 
arbitrary large period. Notice also that is has been shown in [21] that condition (53) is 
weaker than the standard transversality assumption. 

A natural question is to see for which h/ is assumption (53) satisfied. A result in this 
direction has been given in [22,23]. Let 


EUG, 


neN 


endowed with the L°°-topology. 


THEOREM 40. There exists a dense subset ‘H of C such that for every h € H, Equa- 
tion (23) displays chaotic dynamics. Moreover, for alln EN, HO H; is open in H}. 


To prove this theorem, one first refers to Theorem 10 to prove the result in a simplified 
setting. Ifh eCn, ye H} is a true minimizer for Ap.» over Hi! if Ann(y) = can and 
y €[0, 2z[. 


PROPOSITION 9. For each positive integer n, the set Hy of forcing terms h € Cn, such 
that An.n has only one nondegenerate true minimizer over H} is dense in che and open in 
He for any fixedk EN. 


Taking then h € Hy, fixing k € N andhy € AL, one considers the perturbed equation 
y” +asiny =A(t) + eh, (t) (54) 


for ¢ small, yo its true minimizer and y; = yo + 27. Regularity estimates are obtained on 
some associated heteroclinic orbits, using in particular a Lyapunov—Schmidt argument, and 
this regularity is used to compute some analogue of a primitive of the Melnikov function, 
in the line of [3]. 

Similar results have been obtained by Offin and Yu Hongfan [97]. 
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6. Bounded forcing 
6.1. Bounded functions and their averages 
T-periodic functions are special cases of bounded functions. 


DEFINITION 19. The function p:R — R is called bounded if there exists M > 0 such 
that, for allt ER, |p()| < M. 


The concept of mean value of a T-periodic function has been extended by Tineo [124] 
to some classes of functions containing the bounded ones. 


DEFINITION 20. Let p = p* + p**:R — R be continuous,with p** bounded and p* 
having a bounded primitive. The /ower (respectively upper) average of p is defined by 


1 t 
PL= lim inf — |] ptl)du, 
AY 


r>+oo t-s>rt—s 


(respectively 


1 t 
Pu = lim sup —| p(u) du). 
t—S Js 


FarrOo t-—s>r 
It is easy to verify that 


—00 < pt < pu < +a, 
PL=D,. Pu =D: 
and that, if p is continuous and T -periodic, 
PL= pu =P. 
Notice also that if p is continuous and T-periodic, then p = 0 if and only if p has a T- 


periodic primitive. 


6.2. A necessary condition for the existence of bounded solutions 


Let g:R x R— R be bounded over R x [—r, r] for each r > 0 and continuous, and con- 
sider the differential equation 


y"+cy’=g(t,y). (55) 


DEFINITION 21. A solution y:R > R of Equation (55) is said to be bounded if y and y’ 
are bounded. 
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Consider the dissipative forced pendulum-type equation 
y"+cy' +asiny=A(t), (56) 


where a > 0, c > 0, and: R — R 1s continuous and bounded. It is easy to extend Propo- 
sition | to bounded forcings and bounded solutions. 


PROPOSITION 10. Jf Equation (56) has a bounded solution, then 
—a<hy <hy <a. (57) 


To show this result, one notices that, if y is a bounded solution of (56), one has, for each 
t>S, 


Vif ar oad ooh = t t 
eS OY) +f siny()de = —— [ h(t) dr, 
t—s t—s t—S Js t—S Js 


and, given ¢ > 0, one can find 7 such that, for all T > To and all t, s such that t—s > T, 
one has 
t)— y(s 't)—y’ 
420s, 2 ISO 
t—s t—s 


<eé. 


Consequently, for t — s > T, we get 
] t 

-(l+ce-ax< —| h(t)dt <(+cet+a, 
TS Ss 


and (57) follows easily. 


6.3. Sufficient conditions for the existence of bounded solutions 


The following existence result for bounded solutions of Equation (55) goes back Opial [98] 
(see also [80]). 


LEMMA 20. If there exists r_ <r4 such that 
g(t,r-) <0 < g(t,r+) 

for all t ER, then Equation (55) has at least one bounded solution such that 
r-gyQ cry 


forallt ER. 
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The first easy consequence for Equation (56) is the one-dimensional case of a result for 
elliptic partial differential equations due to Fournier, Szulkin and Willem [48]. 


THEOREM 41. /[fc > 0 and if 
-—a < h(t) <a, (58) 
for all t €R, Equation (56) has at least one bounded solution y such that 


30 
<yQH<— 
y(t) 5 


w/a 


forallt ER. 
REMARK 1. /t is clear that condition (58) implies condition (57). 


Another existence result, first proved in [81], follows from applying Lemma 20 to an 
equivalent formulation for the forced pendulum problem together with the following result 
of Ortega on bounded solutions of second order linear equations [103] (see also [80]). We 
define as usual the oscillation oscrz of the function z: RR > R by 


OscR Zz = sup z — infz. 
R R 


LEMMA 21. [fc > 0 andh:R-— R is continuous, then equation 
y" + cy’ =h(t) (59) 


has a bounded solution if and only if h has a bounded primitive. If it is the case, any 
bounded solution y of Equation (59) verifies the inequality 


1 
oscr y < —oscRr H, (60) 
Cc 
where 
t 
H(t)= i; h(s) ds. 
0 


Furthermore, for each h with bounded primitive, Equation (59) has a unique (symmetrized) 
bounded solution H,. such that 


1 
sup H, = — inf H, = = oscp He. (61) 
R R 2 
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THEOREM 42. Ifc>0, h=h* + h** where h* is bounded and h* has a bounded prim- 
itive over R, and if inequalities 


oscr He < x, (62) 


and 


* 
|W", < acos( 25) (63) 


hold, where H® is the symmetrized bounded solution of y" + cy’ = h*(t), then Equa- 
tion (56) has at least one solution y such that 


4 30 
ad Hi(t)h<y@< ae te AE); 


for allt €R. When c =0, the above result holds if h** = 0, h = h* has a second primitive 
H' bounded over R and H* is replaced by H' in (67). 


To prove this theorem, one sees that y is a bounded solution of Equation (56), if and 
only if z defined by 


yQ)=20) + HO), 
is a bounded solution of equation 

z" +cz' +asin(z+ H3(t)) =h*(). (64) 
One checks easily that the conditions of Lemma 20 hold for r_ = 7/2 and ry = 37/2. 


REMARK 2. If follows from inequality (60) that, given h = h* + h**, condition (62) holds 
as soon as 


i * 
c > —oscp H”. 
a 
Consequently, when / has a bounded primitive, Equation (56) has a bounded solution for 
all sufficiently large c. The question remains open for other values of c. 
6.4. Local uniqueness of bounded solutions 


By straightening the assumptions of Theorems 41 and 42, one obtains the local uniqueness 
of the obtained bounded solutions by using a maximum principle proved in [19]. 
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LEMMA 22. Leta >0, B € R and y:R— R bounded and continuous. If the function 


r € C*(R, R) is bounded together with its first two derivatives and satisfies the differential 
inequality 


r'(t)>y(r'(t) +ar(t) — B, 
then 


supr < 
R 


a 
a 
LEMMA 23. Letc € Rand f :R — R be bounded, continuous and such that 
f@<-6<0 
for all t €R. Then the unique bounded solution of equation 
y" +ey' + fOy =0 
is the trivial one. 
THEOREM 43. [fc > 0 and if 
IIhlloo <4, (65) 


holds, there exists ¢ > 0 such that Equation (56) has a unique solution y such that 


4 3x 
= < y(t)< — - 66 
pre sIO< He (66) 
for allt ER. 
This result follows from the fact that for some sufficiently small ¢ > 0, r_ = > + and 


rp= aaa — € satisfy the condition of Lemma 20 and that cosu < —6é for some 6 > 0 when 


u € [r_, r+]. The uniqueness then follows from Lemma 23. 


THEOREM 44. Ifc>0, h=h* +h*™ where h*™ is bounded and h* has a bounded prim- 
itive over R, and if inequalities 


oscr He < = (67) 


2; H* H* 
ln. < 02 sin =") + cos( EAE) (68) 
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hold, then there exists ¢ > 0 such that Equation (56) has a unique solution y satisfying the 
inequality 


IU 
ate y(t) 5 € (69) 


for allt €R. When c = 0, the above result holds if h** = 0, h = h* has a second primitive 
H' bounded over R and H* is replaced by H' in (67). 


The proof follows lines similar to that of Theorem 43. 


7. Almost periodic forcings 
7.1. Almost periodic functions 


An interesting intermediate class between the bounded and the periodic functions is the 
class of almost periodic solutions in the sense of H. Bohr [44]. 


DEFINITION 22. f:R — R is (Bohr)-almost periodic if, for each ¢ > 0, there exists 
L>O0 such that any interval of length L contains at least some t such that Vt € R, 


If@+t)—f@| <e. 

Such a function is necessarily bounded and uniformly continuous over R. The following 
result gives an alternative definition of the space 4P(R) of (Bohr)-almost periodic func- 
tions. Let us denote by TP(R) the space of real trigonometric polynomials 

N 
Pn(t)= > peexpliast), 
k=—N 
where pg = p_x anddAp ER(-N XK KN). 
LEMMA 24. The space AP(R) is the closure of TP(R) for the uniform norm over R. 


If f € AP(R) and A € R, the limit 
] T 
fr au a f(t) exp(—iAt) 


exists, fr = f_,, and the set A of A € R for which f;, 4 0 is at most countable. The series 


fx exp(iat) (70) 
As fi #0 
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is called the Fourier series associated to f. The Fourier coefficient 


fo= jim ae f(t) dt 


is called the mean value of f. If f has an almost-periodic primitive, then fo = 0, but, in 
contrast to the periodic case, an almost periodic function with mean value zero needs not 
to have an almost-periodic primitive. It is only the case if its primitive is itself bounded. 

More general classes of almost periodic functions have been defined by Besicovitch 
[14]. If p € TP(R) define || p|| 2 by 


1 or 5 1/2 
IPlg: = [timsup| = Ipo| ar | : 
T—>0o0 0 


and define B*(IR) to be the space of equivalence classes of functions f : R + R such that 
limp—oo || f — Pnll 2 = 0 for some sequence (p,) in TP(R), under the equivalence relation 


f-~gs > Ilf—glle=9. (71) 


If f and g belong to B*(R), and A € R, one can show that the limits 
A fF 2 
lim — t)|" dt 
rim =f, OP a 
1 T 
(f, g) p2 = lim zi f@eg(t) dt, 
Too T 


i 1 oof f(t) exp(—iAt) dt 


exist and that f, 4 0 on an at most countable set, so that the Fourier series (70) of f is 
well defined. Because of the fact that two functions in the same equivalence class for (71) 
can differ on a set of positive and even of infinite measure, the use of B?(R) in the study 
of differential equations gives rather weak existence assertions. Work in this direction for 
Equation (56) has been done by Belley, Fournier and Saadi Drissi [11,12], who have also 
considered some subspaces of B?(IR) whose functions behave more like periodic ones. 


7.2. Almost periodic solutions 


Combining some results on the existence and uniqueness of bounded solutions over R with 
Amerio’s criterion on the existence of almost periodic solutions (see, e.g., [44]), Fink [43] 
has given in 1968 some partial extension of the method of upper and lower solutions to 
almost periodic solutions. A special case of his results is the following proposition. 
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LEMMA 25. Letc €R, g € C!(R,R) and h be continuous and almost periodic. Assume 
that there exist r_ < r+ such that g(x) > 0 for all x €[r_, r+], and 


g(r) + At) <0 < g(r4) +A) 
for allt € R. Then equation 
y"+cy' =g(y) +h@) 
has a unique almost periodic solution y such thata < y(t) <b forallt ER. 


Notice that, as shown by Ortega and Tarallo [109], the monotonicity condition on g cannot 
be dropped in Lemma 25. 

Lemma 25 implies the following existence theorem [81], also proved independently by 
Fournier, Szulkin and Willem [48] as a special case of a more general result for elliptic 
partial differential equations. When c = 0, Theorem 45 generalizes an earlier approximate 
solvability result of Blot [17] for Equation (23), based upon variational techniques and con- 
vex analysis, which only provides the existence for a dense subset of forcing functions h. 


THEOREM 45. For each c > 0 and each h € AP(R) such that \|h\loo < a, Equation (56) 
has a unique solution y € AP(R) such that 1/2 < y(t) < 32/2 forallt ER. 


Indeed, the condition upon ||/||.o implies the existence of ¢ > 0 such thata = > +e and 
b= 4 — € satisfy the conditions of Lemma 13. 

Similar arguments applied to the equivalent formulation of the forced pendulum equa- 
tion lead to the following existence theorem, first proved in [81]. When c = 0, Theorem 46 
generalizes an earlier approximate solvability result of Blot [18] for Equation (23), based 
upon variational techniques and convex analysis, which gives existence for a dense subset 
of forcing functions h only. Subsequently, Blot and Pennequin [20] have extended Blot’s 
result to the case of quasi-periodic forcing terms. 


THEOREM 46. Ifc>0, h=h* +h*™ where h*™ is almost periodic and h* has an almost 
periodic primitive, and if conditions (67) and (68) are satisfied, then there exists ¢ > 0 
such that Equation (56) has a unique almost periodic solution verifying inequality (69). 
If c =0, and h € C has an almost periodic second primitive H' satisfying (67) with H* 
replaced by H', then the same conclusion holds. 


The following result of Lagrange unstability-type for almost periodic forcings has been 
proved by Hai Huang [58]. 


THEOREM 47. Equation (23) possesses infinitely many unbounded solutions on a cylinder 
S! x R for any almost periodic h with nonvanishing mean value. 
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Wazewski method and Conley index 593 
1. Introduction 


The main subject of this note is the retract method introduced by Tadeusz Wazewski. It 
is a method of proving the existence of solutions which remain in a given set and refers 
to differential equations describing some evolution in time. The sets under consideration 
should satisfy the condition “all egress points are strict” or its less restrictive variant. Now 
they are called Wazewski sets. The method is based on theorems which roughly assert that 
there is a solution contained a Wazewski set for all positive values of time if the subset of 
egress points is not a retract of the whole set (which explains the name of the method). If, 
moreover, the set is compact then its invariant part (1.e., the set of full solutions contained 
in it) is nonempty. For isolating blocks, i.e., compact Wazewski sets which do not contain 
any full solutions intersecting their boundaries, Charles Conley discovered a homotopical 
invariant which provides a quantitative information on their invariant parts. It is called 
the Conley index. The Conley index theory, both from a point of view of continuous and 
discrete-time dynamical systems, was presented by Mischaikow and Mrozek in Chapter 9 
of Handbook of Dynamical Systems, vol. 2, within the current series of handbooks edited 
by Elsevier Science B.V. (see [50]). 

In this note we describe the Wazewski method in details and provide an information on 
foundations of the Conley index theory which directly relates to the method and essentially 
does not overlap with the exposition of Mischaikow and Mrozek. We begin with a short 
introduction to the method and to the theory related to the index in a historical context. 


1.1. Historical background of topological methods 


The modern understanding of mechanics begins since the fundamental research of Newton 
in the XVII century. In order to formulate the rules of motion, Newton introduced the con- 
cept of differential equation. The equations which appear in mechanics belong mainly to 
the class of ordinary differential equations. They are characterized by a distinguished para- 
meter interpreted as time and, if some regularity conditions are imposed, the initial data de- 
termine the whole solution. It was clear from the beginning that in general one cannot find 
analytical formulas for such solutions. Instead of rigorous description, numerical meth- 
ods usually provide satisfactory approximations of solutions in bounded time-intervals. 
Possibility of calculation of such approximations contributed mainly to the successful de- 
velopment of applied mechanics. 

However, numerical methods fail in general if one is interested in the global behavior 
of the solution, i.e., in the whole domain, up to the left and right range of time of its 
existence. For a given initial data, usually it is impossible to determine whether the solution 
represents a periodic motion and to predict the asymptotic behavior at the limits of its 
existence. As it was observed by Henri Poincaré at the end of the XIX century, the behavior 
of solutions can be very complicated and have a chaotic character, hence one cannot expect 
to determine the full information on the dynamics generated by a given equation. Even a 
proof of the existence of a solution with prescribed behavior (periodic, almost-periodic, 
bounded, chaotic, satisfying some boundary conditions, etc.) is usually a difficult task. 
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Poincaré initiated systematic studies on the global understanding of solutions and dy- 
namics, which are known under the name of qualitative theory of differential equations, or, 
in a more general context, theory of dynamical systems. Besides analytical arguments he 
used methods of topology and algebra. Research on limit cycles and indexes of zeroes of 
planar vector fields, periodic solutions of Hamiltonian systems (in particular, based on his 
“twist theorem’’), and stability of the Solar system belong to his most known results on that 
field. He also contributed essentially in the development of variational methods applied to 
boundary value problems. 

One of the greatest achievements of Poincaré was the introduction of algebraic topology 
(called by him “analysis situs”). Among the results which were proved by its applica- 
tion, there were the fixed point theorems of L.E.J. Brouwer (1912) and Salomon Lefschetz 
(1923) which found natural applications in the qualitative theory of differential equations. 
Brouwer introduced also the concept of the degree of a vector-field. A related notion of the 
fixed point index was invented later by Jean Leray. The Brouwer fixed point theorem and 
the degree were generalized to the infinite-dimensional case by Juliusz Schauder in 1930 
and, respectively, by Leray and Schauder in 1934. Together with variational methods, they 
form the main tools in proofs of results on existence of solutions of initial and boundary 
value problems in nonlinear differential equations. The idea of their application consists 
in suitable choice of an operator acting on a function space in which the original problem 
reduces to the existence of its fixed point or its zero. In variational methods, the existence 
of a solution of the problem is equivalent to the existence of a critical point of a suitable 
functional. An essential progress in development of these methods were done by Marston 
Morse in 1925 who invented the theory of critical points which now bears his name and by 
Lusternik and Schnirelmann by their research on the concept of category in 1930. It seems 
that the next major achievement in topological approach to differential equations was done 
by Tadeusz Wazewski (1896-1972) by introducing the retract method in the middle of the 
twentieth century. 


1.2. An outline of the Wazewski method in a historical context 


The following definition provides the notion of a retract introduced by Karol Borsuk in the 
paper [13] from 1931. Let X be a topological space and let A be its subset. 


DEFINITION 1.1. A continuous map r:X — A such that r(a) =a for every a € A is 
called a retraction. A is called a retract of X if there exists a retraction X — A. A con- 
tinuous map r: X —> A is called a strong deformation retraction if it is equal to the map 
xt h(x, 1), where h:X x [0,1] — X is a continuous map such that h(x,0) = x and 
h(x, 1) € A for every x € X, and h(a, t) =a for every a € A and t € [0, 1]. A is called a 
strong deformation retract of X if there exists a strong deformation retraction X — A. 


Obviously, a strong deformation retract is also a retract and a retract of a connected 
set is also connected. Moreover, it is well known that the Brouwer fixed point theorem is 
equivalent to the fact that the unit sphere S”~! in R” is not a retract of the closed unit 
ball B”. 
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In 1947, Wazewski presented the paper [85] in which he proved a theorem on the exis- 
tence of solutions which are contained in given set for all positive values of time. In the 
contemporary used mathematical notation the theorem can be described as follows. As- 
sume that v is a continuous vector-field on M, where M is an open subset of R” (it can be 
a smooth manifold without boundary as well). We refer to M as to the phase-space. It is 
assumed that through each point x9 of M passes a unique saturated solution t + $(x9, f) 
of the Cauchy problem 


<= v(x), (1.1) 
x(0) = x0. (1.2) 


The map ¢: (x,t) $(x,f) is a called local flow; its purely topological description is 
provided in Definition 2.1. Let us mention here that usually #(x, ft) is not defined for all t 
and by the trajectory (respectively, the positive semitrajectory, the negative semitrajectory) 
of x we mean the set of all points ¢(x, t) (respectively, the set of all points (x, t) with 
t > 0, all points ¢(x, t) with t < 0) whenever they are defined. 

Let V be an open subset of the phase space. Let x € dV. Some types of behavior of the 
trajectory of x with respect to V are described in the following 


DEFINITION 1.2. x is called an egress point of V if there exists an ¢ > 0 such that 
o(x,t) € V for —e <t <0. If, moreover, (x,t) € \V for 0 <t <e then x is called a 
strict egress point. Symmetrically, by reversing ¢ to —t, one defines an ingress point and a 
strict ingress point. Finally, x is called an outward tangency point of V if there exists an 
€ > 0 such that (x,t) € \V fort € (—e, e) andt 40. 


The points distinguished in the above definition can be visualized on Figure 1, where 
there are shown fragments of trajectories of some planar equation near the boundary of a 
square. The open vertical sides of the square consist of strict egress points, the open hori- 
zontal sides consists of strict ingress points, and the four vertices form the set of outward 
tangency points. 


4 


Fig. 1. 
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Denote by E the set of egress points. There is a distinguished subset V* of V consisting 
of points which escape from V in a positive time, 1.e., points x € V for which there exists 
at > 0 such that (x,t) ¢ V. For every x € V* one can assign the first time in which it 
gets the boundary of V. That time is called the escape-time of x and is denoted by o (x); 
by definition, it is a positive number such that (x, [0,0(x))) C V and d(x, 0(x)) € E. 
The latter point is called the consequent of x. Both notions are extended to E: for x € E 
put o(x) = 0 and define the consequent of x as x itself. 

Let Y C E and let ZC V UY. The main theorem [85, Theorem 1] is the following: 


WAZEWSKI THEOREM. Jfall egress points are strict egress points and 
e ZY is aretract of Y, 
e ZY is nota retract of Z 
then there exists an x9 € Z such that 
e either the positive semitrajectory of xo is contained in V 
e or xo € V* and the consequent of xo belongs to E\ Y. 


In particular, the second possibility in the conclusion is trivially excluded if Y = E 
(compare [85, Theorem 2]). If we exchange egress points by ingress points in the statement 
of the theorem, we obtain a result on the existence of a negative semitrajectory. 

Originally, the Wazewski method (or the retract method) consisted in applications of the 
theorem in proofs of the existence of solutions representing some special properties, usu- 
ally referred to its asymptotic behavior. As it was indicated in [85], a suitable choice of the 
sets Z and Y leads also to proofs of the existence of solutions of some two-point boundary 
value problems. In [85], Wazewski pointed out also how to drop the assumption on the 
uniqueness of the Cauchy problem if the considered set Z is compact and V is a polyfa- 
cial set, which roughly means that it is described by some strong inequalities (compare 
Sections 3.1 and 3.2). 

In the following examples we illustrate the usability of the Wazewski method. 


EXAMPLE 1.1. Consider a planar equation given by 


r= f(t,x,y), 
- FG, x,y) (1.3) 
Y= 8lt,x, y). 

in the (x, y)-coordinates. Assume that 
xf(t,x,y)>0, ift is arbitrary, |x| = 1, |y| <1, (1.4) 
yg(t,x,y) <0, ift is arbitrary, |x| < 1, |y|=1. (1.5) 


After extending the plane by the time variable, (1.3) provides an autonomous equation 
represented by 


t=1, x= f(t,x,y), y=g(t,x,y) (1.6) 
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Fig. 2. 


in the coordinates of R*. Assume that the uniqueness of the Cauchy problem is guaranteed. 
Put 


V=:{(t,x,y) eR*: |x| <1, ly| <1}. (1.7) 


It is an infinite rectangular tube which part is shown on Figure 2. It follows by the inequal- 
ities (1.4) and (1.5) that the set of egress points 


E:={(t,x,y) ER: |x|=1, ly| <1} (1.8) 
consists of strict egress points. It forms two shaded sides of the tube on the figure. Let 

Z:= {(0,x,0) €R*: |x| <1}, (1.9) 
i.e., the black bar inside the plane {t = 0}. It follows that Z E consists of two ends of Z, 
hence it is not a retract of Z. On the other hand, each end is a retract of the corresponding 
side, hence there is a retraction E > ZN E. It follows by the Wazewski theorem that there 


exists an xg, |xo| < 1 such that the solution (¢, yw) of (1.3) with @(0) = xo and w(0) = 0, 
satisfies 


l@O| <1, |W@| <1 
for each t > 0. 
EXAMPLE 1.2. Consider the boundary-value problem 


y(0) =x(1) =0 (1.10) 
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t=1 


Fig. 3. 


associated to (1.3). It means that we are looking for a solution of (1.3) such that its second 
coordinate at time 0 and the first coordinate at time 1 are equal to zero. In order to solve 
the problem we consider again the local flow in R* generated by (1.6). Now we put 


V:={(t,x,y) eR: ¢ <1, [xl <1, lyl <1}. (1.11) 


The set of egress points of V is equal to 


FSG ts, l= lyl1 Ul dyacyh 1 <1 yl}. 
(1.12) 


A fragment of V over the interval [0, 1] is shown on Figure 3. It is the rectangular prism 
and the corresponding fragment of E consists of its three sides. Let Z be the same as in 
Example 1.1, 1.e., given by (1.9). Put 


Y :=E\{(1,0,y): lyl < N}. (1.13) 


On the figure, Z is shown as the black bar and Y is represented by the shaded surface. It is 
easy to see that ZY is nota retract of Z but it is a retract of Y. It follows by the Wazewski 
theorem that there exists x9 € (—1, 1) such that the solution of (1.6) starting at (0, x9, 0) 
either remains in V or intersects E \ Y. Since ¢ = 1, the first possibility is ruled out and, 
moreover, the time in which the solution gets E \ Y is equal to 1. Thus it determines the 
required solution of the boundary value problem (1.3), (1.10). 


In the above examples we assumed the uniqueness of solutions of the Cauchy problem 
associated to (1.3). Actually, that assumption can be dropped and still we can get the exis- 
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tence of solutions which remain in V in Example 1.3 and solve the boundary value problem 
in Example 1.2. Indeed, if (1.3) does not satisfy the uniqueness property, one can find ap- 
proximating sequences of smooth functions { f,} and {g,} for f and g, respectively, such 
that they satisfy the inequalities (1.4) and (1.5). The corresponding solutions obtained for 
them by the Wazewski theorem are determined by initial points z, € Z. Their accumulation 
point zo is the initial point of a required solution. 

The Wazewski theorem was announced also in [86,87], and later in the proceedings of 
the Congress of Mathematicians in Amsterdam [89]. Its proof follows easily from a lemma 
which asserts the continuity of the consequent map V* U E > E provided the assumption 
“all egress points are strict” is satisfied (compare [85, Lemma 3]). Actually, the lemma is 
an immediate consequence of the following fact implicitly stated in the paper: 


WAZEWSKI LEMMA. [fall egress points are strict then the escape-time function 
V* UE 3x > a(x) €[0, 0) 
is continuous. 


The lemma has important consequences for the homotopy theory methods in differential 
equations. At present, the name “Wazewski method” refers also to arguments applying 
Wazewski lemma. Complete proofs of the Wazewski theorem and related results will be 
presented in Section 2.3. 

In the years after publication of [85], the Wazewski method was intensively developed 
and applied by many authors. Both the assumptions on retraction and egress points in the 
Wazewski theorem were modified. Improved versions of the theorem using variants of the 
notion of strong deformation retract were given, among others, in the papers [1,58,62]; the 
proofs of those versions were based on the Wazewski lemma. In Section 2.3, we provide 
examples of such results. On the other hand, in [11] Bielecki observed that all results 
concerning the Wazewski method which are based on the hypothesis “all egress points 
are strict” can be directly strengthen if strict egress points are replaced by strong egress 
points. (In the above notation, an egress point x € E is called a strong egress point if for 
every t > 0 there exists 0 < s <t such that (x, s) ¢ V.) Later, in [20] (and also in [21]) 
Charles Conley (1933-1984) presented a version of the Wazewski theorem with a more 
general and convenient form of that assumption. He introduced the notion of the exit set 
W~ of an arbitrary set W (in a similar way as we defined above the set of strong egress 
points), and with its use, he defined the concept of Wazewski set. We provide its definition 
later in Section 2.1. At this moment we mention that it is particularly easy to check in one 
case: if W and W~ are closed then W satisfies the definition of a Wazewski set. Moreover, 
referring to our previous consideration, the set V U E is a Wazewski set provided each 
egress point is a strong egress point; in that case E is its exit set. The main feature of 
[21] was the observation that the Wazewski lemma extends to Wazewski sets: the escape- 
time function o :x +» o (x) defined for points of W such that their positive semitrajectory 
leaves W, is continuous. (Here, similarly as before, o(x) denotes the first time in which 
the semitrajectory of x hits W~.) Our presentation of the results related to the Wazewski 
theorem in Section 2.3 is inspired by the ideas of Conley. 
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1.3. On the origin of the Conley index theory 


The Wazewski theorem, like the Schauder fixed point theorem is an existence result. Com- 
plementary to the Schauder theorem, the Leray—Schauder degree and the fixed point in- 
dex provide a quantitative information on the number of solutions. In some sense, similar 
complementary quantitative information on solutions given by the Wazewski method is 
provided by the Conley index, a topological invariant related to Wazewski sets of a special 
form, called isolating blocks. By an isolating block we mean a compact subset B of the 
phase space of a local flow @ such that B = int B and every x € 9B is either a strict egress 
point, or a strict ingress point, or a point of outward tangency of int B (its definition is 
stated in Section 7.1 in a slightly more general form). An example of isolating block is 
shown on Figure 1. For an isolating block B, its exit set B~ consists of all strict egress and 
outward tangency points. Because of the compactness of B, if some positive semitrajectory 
is contained in B then its limit set is nonempty and also contained in B. Since the limit set 
is invariant, it is contained in the invariant part of B 


Inv(B) := {x EB: d(x, ,thheB ve} 


which is nonempty in this case. The set Inv(B) is an example of an isolated invariant set, 
i.e., a compact set which is maximal invariant in some of its neighborhood. (Obviously, 
the block itself is such a neighborhood for Inv(B).) In the above sense, isolating blocks 
have several other nice properties due to symmetry with respect to reversing the time-axis. 
(Sometimes they are defined only as compact Wazewski sets which are simultaneously 
isolating neighborhoods.) 

The first extensive research on isolating blocks for smooth flows appeared in 1971 in the 
paper [22] by Conley and Richard Easton. In that paper an important theorem was proved: 


FIRST CONLEY THEOREM. Each isolated invariant set is an invariant part of some iso- 
lating block. 


Also in 1971, Conley announced another important theorem (compare [19]): 


SECOND CONLEY THEOREM. /f S is an isolated invariant set then the homotopy type 
[B/B~ ,*] of the pointed space obtained from B by collapsing B~ to a point *, does not 
depend on the choice of an isolating block B such that S = Inv(B). 


(We refer to Section 5.2 for rigorous definitions of the notions involved in that state- 
ment.) A proof of the second Conley theorem appeared later in [18] (on the Cech cohomol- 
ogy level only) and in [21] in the full generality. Both the theorems ensure the correctness 
of the following 


DEFINITION 1.3. The Conley index of an isolated invariant set S, denoted by h(@, S), is 
defined as the homotopy type [B/B7, «] for an arbitrary isolating block B having S as the 
invariant part. 
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In the Conley’s publications the index appeared under the names homotopy index and 
generalized Morse index. The origin of the later name is the Morse theory. If f:M —> R 
is a Morse function and ¢ is the (local) flow generated by the gradient equation 


£=-VF(@) 


then each critical point x9 of f is also an isolated invariant set for @ and its Conley index 
h(@, {xo}) is equal to the homotopy type of the pointed k-dimensional sphere S*, where k 
is the Morse index of xo. (Recall that the Morse index is defined as the number of negative 
eigenvalues of the Hessian of f at x9.) Thanks to the above relation between the indexes, 
some results of the Morse theory were extended to the theory of isolated invariant sets. 

A simple application of the Wazewski lemma leads to the conclusion that if h(@, S) 
is nontrivial (i.e., it is not the homotopy type of a one-point space) then S is nonempty. 
The converse is not true in general (see Example 9.5) and in this respect the Conley index 
is not a better tool then the Wazewski method. The Conley index has the additivity and 
multiplicativity properties, which explain in which sense it “counts” solutions in S. The 
main advantage of the index is its continuation property: two isolated invariant sets (with 
respect to possibly different flows) which can be linked by a kind of homotopy, have the 
same Conley indices. This property is in an analogy to the homotopy properties of the 
Brouwer and Leray—Schauder degrees, and the fixed point index. It enables calculation of 
the index in a complicated system by its continuation to a simpler one. 


1.4. Review of the current exposition 


Our exposition is rather self-contained; we present almost all necessary definitions and we 
prove a majority of the stated results, although in a few cases we provide sketches of proofs 
only. 

In Section 2, we define the Wazewski set (Definition 2.4), state its main properties 
(Lemma 2.1) and state strong versions of the Wazewski theorem: Theorem 2.1 valid for 
local semiflows and Theorem 2.2, based on the notion of quasi-isotopic deformation re- 
tract (Definition 2.7), valid for local flows. Section 3 presents methods of construction 
of Wazewski sets for ordinary differential equations. In particular, so-called polyfacial sets 
and generalized polyfacial sets are defined (Definitions 3.1 and 3.4). Moreover, a version of 
the Wazewski theorem for equations without the uniqueness property and differential inclu- 
sions is stated (Theorem 3.1). The Wazewski method for local semiflows generated by re- 
tarded functional differential equations is described in Section 4, where the corresponding 
main results are Theorems 4.1 and 4.2. Some topological concepts are recalled in Section 5. 
They include the notions of the quotient space (Definition 5.1), the absolute and pointed 
homotopy types (Definition 5.2), absolute neighborhood retract (Definition 5.3), relative 
Lusternik—Schnirelmann category (Definition 5.6), and cup length (Definition 5.9). More- 
over, we recall the Lefschetz fixed point theorem (Proposition 5.6) and properties of the 
fixed point index (Proposition 5.7). In Section 6, we provide some general results on prop- 
erties of the sets of solutions given by the Wazewski method. In particular, Theorem 6.1 
estimates their category and Theorem 6.2 is a result on the existence of stationary points. 
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Section 7 presents the notion of isolating block (Definition 7.1) and its topological prop- 
erties. The related results on the category (Theorem 7.1), exact sequences (Theorem 7.3), 
cup-length (Theorem 7.4), stationary points of gradient-like local flows (Theorem 7.5), and 
fixed point index (Theorem 7.6) are given. Moreover, we define the notion of an isolating 
segment (Definition 7.4) and we prove Theorem 7.7, a related to that notion result on the 
fixed point index of the evolutionary map. In Section 8, we present three applications of 
results stated in previous sections. The first of them, Theorem 8.1, generalizes a result 
of Perron on linear equations, the second one is a result on the existence of solutions of 
two-point boundary value problems under the classical Bernstein—Nagumo condition (The- 
orem 8.2), and the last one is a result on the existence of chaotic dynamics (Theorem 8.3). 
An introduction to the Conley index theory is contained in Section 9. Definition 9.1 pro- 
vides the notion of an isolated invariant set, Theorems 9.1 and 9.2 of Conley lead to the 
definition of the index, and properties of the index are stated in Theorems 9.3 and 9.4. 
Some calculations of the index are given in Propositions 9.1 and 9.2, and an example of 
its applications is given in the proof of Proposition 9.3. Finally, in Section 9.4 we indicate 
extensions and improvements of the Conley index. 

The bibliography contains positions which usually directly refer to topics presented in 
this note and by far it does not pretend to be the complete list of books and articles on 
the Wazewski method and the Conley index. We point out that biographical information 
on Tadeusz Wazewski and Charles Conley can be found in the articles [54] and, respec- 
tively, [47]. 


2. Wazewski method for local semiflows and flows 
In this section we introduce the notion of a Wazewski set and we prove Wazewski type 


theorems in an abstract topological setting. For this reason we begin with the definitions of 
the basic concepts of the theory of continuous-time dynamical systems. 


2.1. Local semiflows and Wazewski sets 

Let X be a topological space. 

DEFINITION 2.1. A local semiflow on X is a continuous map ¢: D > X, where D is an 
open subset of X x [0, 00) such that for every x € X the set {t € [0, 00): (x,t) € D} is 


equal to an interval [0, w,) for some 0 < a, < 00, ift €[0, wy) then wg(.,4) = @, — t and 
the following equations hold: 


$(x,0) =x, (2.1) 
b(x,5 +1) = (G(s, x), 1). (2.2) 


If D= X x [0, o<) then ¢ is called a semiflow. 
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A local flow is a again a continuous map ¢: D > X, but now D is an open subset of 
X x R, for every x € X the set {t: (x, f) € D} 1s equal to an open interval (a, w,), where 


—00 <a, <0 <a, < OH, 


if t € (@y, @,) then agi, = ay —t and wg(x,4) = ©, — t, and Equations (2.1) and (2.2) 
hold. Finally, if D = X x R then a local flow is called a flow. 


Obviously, a restriction of a local flow D > X to DN (X x [0, 00)) is a local semiflow. 
Ordinary differential equations generate local flows in a well-known way provided they are 
autonomous and satisfy the uniqueness condition for solutions of the Cauchy problem. Ina 
similar way retarded functional differential equations (compare Section 4.1) and semilinear 
parabolic equations generate local semiflows. 

In the sequel we frequently use the following notation: we write ¢;(x) instead of }(x, t) 
and if A Cc X and J CR then we write #(A, J) instead of @(A x J). 

In the following definitions we assume that ¢ is a local semiflow on X. Let x € X. 


DEFINITION 2.2. The set 


b* (x) := (x, [0, w,)) 


is called the positive semitrajectory of x. If, moreover, ¢ is a local flow then the sets 


(x) = (x, (ay, x), 
b (x) := $(x, (x, 0]) 


are called, respectively, the trajectory and the negative semitrajectory of x. 
A map o:R-— X such that 


a (0) =x, br(o(t)) =o(t +7). 


is called a full solution through x. A set A C X is called invariant if for each x € A there 
exists a full solution o through x such that o(R) C A. The w-limit set of x is defined as 


w(x) := () o(x (x, [s, ox). 


sE[0,wx) 


Obviously, if o is a full solution through x then a(t) = ¢;(x) for t > 0 in the case of 
a local semiflow and for t € R in the case of a local flow. If x is a stationary point (i.e., 
ot (x) = {x}) then the constant map ¢ + x is a full solution through x. More general, if x is 
a periodic point (1.e., dr (x) = x for some T > 0) then the periodic extension of t +> ¢; (x) 
from [0, T] to the whole R is also a full solution. It is easy to prove that if w(x) 4 @ then 
necessarily w, = oo and w(x) is invariant. 
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Let ¢ be a local semiflow on X and let W C X. Two subsets of W are distinguished: 


Wo :={xeW: (x, [0,t]) ¢ Wt > 0}, 
W* := {x © W: At > 0: o& (x) ¢ Wh. 


DEFINITION 2.3. W7 is called the exit set of W. The complement of W* in W, i.e., the 
set W \ W* is called the asymptotic part of W. 


Clearly, W~ c W* and W \ W* consists of all points x € W such that the whole positive 
semitrajectory $(x, [0, @,)) is contained in W, which justifies its name. Note that if W is 
given, usually it is difficult to determine the set W* (hence also the asymptotic part), since 
one should follow the whole positive semitrajectory of every point x € W unless it reaches 
the complement of W. It is even difficult to check whether W \ W* is nonempty. The 
Wazewski method provides answers to that question in some reasonable situations. On 
the other hand, the set W~ can be determined easier, because in order to verify whether 
x € W~ one needs to know the position of ¢;(x) for t € (0, €), where ¢ > 0 is arbitrarily 
small. 


DEFINITION 2.4. We call W a Wazewski set provided 
(a) ifx e W,t > 0, and @(x, [0, t]) Cc W then #(x, [0, t]) C W, 
(b) W7 is closed relative to W*. 


That definition seems to be difficult to verify in practice, at least because it is difficult 
to determine the set W*. However, in the following result we indicate that in a reasonable 
case we do not need any information on W*: 


PROPOSITION 2.1. [fboth W and W~ are closed subsets of X then W is a Wazewski set. 


In Section 1.2, we defined the notions of egress and strict egress points for an open set 
in the phase-space (Definition 1.2) and with their help we stated the Wazewski theorem. 
Using the notion of a Wazewski set we can formulate more general results. In fact, it is 
easy to observe that if V is an open set and every egress point is a strict egress point then 
W := VUE isa Wazewski set, W~ = E, and W* = V* UE. In the following example we 
show that the above implication cannot be reversed. 


EXAMPLE 2.1. Consider the flow generated by the equation x = 1 on R. Put 


* 1 1 
n=1 


Here the set E consists of 0 and the points 1/2” for n > 1. It follows that 0 is not a strict 
egress point although E = W~ and V U E is a Wazewski set. 


In [11], there is an example illustrating a similar conclusion in which V is homeomor- 
phic to a ball in R?. 
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2.2. Properties of Wazewski sets 
Let W be an arbitrary subset of X. 
DEFINITION 2.5. The function o : W* — [0, co), 
o(x):= sup{t €[0, co): o(x, [0, t]) C w} 
is called the escape-time function of W. 
It follows by (2.1) and (2.2) that 
o(¢:(x)) =o(x)—-t, if0<t<o(x). (2.3) 


The most important properties of Wazewski sets (including the Wazewski lemma from 
Section 1.2) are summarized in the following 


LEMMA 2.1. If W is a Wazewski set and o is its escape-time function then 
(i) ifx € W* then do(x) (x) EW, 
(ii) x € W~ ifand only if x € W* and o (x) = 0, 
(ili) o is continuous, 
(iv) W* is open relative to W. 


Proor. Ad (i). It is clear that if x € W* then (x, [0,0(x)]) C W, hence do(x)(x) € W 
by (a). Moreover @(x, [0,0(x)+1]) Z W for every t > 0, hence, by (2.2), do(x)(x) EW. 
Thus (i) is proved. 

Ad (ii). Ifx € W~ then, clearly, o (x) = 0. On the other hand, if (x) = 0, then x € W~ 
by (2.1) and (i), hence (ii) follows. 

Ad (iii). For the proof of (iii) assume that x € W* and ¢ > 0. At first we prove that there 
exists a neighborhood U of x such that o(y) < o(x)+ e for every ye UN W*. Indeed, 
o(x,[0,0(x)+8]) ¢ W, hence, by (a), there exists at € [o(x), o(x) +e] such that ¢; (x) ¢ 
W. By continuity of ¢, there exists a neighborhood U of x such that ¢,(U) € X \ W. It is 
clear, that o(y) <t forevery y ¢ UN W%, hence the assertion follows. 

Now we prove that there exists a neighborhood V of x such that o(x) —e <o(y) ifye 
VOW. There is nothing to prove in the case a (x) = 0, hence we can assume without loss 
of generality that 0 < ¢ < o(x). Let t € [o(x) — €,0(x)). Then o(x, [0, t]) CW* \ Wo. 
By (b), there is an open set Z such that ZM W* = W* \ W—. By a standard argument, the 
continuity of @ and the compactness of [0, f] imply the existence of a neighborhood V of x 
such that @(V, [0, t]) C Z. Let ye VN W*. By (1), doy (y) € W. Since W~ is disjoint 
from Z, o(y) > ¢ and the proof of (iii) is finished. 

Ad (iv). Finally, in order to prove (iv) assume that x € W*. By (i) and (a) there exists a 
t > o(x) such that ¢;(x) ¢ W. Thus, if y belongs to some neighborhood of x then ¢;(y) ¢ 
W and the proof of the lemma is finished. 
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We consider also the extended escape-time function given by 
ot:Wax> sup{t > 0: (x, [0, t}) SG w} € [0, ov]. 


Actually, that function is not continuous even if W is a compact Wazewski set as an obvious 
example, in which a stationary point belongs to the closure of W~, shows. However, the 
following statement can be easily proved: 


LEMMA 2.2. Ifboth W and W~ are compact then o* is continuous. 


PROOF. Since W is compact, o*(x) = oo if and only if x ¢ W \ W*, hence, by 
Lemma 2.1 (iii), it suffices to prove that oT is continuous at each x9 such that 0 * (x9) = 00. 
The required continuity follows from the fact that Inv* (B) is compact (see Lemma 2.1 (iv) 
and disjoint from W. Indeed, if r > 0 then there exists an open neighborhood U of xo in 
W such that $(y, [0,r]) 1 W~ =, hence ot (y) >r for every y € U. 


2.3. Versions of the Wazewski theorem 


The Wazewski theorem appears in the literature in various forms and each of them is a 
direct application of Lemma 2.1 stated above, especially its part (iii) (i.e., the Wazewski 
lemma). Our purpose is to formulate the theorem in a form convenient for applications. In 
fact, we present two theorems. The first one is a direct generalization of the main theorems 
of [85] and [20] obtained in a possibly most “economic” way. It is sufficient for a great 
majority of applications existing in the literature. However, as we show in a relatively 
simple example, it is sometimes convenient to have its stronger version and such a version 
will be presented at the end of the current section. In any case we should extend the notion 
of a strong deformation retract given in Definition 1.1. To this purpose we follow the ideas 
from the papers [58,62]. 
Assume that X is a topological space and A and B are subsets of X such that A Cc B. 


DEFINITION 2.6. A is called a strong deformation retract of B in X if there exists a 
continuous map h: B x [0, 1] — X (for which we also write h;(x) instead of h(x, t)) such 
that 

(a) h(x, 0) = x for every x € B, 

(b) A(x, t) =x for every x € A and t € [0, 1], 

(c) h\(B) CA. 


Obviously, in the case B = X, A is a strong deformation retract of B in the usual sense 
(see Definition 1.1). Moreover, if A is a strong deformation retract of B in X then A isa 
retract of B, if X’ > X then A is also a strong deformation retract of B in X’, and if A 
is a strong deformation retract of X then A is also a strong deformation retract of B in X 
for every B such that A C B Cc X. A comparison among various types of retracts can be 
visualized on Figure 4. Here X is the grey rectangle with a hole, A is its bottom edge, and 
L and R are the circles—only R surrounds the hole. It is readily seen that A is a strong 
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Fig. 4. 


deformation retract of AUL in X, A is aretract of AU R, and A is not a strong deformation 
retract of AU Rin X. 

In the following sequence of results we assume that 

e W isa Wazewski set, 

e o is the escape-time function of W, 

e Z isasubset of W, 

e Y isasubset of W~ such that ZN W~ CY. 


THEOREM 2.1 (Wazewski theorem—an improved statement). Jf Y is not a strong defor- 
mation retract of ZU Y in (W\ W~)UY then there exists an xp € Z such that 

e either @* (xo) CW\ W-, 

e or else xo € W* and dbo (x9)(xo) € W \ Y. 


PROOF. Assume that the conclusion is false. It follows that ZC W* and for every x € Z 
its consequent bg (x)(x) is contained in Y. For every x € Z UY and every s € [0, o(x)] the 
point ¢s(x) ¢ W~ \ Y, hence, by Lemma 2.1, the map 

(ZUY) x [0, 1] 3 @, 1) > drop) € (W\W)UY 


is continuous and satisfies (a)-(c) in Definition 2.6 contradictory to the assumption, hence 
the result follows. 


As an immediate consequence we get 
COROLLARY 2.1. If Y is nota retract of ZUY then the conclusion of Theorem 2.1 holds. 


Theorem 2.1 does not follow from Corollary 2.1 as an example based on Figure 4 shows. 
The original Wazewski theorem stated in Section 1.2 is a corollary of the above one. We 
repeat it below in a more general setting (as we already mentioned in Section 2.1, Wazewski 
sets naturally generalize the sets considered in [85]). 


COROLLARY 2.2. If ZY is a retract of Y and ZY is not a retract of Z then the 
conclusion of Theorem 2.1 holds. 
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PROOF. It suffices to prove that under the imposed hypotheses there is no retraction Z U 
Y = Y. Indeed, if there exists a retraction of Z UY onto Y, its composition with a retraction 
Y > ZNY provides a retraction Z + ZY contrary to the assumption. 


In the case Y = W~, there is an essential simplification in the statement of Theorem 2.1: 


COROLLARY 2.3. If W~ is not a strong deformation retract of Z\.U W~ in W then there 
exists an xp € Z such that b* (xo) C W. 


In particular, the version of the Wazewski theorem given in [20] is the following 


COROLLARY 2.4 (Wazewski theorem—the Conley’s version). Jf W~ is not a strong de- 
formation retract of W then there exists an x9 € W such that 6* (xo) C W. 


In the case of compact W one can get the full solution contained in W. 
COROLLARY 2.5. Let W be a compact set. If W~ is not a strong deformation retract of 
W then there exists an xo € W such that 6 4 w(xo) C W. In particular, W contains a 


nonempty invariant set. 


PROOF. By Corollary 2.4, there exists an x such that ¢* (x) C W. Since W is compact, 
the w-limit set of x is nonempty. Since the latter set is invariant, the result follows. 


Throughout reminder of this section we will consider local flows. The last version of the 
Wazewski theorem presented in this section is due to Andrzej Plis in [62]. In order to state 
it, we again modify the notion of a strong deformation retract. Let X be a topological space 
and let A be a subset of BC X. 


DEFINITION 2.7. A is called a guasi-isotopic deformation retract of B in X if there exists 
a continuous map : B x [0,1] > X such that the conditions (a), (b), and (c) in Defini- 
tion 2.6 are satisfied, and 

(d) Bax > h,;(x) €h;(B) is ahomeomorphism if 0 < t < 1. 


In the case B = X we simply call A a quasi-isotopic deformation retract of X. Obvi- 
ously, a quasi-isotopic deformation retract of B in X is a strong deformation retract of B 
in X. The following version of the Wazewski theorem essentially appeared in [62]. 


THEOREM 2.2 (Wazewski theorem—the version of Plis). Let @ be a local flow. If Y is 
not a quasi-isotopic deformation retract of ZUY in (W\ W~)UY then the conclusion of 
Theorem 2.1 holds. 


PROOF. We assume that the conclusion is false. It follows that Z C W* and ¢o(x)(x) € Y 
for x € Z. As in the proof of Theorem 2.1, for x € ZU Y and t € [0, 1] we put 


h(x, t):= (x, to(x)) 
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and using Lemma 2.1 we conclude that h(x, t) € (W \ W~) UY and A is continuous and 
satisfies (a)—-(c) in Definition 2.6. Thus, in order get a contradiction by proving that Y is 
a quasi-isotopic deformation retract of ZU Y in (W \ W~) UY it remains to prove that 


if t < 1 then A; is a homeomorphism as a map ZU Y > h;(Z UY). Fix t < | and for 
yeh (ZUY) put 


a(y) = $(y, -—A 1) 't0(y)). 

Let y=h;(x) and x € Z UY. Since o(y) = (1 — t)a (x) by (2.3) and y= (4, ta(x)), 
g(y) = @(y, -to(x)) = x. 

It follows that g:h;(Z UY) > ZUY and g oh; is equal to the identity. On the other hand, 
(hy 0 g) (Ie (x) = hi (x), 


hence h; 0 g is equal to the identity on h;(Z UY). Thus h; is a homeomorphism (and g is 
its inverse), which concludes the proof. 


Obviously, Theorem 2.2 implies Theorem 2.1 as a corollary in the case ¢ is a local flow. 
Using an example based on Figure 5, below we indicate that it is a stronger result. 


EXAMPLE 2.2. Let the phase-space of a local flow be equal to R? and let W be equal 
to a cube as shown on Figure 5. Assume that the shaded rear and front sides of the cube 
form the exit set W~. Let the set Z consists of two linked disjoint arcs, each of them is 
attached by its ends to one of the components of W~. We claim that there exists a positive 
semitrajectory starting in Z and contained in W. 


Fig. 5. 
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Corollary 2.3 is useless in attempts to prove the claim because W~ is a strong deforma- 
tion retract of ZU W 7 in W. Indeed, it suffices to push each of the components of Z to the 
corresponding side of the cube. Nevertheless, we assert that W~ it is not a quasi-isotopic 
deformation retract of ZU W7 in W, hence, by Theorem 2.2, there is a required positive 
semitrajectory. 

In order to verify the assertion, assume on the contrary that W~ is a quasi-isotopic 
deformation retract of ZU W7 in W and denote by / an associated homotopy which 
satisfies the conditions (a)-(d). Let I, and I be two sets homeomorphic to the circle 
S', each of them is contained in a different components of ZU W~ and surrounds the 
corresponding hole. Thus the linking number (compare [17, II.15] in the smooth case or 
[28, VII.4.17] in the purely topological setting) of I and I is equal to +1. On the other 
hand, since both the sets are compact, / is continuous, and (c) is valid, there exists an e > 0 
such that if 1 — « < ft < 1 then each of the sets h;(I;) is so close to the side to which it 
is attached that there is no link between h;(I) and h;(1). Thus their linking number is 
equal to 0. This is a contradiction, since hs(I) Nhs (I>) = @ for every s € [0, ft] by (d), 
which implies that the linking number is preserved under the continuation over the interval 
[0, t]. 


REMARK 2.1. In Example 2.2, we concluded by Theorem 2.2 that for every local flow 
there is a positive semitrajectory starting at Z and contained in W. Actually, in this ex- 
ample the same conclusion holds for local semiflows. Indeed, this is a consequence of the 
homotopy property of the linking number and the modified Theorem 2.2 valid for local 
semiflows, for which the notion of quasi-isotopic deformation retract is changed by substi- 
tuting the condition 
(e) ifx, ye B,t <1, and h,(x) = h;,(y) then hs (x) =hs(y) for every s € (t, 1], 

instead of (d) in Definition 2.7. 


3. Wazewski method in ordinary differential equations and inclusions 


Abstract local flows and semiflows, for which we describe the Wazewski method in Sec- 
tion 2, arise in the theory of differential equations. Here we present how to construct 
Wazewski sets in ordinary differential equations and give some extensions of the method 
to equations which do not generate local semiflows. 


3.1. Polyfacial sets 


A usual construction of Wazewski sets is based on existence of functions which behave 
similarly to Liapunov functions on some parts of their zero-levels. In the sequel by M 
we denote a smooth (i.e., of C® class) Riemannian manifold without boundary, by TM 
its tangent bundle, by the dot - the induced scalar product in each tangent space 7M, 
and by V f(x) the corresponding gradient of a function f:M — R differentiable at x. 
Let v be a vector-field on M, i.e., a continuous map v: M — TM such that v(x) € TM 
for every x € M. Let p and q be nonnegative integers, p+ q > 1, and fori =1,...,p 
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and j =1,...,q let £' and m/ be continuous functions M — R of C!-class in some 
neighborhoods of their zero levels. Put 


V:={xeM: U(x) <OVi=1,..., p, mi(x) <0Vj=1,...,q} 
and for the above i and j define 


Li := {xe aV: £'(x) =0}, (3.1) 
M/ := {x €aV: m/(x) =0}. (3.2) 


(We do not exclude the possibility p = 0 or g = 0; in such a case one of the corresponding 
families of functions and sets is empty.) 


DEFINITION 3.1. The set V is called a polyfacial set determined by the set of functions 
{t', m/}. If, moreover, 


v(ix)-Véi(x) > 0, ifxeLi, (3.3) 
v(x): Vmi(x) <0, ifxeM/ (3.4) 


for every i= 1,..., p and every j = 1,...,q then it is called a polyfacial set for the 
vector-field v (or, alternatively, for the differential equation (1.1)). 


The concept of a polyfacial set comes from the original paper [85]. In that paper the sub- 
sets L' were called its positive faces, while M/ were its negative faces, which terminology 
is justified by (3.3) and (3.4). (Here we try to avoid that terminology because, as we will 
see soon, L! is contained in the exit set V_.) 

Throughout reminder of this section we assume that V is the polyfacial set for v deter- 
mined by {€', m/}. Assume that Equation (1.1) generates a local flow @. It follows by (3.3) 
that if x € L’ then there exists an ¢ > 0 such that €'(;(x)) > 0 (hence ¢;(x) ¢ V) for each 
t € (0, €) and £'(¢;(x)) < 0 for each t € (—e, 0). If x € M/ then (3.4) implies the reversed 
inequalities for m/(@;(x)). Recall, that in Definition 1.2 we provided the notions of strict 
egress, strict ingress, and outer tangency points on the boundary of a given open set. 


PROPOSITION 3.1. [fx € AV then 
(i) x is a strict egress point if and only if x € L' for somei=1,..., p and x ¢ M/ for 

every j=1,...,q, 

(ii) x is a strict ingress point if and only if x € M/ for some j =1,...,q andx ¢L' 
for everyi=1,..., p, 

(iii) x is an outward tangency point if and only if x € L'N M/ for somei=1,..., p 
and j =1,...,4q, 

(iv) x is a strict egress or strict ingress, or outward tangency point (hence no other 
possibility holds). 
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PROOF. Letx € dV. 

Ad (i). Assume that x is a strict egress point. Then x ¢ M/ for every 7. Since 
po 4 ; 
avc(JuiulLJm, (3.5) 
=1 j=1 


i= 


the implication from the left to the right follow. On the other hand, assume that x € L'° 
for some ig and x ¢ M/ for every j. One has ¢'(x) < 0 for every i and m/(x) < 0 for 
every j since x € V. It follows by the assumption that m/(x) < 0 for every j, hence also 
m/ (g;(x)) < 0 for t <0 such that |f| is small. If €/(x) < 0 then, as before, £'(;(x)) <0 
for t < 0 with |t| small. The other possibility ¢'(x) = 0 implies that o(x, (0, ¢;)) C \V 
and €'(¢;(x)) < 0 if —e; < t <0 for some ¢; > 0. Thus, there exists an ¢ > 0 such that 
or (x) € V if —e <t <0. Moreover, d(x, (0, &i9)) C \V, hence the result follows. 

Ad (11). After reversing the time-direction it follows from (i). 

Ad (iii). Assume that x is an outward tangency point. It follows by (3.5) and (i) and (ii) 
that x € L' for some i and x € M/ for some j. The other implication is obvious. 

Ad (iv). It follows by (3.5) and (i), (ii), and (iii). 


Denote by E the set of strict egress points and by T the set of outward tangency points. 
As an immediate consequence of Proposition 3.1 we get the following equations 


P q 
e=VUu'\ Um, (3.6) 
i=l j=) 
P . 
EuTs|(Ju'. (3.7) 


Proposition 3.1 indicates also which subsets of V are Wazewski sets. Usually there are 
infinitely many of them. In the following straightforward result two of them are distin- 
guished: 


PROPOSITION 3.2. 
(i) The set V U E is a Wazewski set and its exit set is equal to E. 
(ii) The set V is a Wazewski set and its exit set is equal to EUT. 


The sets considered in [85] assumed the form (i). Wazewski sets obtained from polyfa- 
cial sets have an advantage in comparison to some other constructions: they are stable with 
respect to small perturbations of the vector-field (since the inequalities (3.3) and (3.4) are 
strict). In the following definition we distinguish a special class of polyfacial sets. 


DEFINITION 3.2. Let V be a polyfacial set determined by {e, m!}. It is called regular if 
for every x € OV the set {V0 (x),..., VE" (x), Vi! (x), ..., V/s (x)} is linearly indepen- 
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dent provided 1 <i) <--- <i, < pand|l< jj <--- < js <q, and 


Visa Se lene Ol; 


(jie eI St PH Leis gee OSU. 


REMARK 3.1. If V is a regular polyfacial set then V is a topological submanifold with 
boundary in M and the exit set V. = E UT isa topological submanifold of dV. In partic- 
ular, all homology and cohomology functors for the pair (V, V_) coincide. One can prove 
that for every such functor H, 


H(V,V )=H(VUE,E). 


If, moreover, p = q = 1, i.e., V = {€ <0, m < 0} then the set V is a C!-class submanifold 
with corners and the exit set is a C!-class submanifold with boundary. 


In practice, the Wazewski method is most frequently applied to non-autonomous equa- 
tions. Let U be an open subset of R x M and let w: U > TM be time-dependent vector- 
field, i.e., a continuous map such that w(t, x) € T;M for every (t,x) € U. Assume that it 
generates the equation 


x= w(t,x) (3.8) 


for which the Cauchy problem x (to) = xo has the unique solution. We consider the induced 
system 


i=1, 
(3.9) 


x= w(t, x) 


in the extended phase space U and the vector-field v := (1, w) on its right-hand side. All 
the previous results can be applied to v since U is also a manifold without boundary. In the 
case M = R” the inequalities (3.3) and (3.4) assume the forms 


ae! = ae! i 

ant Do Fgh KEY) >0, if(t,x)eEL', (3.10) 
k=1 

ami “ami 

Gt FG welt, x) <0, if (t,x) © MI. (3.11) 
k=1 


In particular, the set {(t,x, y) € R?: |x| < 1, |y| < 1} considered in Example 1.1 and 
shown on Figure 2 is a polyfacial set determined by the functions 


Cte Dik = 1, mi(t,x,y)e yr] 
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and the set {(t,x, y) € R?: t <1, |x| < 1, |y| < 1} in Example 1.2 (see Figure 3) is a 
polyfacial set determined by the functions 


@:Gx,9) hb 2? 1, 2 :(t,x, yet, mi(t,x,y)K y—l. 


3.2. Equations without the uniqueness property and differential inclusions 


Using polyfacial sets, in this section we extend the Wazewski method to the case in which 
the vector-field v: M — TM does not satisfy the uniqueness property of the initial value 
problem (1.1), (1.2). Since it does not involve any essential difficulty, we will extend the 
Wazewski method even further: we will consider differential inclusions. The idea of an ex- 
tension to equations without uniqueness comes from the original paper [85] of Wazewski, 
while the extension to differential inclusions was initiated by Bielecki in [12] (he used the 
term paratingent equations). Our presentation is based on the Bielecki’s approach. 

As in Section 3.1, we assume that M is Riemannian manifold with a given metric. Let F 
be a multivalued vector-field on M, i.e., for every x € M we assign a nonempty compact 
and convex set F(x) C T; M. In what follows we assume that F' is upper semi-continuous, 
i.e., for every x € M and every « there exists a neighborhood U of x such that if ye U 
then F(y) is contained in the e-neighborhood N(F (x), €) of F(x) in TM. (In particular, 
every single-valued continuous vector-field has that property.) By a solution of a differen- 
tial inclusion 


<€ F(x) (3.12) 


we mean an absolutely continuous mapping tf +> x(t) defined in some interval such that 
x(t) € F(x(t)) for almost every tf. We assume also that the domain of x is maximal, ie., 
the solution is saturated. 

Below we assume that V be a polyfacial set determined by {¢’, m/},i=1,...,p, 7 = 
1,...,¢, p+q > 1, and the sets L', M/, and let E are given by, respectively, (3.1), (3.2), 
and (3.6). 


DEFINITION 3.3. V is called a polyfacial set for (3.12) if for every i and /, 


y-Véi(x)>0, forall ye F(x) andx e€ L’, 
y- Vins (x) <0, forall ye F(x) andxe M/. 


In the sequel we assume that V is a polyfacial set for (3.12). Our aim is to prove the 
following extension of the Wazewski theorem, which essentially were given in [12]: 


THEOREM 3.1. Let Y C EandZ CV UY. Assume that Z and E \ Y are compact and Y 
is not a quasi-isotopic deformation retract of ZU Y in V U E. Then there exists a solution 
x of (3.12) such that x(0) € Z and 
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e either x(t) € V forallt >0 _ 
e or there exists a ty > 0 such that x(t) € V ift € [0, to] and x(to) Ee E\ Y. 


PROOF. We will base on the results stated in [4], although they concern the case M = R” 
only. In the case of an arbitrary manifold M they can be stated in a similar way. Let vp, be 
a sequence of locally Lipschitzean vector-fields such that their graphs in TM approximate 
the graph of F and preserve the strong inequalities (3.3) and (3.4) (compare [4, Theo- 
rem 1.12.1]). By Theorem 2.2, for each n either there exists a point x, € Z such that the 
solution of the equation 


X = n(x) 


starting at x, remains in V or there exists an y, and ¢, > 0 such that the solution starting 
at y, remains in V for t € [0,f,) and yp(t,) € E \ Y. At least one of the sequences {x} 
and {y,} must be infinite. An accumulation point of that infinite sequence has the required 
properties (compare First Proof of Theorem 2.1.3 in [4]; observe moreover that the time fo 
in the conclusion is positive since the distance between Z and E \ Y is nonzero). 


We get the following corollary as an immediate consequence of the theorem in the case 
Y=E: 


COROLLARY 3.1. fH(V UE, E) £0, where H is the singular homology functor with 
coefficients in a given ring, then there exists a solution x of (3.12) such that x(t) € V for 
allt > 0. 


PROOF. Indeed, by the assumption there exists a singular chain c in V U E which is a 
homologically nontrivial cycle with respect to the pair (V U E, E), hence its support Z := 
|c| cannot be continuously deformed to E'. Thus Z is compact and satisfies the assumption 
of Theorem 3.1, hence the result follows. 


The questions concerning the existence of solutions contained in a given set are im- 
portant in the theory of differential inclusions; the area of research related to them bears 
the name viability theory (compare [3,4]). In that theory, a set W is called viable at xo if 
xo € W and there exists a solution x with x(0) = x9 and x(t) € W for all t > 0. 

Apart from the Bielecki’s paper, Wazewski-type theorems for equations without unique- 
ness and differential inclusions appeared in several publications, compare for example [6— 
9,40,43]. Opposite to the approximation argument in the above proof, a purely topological 
approach based on set-valued retractions was frequently presented and the obtained re- 
sults were limited in practice to questions of lack of connectedness. Recently, in the paper 
[35], Gabor and Quincampoix applied homology theory methods for admissible multival- 
ued mappings (see [33]) to obtain stronger results in that topological setting. In particular, 
[35] contains a theorem similar to Corollary 3.1 valid for closed sets which resemble the 
Wazewski ones. We state it below. 

Assume that M = R”. F is a called a Marchaud map if there exists a C > 0 such that 


sup{|y|: ye F(y)} < C(1 + [xl) 
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for every x € R”. For x9 € R” denote by Sr(xo) the set of solutions of the initial value 
problem (3.12), (1.2). We extend the notion of exit set and escape-time function to the case 
of differential inclusions; for W Cc R” put 


W~ := {xo € OW: Ax € Sp(xo) Wt > 0: x([0, t]) ¢ W} 
and for each solution x of (3.12) satisfying x(0) € W define 
X (x) :=sup{t > 0: x([0, t]) € W}. 


THEOREM 3.2 (compare Theorem A and Remark 2.1 in [35]). Let F be a Marchaud map 
and let W and W~ be closed subsets of R". Assume that for every x9 € W~ and every 
x € Sr(x0), 


x([0, S(x)]) c W~ 


provided (x) < o. If HW, W~) #0 then there exists a solution x of (3.12) such that 
x(t) € W for allt > 0, where H denotes the Cech homology functor with compact supports 
and coefficients in Q. 


In the case of Marchaud maps, Theorem 3.2 generalizes Corollary 3.1 if the considered 
polyfacial set V is regular (see Definition 3.2) and the ring of coefficients of H is equal 
to Q. Indeed, in that case the Cech and singular homologies coincide by Remark 3.1, but 
Theorem 3.2 allows empty interior of W and sliding along W~. In the next section we 
indicate that for regular polyfacial sets there is a stronger version of Corollary 3.1 which 
also allows sliding along the boundary. 


3.3. Weak inequalities in polyfacial sets 


The proof of Theorem 3.1 was essentially based on the strong inequalities (3.13) and (3.13). 
One can ask whether the replacement of those strong inequalities by the weak ones still 
provides results similar to that theorem. That question was considered in the paper [37]; 
in particular, for regular polyfacial sets. The following version of the Wazewski theorem is 
based on [37, Theorem 3]. 


THEOREM 3.3. Let V be a regular polyfacial set determined by {¢', m/}, and let Li, M', 
and E be given by, respectively, (3.1), (3.2), and (3.6). Let Y and Z satisfy the assumptions 
of Theorem 3.1. Assume moreover that F is a multivalued vector-field such that the weak 
inequalities 

y- Vei(x) >0, for all y € F(x) andx € L', 

y- Vmi (x) <0, forall y € F(x) andx € M/, 


are satisfied for every i and j. Then the conclusion of Theorem 3.1 holds. 
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PROOF. The idea of a proof is to add to the right-hand side of (3.12) a sequence of pertur- 
bation terms of the form ¢,h, where h is a bounded vector-field satisfying 


h(x): Véi(x)>0, ifxe Li, 
h(x): Vmi(x) <0, ifxe M/, 


for every i and j, and ¢, is a sequence of continuous, positive-valued functions such that 
on tends to zero uniformly on compact sets. It follows that one can apply Theorem 3.1 to 
the inclusions 


x€ F(x) + dnQ)h(x). 


As in the proof of Theorem 3.1, the required point x9 is obtained as an accumulation point 
of the obtained sequence of points. The vector-field h can be constructed as follows: for 
every xg in the boundary of V find a vector w such that 


w- Ve (xo) > 0, w-Vmi (xo) <0 


if €'(x) = 0 and m/ (xo) = 0. Such a vector exists thanks to the linear independence of 
the gradients (in order to verify that assertion one can adapt the argument in the proof of 
Farkas Lemma in linear programming). The vector w can be extended to a vector-field 
in a neighborhood of x9 such that the strong inequalities are preserved. Those vector- 
fields defined locally can by glued using a partition of unity to the global vector-field 
satisfying the required properties. Details of the construction in the case M = R” can be 
found in [37]. 


3.4. Generalized polyfacial sets 


Let us return to the case in which v: M > TM isa vector-field on the Riemannian mani- 
fold M. If v generates a local flow ¢, one can still obtain a Wazewski set on the similar way 
to the one described in Section 3.1 ifa more general type of inequalities then (3.3) and (3.4) 
occurs. Letn: M —> R bea C!-function, let N be equal to the set {x € M: n(x) < 0}, and 
let x9 € N be such that 


v(x) - Vn(xo) = 0. (3.13) 


In order to get the outward tangency property of the trajectory of xo with respect to N, the 
value of the function t + n(¢;(x0)) should assume a sharp local minimum at t = 0. This 
is guaranteed if its second derivative at t = 0 exists and is positive (or, more generally, the 
lowest-order nonzero derivative is even and positive). By a simple calculation we conclude 
that the second-order criterium is satisfied if the function 


v-Vn:M3ax—> Vn(x)- v(x) ER 
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is differentiable at x9 and the condition 
v(xo) - V(u- Vn) (xo) > 0 (3.14) 


holds. That observation leads to the following generalization of the notion of polyfacial set 
(compare [24,25]). Let p+-q+r> land let ¢' fori=1,..., p,m/ for j =1,...,q, and 
n* fork =1,...,r be continuous functions M — R of C!-class in some neighborhoods 
of their zero levels. Similarly as in Section 3.1, put 


V:={xeM: E(x) <0Vi, mi(x) <0Vj, n*(x) <0 Vk}, 
Li :={x av: (x) =0}, 

Mi := {x €aV: mi (x) =0}, 

N* = {x € dV: n*(x) =0}. 


DEFINITION 3.4. The set V is called a generalized polyfacial set determined by 
{¢', m/,n*}. It is called a generalized polyfacial set for v (or, alternatively, for (1.1)) pro- 
vided the inequalities (3.3) and (3.4) hold for every i= 1,..., p and j = 1,...,q, and, 
moreover, for every k = 1,...,7 the function v - Vn‘ is of C!-class in a neighborhood of 
its zero level, and for every x € N* one of the following conditions is satisfied: 


v(x) - Vnk (x) > 0, (3.15) 
v(x) - Vnk (x) <0, (3.16) 
v(x)- Vnk(x) =0, v(x) V(v- Vn*)(x) > 0. (3.17) 


In the case M = R", the expressions which appear on the left sides of the inequalities 
assume the forms 


k & ank 
v(x): Vn" (x) = ) an OM (x), (3.18) 
i=1 "" 


n 


a2nk 
v(x) V(Vak -v))y= So ( 


Oxj 0X j 
ja 0 


ank Au; 
(xj (x)vj(x) + aa Og OM 9) 
(3.19) 
whenever their right-hand sides are defined. They can be directly translated to the case 
of Equation (3.9) in R”*! in order to get analogous inequalities to (3.11) and (3.10). In 
particular, for a scalar second order equation 
x” = g(t, x,x’), (3.20) 


where g :IR* — R is continuous, the corresponding equation of the form (3.9) is given by 


i=1, x=y, y= alt, x, x’), (3.21) 
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ie., v(t, x, y)= (1, y, g(t, x, x’)), and the counterparts of (3.18) and (3.19) are 
v(t, x, y)- vnk (t,x, y) 


ank ank ank 
= “ag ere y+ aus yy+ By y)gtt, x,y), (3.22) 


v(t, x, y)- V(Vnk . v)(t,x, y) 


a2nk k 
a (t,x) mi x) | Ws Laer eee (3.23) 
Pmt.x) [LY] ox 


=(4 y] 


eat 7 (t,x) 
Let us return to the general case and fork = 1,...,r define 


NK := {x € N*: x satisfies (3.15)}, 
Ni := {x € N*: x satisfies (3.16)}, 
No := {x € N*: x satisfies (3.17)}. 


Assume again that v generates a local flow ¢, 1.e., (1.1) satisfies the uniqueness property of 
the corresponding Cauchy problem. Taking into account remarks on the beginning of the 
current section, by an argument similar to the one in the proof of Proposition 3.1 one can 
observe that the sets of strict egress points E and the set of outward tangency points T of 
V are determined by 


P F q r 
- (Yee m)\ (Um uot und). (3.24) 
i=l k=1 j=) k=1 


Pp r 
EUT=|JriuL (ni unNg) (3.25) 
=I, k=1 


and the same assertion as in Proposition 3.2 holds: 


PROPOSITION 3.3. Jf V is a generalized polyfacial set for v then: 
(i) the set V UE is a Wazewski set and its exit set is equal to E, 
(11) the set V is a Wazewski set and its exit set is equal to E UT. 


REMARK 3.2. If V is a generalized polyfacial set is determined by only one function n, 
ie., V = {n < 0}, and Vn(x) 40 for every x such that n(x) = 0 then V is a C!-class 
submanifold with boundary in the phase-space M andthe set V_ is a C!-class submanifold 
with boundary in dV. Moreover, the same properties on homology or cohomology as stated 
in Remark 3.1 hold. 
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REMARK 3.3. Let V be a generalized polyfacial set for (1.1). If (1.1) satisfies the unique- 
ness property then Theorem 2.2 holds for the sets described in Proposition 3.3. On the other 
hand, if it does not satisfy the uniqueness property, a theorem similar to Theorem 3.1 can 
be formulated for those sets provided there is a sequence of locally Lipschitzean vector- 
fields v, approximating v such that (3.15), (3.16), and (3.17) with v replaced by v, hold 
on, respectively, N‘, N 2 and Né . This can be justified by analyzing the argument in the 
proof of Theorem 3.1. 


4. Wazewski method for retarded functional differential equations 


Now we consider local semiflows generated by retarded functional differential equations 
(RFDEs). We provide results concerning the Wazewski method for those equations which 
go beyond direct substitutions of the abstract Wazewski-type theorems from Section 2 to 
those semiflows. 


4.1. Local semiflows generated by RFDEs 


Let M be a Riemannian manifold. For each continuous function x: J — M, where J C 
R, and for each t € R put x;(t) := x(t + T) whenever it is defined. For some r > 0 let 
C := C([-r, 0], M) be the set of continuous mappings u :[—r, 0] > M endowed with the 
topology of uniform convergence. Let F :C — TM bea continuous map such that F(u) € 
To) M for every u € C. By a solution of the retarded functional differential equation 


x(t) = FQ) (4.1) 


we mean a continuous function x :[—r,@) — M such that (4.1) is satisfied for t € [0, w) 
and w > 0 is maximal. (Here and in the sequel x(t) denotes the right-hand side derivative 
in the case ¢ is equal to the left end of the interval in which x is defined.) Moreover, if for 
every u € C there is the unique solution x of (4.1) satisfying the initial condition 


*|[=r,0] = (4.2) 


then the right end of the domain interval of x is denoted by wy, (i.e., x:[—r, @u) > M) 
and for t € [0, w,) we define d(u, ft) := x; (hence, in particular, d(u, t)(0) = x(t)). The 
mapping @ defined in this way is a local semiflow on the space C. 

Now let us consider a nonautonomous equation, 1.e., an equation of the form 


X(t) = G(t, x1), (4.3) 


where G: U — TM is continuous on an open subset U of R x C and G(t, u) € T,(0)M for 
every (t,u) € U. In this case the description of the corresponding local semiflow is slightly 
more complicated. Let (o, uw) € U and let x:[o —r,w) > M be a solution of (4.3) (ie., x 
satisfies the equation on [o, w) and w > o is maximal) which satisfies 


Xo |[—r,0] = U. (4.4) 
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In this case we call x a solution of (4.3) with the initial condition (0, u). If for every (0, u) 
there exists the unique such solution x, we define @,,,) in such a way that 


0 + @(o,u) = W 


(recall that w is the right end of the interval of the existence of x) and for t € [0, @,y)) we 
put 


v((o, u), t) == (0 +1, Xo+41). 


It is easy to check that w obtained in this way is a local semiflow on U. 


4.2. Wazewski-type theorems for RFDEs 


Our presentation of the basic results concerning the Wazewski method in Section 2.3 was 
purely topological, hence it also directly applies to local semiflows described in the previ- 
ous section. However, since their phase-spaces are infinite-dimensional, usually the theo- 
rems given in Section 2.3 have limited applications, at least because the sphere in such a 
space is a retract of the ball. Therefore one should provide separate Wazewski-type theo- 
rems more suitable for retarded functional differential equations. To this aim we will follow 
an idea in the paper [67] by Rybakowski. Actually, it was preceded by [57], in which con- 
sidered conditions were too restrictive, and [49], where the idea later used in [67] appeared 
in a special case. We will not provide Rybakowski’s approach in the full generality, be- 
cause it would require the introduction of several new concepts, but we rather concentrate 
on results which can be directly used in applications. 

In the current section we assume the uniqueness of the Cauchy problem for the consid- 
ered equations, hence they generated local semiflows as it was described above. At first we 
will deal with the autonomous case, i.e., with the local flow @ generated by Equation (4.1) 
on C. As in Section 3.1, let V be a polyfacial set determined by {€', m/}, ie., 


Vis {x eM: E'(x) <OVi, mi(x) < Ovi}. 


Recall that L' and M/ denote the sets of zeros of ¢' and, respectively, m/ on the boundary 
of V (see (3.1) and (3.2)). 


DEFINITION 4.1. The set V is called a polyfacial set for (4.1) if 


F(u)-Vé'(u(0)) >0, if u(0) € L' and u([—r, 0)) CV, (4.5) 
F(u)-Vm/(u(0)) <0, ifu(0) € M/ and u([—r,0)) CV (4.6) 


forue C,i=1,...,p,andj =1,...,¢. 
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EXAMPLE 4.1 (compare Example 3.1 in [67]). Consider the scalar equation 
x =—ax(t) —bx(t—r), (4.7) 


where a,b ER. If |a| > |b| then for an arbitrary w > 0, the interval (—w, w) is a polyfacial 
set for (4.7) determined by the functions t h +t — w 


In the sequel we assume that V is a polyfacial set for (4.1); in particular we assume that 
(4.5) and (4.6) are satisfied. Let the set E be given by the formula (3.6). Put 


aT) 


— {v EC: v(t) eV Vr eE [-r, Oj}, 


ear 


= {u eC: u(0) € E, u(t) € V Wt € [-r,0)}. 


PROPOSITION 4.1. The setW:=VUE isa Wazewski set for the local semiflow $ gener- 
ated by (4.1) on C and its exit set W~ is equal to E. 


PROOF. The set W consists of two parts. It is obvious that there are no elements of W~ 

contained in V. Moreover, by (4.5), each element of E is in W~, hence W~ = E. The 
latter set is equal to WN aV, hence it is closed in W, so (b) in Definition 2.4 holds. 
If the positive semitrajectory of a point in V reaches the boundary of V, the first point 
of intersection belongs to E by (4.5) and (4.6), hence also (a) is satisfied and the result 
follows. 


Thus all Wazewski-type theorems for semiflows stated in Section 2.3 can be applied W. 
Here we do not repeat them, but instead we indicate other, more useful results. In the 
following theorems we assume that 

e YcCE, 

e ZCVUY, 

e wt: ZN(ZUY) = C isa continuous map. 

The first result is a counterpart of Theorem 2.1. 


THEOREM 4.1. Assume that for every z€ ZN(ZUY), 


m(z)(O0)=z, m(z)([-r,0)) CV 


IfY is nota strong deformation retract of ZUY in V UY then there exists a zo € Z such that 
the solution x :[—r,w) — M of Equation (4.1) with the initial condition x|{—;,9| = 7 (Zo) 
satisfies 

e either x({0,w)) CV 

e or else there exists ty € (0, w) such that 


x([0,t)) CV, x(t) € E\ Y. 
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PROOF. Assume on the contrary that the conclusion does not hold. In our notation it means 
that for every z€ ZN (ZUY), 


m(z) € W*, a(m(z)) €Y, 


where o : W* — [0, 00) is the escape-time function. By Lemma 2.1 and Proposition 4.1, 
o is continuous. For y € Z UY and t € [0, 1] define 


o(x(y), to(x(y)))(0), if y € Z, 


h(y,t):= 
oe C ifyeyY. 


It is easy to verify that h satisfies the conditions required in Definition 2.6. 


The presented below counterpart of Corollary 2.1 cannot by directly derived from The- 
orem 4.1 because of a weaker hypothesis imposed on z. Nevertheless, its proof based on 
already presented arguments is straightforward. 

THEOREM 4.2. Assume that for every z€ Z\Y, 
x(z)({-r, 0]) CV 
and for every ye ZNY, 
m(y)(0) = y, m(y)([—r,0)) CV. 
If Y is not a retract of ZUY then the conclusion of Theorem 4.1 holds. 


PROOF. Ifthe conclusion is false then the map r: ZU Y > Y given by the formula 


o(x(y),o(x(y)))), if ye Z, 


roa |e ifyeY, 


is a retraction which contradicts to the assumption. 


Essentially, the above theorems were stated in [67, Section 3]. In order to match to our 
presentation in Section 2.3, we strengthened them slightly (in particular, by considering 
the set Y). However, a direct strengthening of Theorem 4.1 in order to get a counterpart 
of Theorem 2.2 is not possible. A counterexample with a suitable choice of V, Z, and the 
maps F and z can be based on Figure 5. (Such a counterexample does not contradict to 
Remark 2.1.) The theorems can be extended to equations without the uniqueness property 
in a similar way as described in Section 3.2 (compare [67, Section 4]). 

In the theorems we assumed the existence of a map mz having some special properties. 
One can ask whether such a mapping can be constructed for a given polyfacial set V anda 
set Z. In practice this is always possible; if the polyfacial set is regular (see Definition 3.2) 
then, by Remark 3.1, V is a topological manifold with boundary and thus it has a collar, 
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i.e., there is an embedding of dV x [0, 1] into V for which dV x {0} corresponds to dV 
(compare [17, Section VI.9]). Now it is easy to construct z such that 2(z) is equal to the 
constant map t +> z if z is outside of the image of the embedding. 

One can formulate similar theorems for the nonautonomous equation (4.3). Formally, 
contrary to the case of ordinary differential equations, they are not direct consequences 
of the results stated for the autonomous ones by attaching the equation ¢ = 1, at least 
because the phase-space of the local flow generated by (4.3) does not coincide with 
C([—r, 0], R x M). However, in spite of slightly greater complexity, there are no essential 
problems in their formulating and proving—that can be done in the same way as above for 
the autonomous case. 

We skip the statements of those general theorems and for simplicity concentrate on the 
case M = R” where we assume that the domain U of the function G on the right-hand 
side of the equation (4.3) is equal to R x C and C = C({-r, 0], R”). (For a more general 
situation the reader is referred to [67].) Let V be a polyfacial set in R”*+! determined by 
{¢', m/} and let E be given by (3.6). The counterparts of (4.5) and (4.6) are 


(0, x(o) +5 (0, x(o)) Gx(o, Xo) > 0, 


ifx, €C, (co, x(o)) eq. (c, x(t) CVVreElo—r,o), (4.8) 


(0, x(o)) + yD (0, x(o)) Gyo, xc) < 0, 


ifxg €C, (o,x(a)) € M/, (t,x(t)) CV Wt €[o —1,0), (4.9) 
The following result resembles Theorems 4.1 and 4.2. 
THEOREM 4.3. Assume that (4.8) and (4.9) are satisfied and one of the following condi- 
tions hold: = 
(i) for every (0,z)€ ZN(ZUY), 
m((o, z))(0) 18 (o +1, 1(6, z)(t)) eVVre[-r,0), 


and Y is not a strong deformation retract of ZUY inV UY, 
(ii) for every (o,z)€EZ\Y, 


m(a,z)([—r, 0]) CV 
and for every (o, y)€ ZNY, 
m((o, y)) (0) =z, (o +1, 1(0, y)(t)) eV Vrel[-r,0), 


and, moreover, Y is not a retract of ZUY. 
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Then there exists a (09, zo) € Z such that the solution x :[—r + 09, @) > R"” of the equa- 
tion (4.1) with the initial condition xg, |{-r,0] = ™ (00, Z0) Satisfies 


e either (t,x(t)) C V for every t € [o0, w) 
e or else there exists ty € (09, w) such that 


(t,x(t))€VVtE[oo,to), (to,x(to)) € E\ Y. 


PROOF. One can follow the ideas of the proofs of Theorems 4.1 and 4.2. Define 


ar 


= {(,u)ERxC: (o +1, u(t)) € V Yr € [-7, O]}, 


RR 


= {(o, u) ERxC: (0, u(0)) EE, (o +T, u(t)) eV Vre[-r, 0)}. 


Their union is a Wazewski set for the local semiflow w on R x C described in the previous 
section and the continuity of its escape-time function is used in definitions of the suitable 
mappings. Details are straightforward and are omitted here. 


The equation considered in the following two examples of application of Theorem 4.3 is 
taken from [67, Example 3.2]. Similar applications for ordinary differential equation were 
given in Examples 1.1 and 1.2. 


EXAMPLE 4.2. In the planar equation 


X(t) =ax(t) + bx(t—r)+ f(t, x7, 2), 
y(t) = —cy(t) + dy(t —r) + g(t, Xt, Yr) (4.10) 


let a,c > 0 and let 
(f,g):RxCxC>R’, 


where C = C([—r, 0], R), be a continuous map. Assume that (4.10) satisfies the uniqueness 
of the Cauchy problem, 


| f(t, u, v)| < lal — || 
for all (t, u, v) € R x C x C for which 


|u(0)| = 1, |v(0)| <1, 
lu(t)|<1, = |v(t)| <1 Vr €[-r,0), 


and 


|g(t,u, v)| <|el —Id| 
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for all (t, u, v) € R x C x C for which 


Ju] <1, |v] =1, 
ju(t)| <1, |v(r)| <1 Wre[-r,0). 
Let the sets V, E, and Z be the same as in Example 1.1, 1.e., they are given by, respectively, 


(1.7), (1.8), and (1.9) (see also Figure 2). V is a polyfacial set for (4.10). Define mz: Z U 
E—>CxCby 


(t,x, y(t) := (- - ay r) 


for (t,x, y) € Z UE and t € [—r, 0]. By Theorem 4.3 we conclude that there is an xo € 
(—1, 1) such that the graph of the solution of (4.10) starting at (0, 7 (0, xo, 0)) is contained 
inV. 


EXAMPLE 4.3. We associate the boundary value problem (1.10) to Equation (4.10) in 
Example 4.2. As in Example 1.2, we define V, E, Z, and Y by, respectively (1.11), (1.12), 
(1.9), and (1.13). Recall, that those sets are shown on Figure 3. Let a be the mapping 
defined in Example 4.2. By Theorem 4.3 we conclude the existence of a solution of the 
problem (4.10), (1.10) which starts at (0, 7 (0, xo, 0)) for some xo € (—1, 1). 


5. Some topological concepts 


In order to state variants of the Wazewski theorem, we have already defined the notion of 
retract and its modifications. In this section we recall several other topological notions and 
results which will be used in description of properties of the sets of solutions obtained by 
the Wazewski method. 


5.1. Topological pairs, quotient spaces, and pointed spaces 


By a topological pair we mean a pair (X, A) consisting of a topological space X and its 
subset A. If A is closed in X then (X, A) is a called a closed pair. If x9 € X, we frequently 
write (X, xo) for the topological pair (X, {xo}). Let (X, A) and (Y, B) be topological pairs. 
We write f :(X, A) > (Y, B) if f is continuous map X > Y and f(A) C B. 

Now we recall the notion of quotient space. We impose a special attention to the case in 
which the empty space is involved. Let (X, A) be a topological pair. 


DEFINITION 5.1. The quotient space X/A is the set whose elements are all points of X \ A 
and the set A (denoted by [A] in order to avoid confusions), i.e., 


X/A:= (X\ A)U {LAI}, 
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endowed with the topology for which U Cc X/A is open if and only if the set {x € X: [x] € 
U} is open in X, where 


Ky ifxeX\A, 
[x] =| 
[A], ifxeA. 


It follows that the quotient map 
q:Xax—>[x]eEX/A 


is continuous. By definition, X/@ is equal to X U {[]} and its topology is equal to the 
direct sum topology of X and the one-point space {[@]}. In particular, 0/@ is equal to {[@]}. 
Since [A] is distinguished in X/A in a canonical way, in order to ay the notation, for 
an arbitrary pair (X, A) we write shortly (X/A, «) instead of (X/A, [ 

For presentation of results involving quotient spaces we use the oa ore func- 
tor H* = ={H 1}, ez, having coefficients in a fixed commutative ring-with-unit R. We recall 
that it is isomorphic to the Alexander—Spanier cohomology functor (compare [71]). 


REMARK 5.1. By the strong excision of the Cech cohomology, if (X, A) is a closed pair 
then the quotient map induces an isomorphism 


H* (q): H*(X/A, *®) —> H*(X, A). 
By a pointed space we mean a topological pair (X, xo), where xo € X. In this case xo is 

called the base point. For example, (X/A, *) is a pointed space with the base point * equal 
o [A]. Let (X, xo) and (Y, yo) be two pointed spaces. In this case f :(X, x0) > CY, yo) 
means f :X — Y continuous such that f (x0) = yo. We put 

XVY:=X x {yo}U {xo} x Y 
and define the wedge sum of (X, x9) and (Y, yo) by 

(X, xo) V (Y, yo) = (X V Y, (x0, yo)). 


Similarly, we put 


XAY:=XxY/(XVY), 
(X, x0) A (Y, yo) = (XA Y, *) 


and call (X, x0) A (Y, yo) the smash product of (X, xo) and (Y, yo). 


5.2. Homotopy types 


Recall that maps f, g: X — Y are homotopic (denoted f ~ g) if for some continuous map 
h:X x [0,1] Y, f is equal to x b h(x, 0) and g is equal to x & h(x, 1). If, moreover, 
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Ft, g:(X, x0) > (Y, yo) then they are called pointed-homotopic (denoted f ~, g) if the 
map h additionally satisfies (xo, f) = yo for every t € [0, 1]. 


DEFINITION 5.2. We say that topological spaces X and Y have the same homotopy type 


(and we write X ~ Y) if for some maps f : X > Y and g: Y > X (called homotopy equiv- 
alences), 


go f ~idy, fogaidy. 
We say that the pointed spaces (X, xo) and (Y, yo) have the same pointed homotopy type 


(we write (X, x9) x (Y, yo)) if there exist f :(X, x0) > (Y, yo) and g: (Y, yo) > (X, x0) 
such that 


gof idx, fog Xx idy. 
The absolute homotopy type (shortly: homotopy type) of X is the equivalence class of X in 
the relation ~. It is denoted by [X]. Similarly, the pointed homotopy type of (X, xo) is the 


equivalence class of (X, xq) in the relation ~, and is denoted by [X, xo]. 


Obviously, [X, xo] 1s a more restrictive class of spaces then [X]. Since a homology or 
cohomology functor H is homotopy invariant, we define 


H{X]:=H(X), HEX, xo] := H(X, x0). 


One can prove that the following definitions of the wedge sum and smash product of ho- 
motopy types are correctly stated: 


[X, xo] V LY, yo] = [(X, xo) v (Y, yo). 
[X, xo] A LY, yo] == [(X, x0) AY, yo)]. 


We distinguish the trivial pointed homotopy type: 
0:=[{(4]}. [41]. 


i.e., the homotopy type of a pointed one-point space, which is the neutral element with 
respect to the wedge sum. 


REMARK 5.2. There is no inverse to a nontrivial pointed homotopy type with respect to 
the wedge sum, 1.e., 


[X, xol V [Y, yo] =0 


implies 
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Indeed, if there is a continuous map F': X Vv Y x [0,1] > X VY such that 
F((x,y),0)=(.y), — F((@®,y), 1) = F((xo. x0), t) = eo, x0) 

for every t,x, y then the map G: X x [0, 1] > X defined by 


mF((x,yo),t), if F((x, yo),t) € X x {yo}, 
X0, otherwise, 


G(x) := 
where 2: X x Y + X denotes the projection, provides 

(X, xo) &« ({xo}, x0). 
The following simple lemma is useful in the Wazewski method. 
LEMMA 5.1. Jf A is a strong deformation retract of X then 

[X/A, *] =0. 


In the following example we illustrate the difference between the absolute and pointed 
homotopy types. 


EXAMPLE 5.1. The unit zero- and one-dimensional spheres S° and S! are, respectively, 
the set {—1, 1} and the circle {x: |x| = 1} in C. They naturally provide pointed spaces 


(S°, 1) and (S!, 1). By definition, S9v S! is homeomorphic to the disjoint union of S$ ! and 
a one-point space, hence it is homeomorphic to S!/@ and 


[s°v s']=[s'/9]. 


On the other hand, each homotopy equivalence S° Vv S! -> $!/@ transforms the base point 
(1, 1) of (S°, 1) v (S', 1) to a point in the other component of S!/G then [4], hence 


[S°1] visi] Ss [(S'yv (S21) (Ss ea} 


5.3. Absolute neighborhood retracts 
We recall the topological notions of absolute and Euclidean neighborhood retracts. 


DEFINITION 5.3 (compare [14,33]). A metrizable space X is called an absolute neigh- 
borhood retract (shortly: ANR) if there is an open set U in a normed space E and a map 
h:X — E which is a homeomorphism onto its image h(X) such that (X) is a retract 
of U. 
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REMARK 5.3. There is an equivalent definition: A metrizable space X is an ANR if and 
only if for each closed subset A of a metrizable space W and every continuous map 
f:A— X there exists a neighborhood U of A in W and a continuous map F':U > X 
such that F'|4 = f (compare [14, Theorem IV(4.2)(ii)]). 


We refer to [14] for other properties of ANRs. 


DEFINITION 5.4 (compare [28]). A metrizable space X is called an Euclidean neighbor- 
hood retract (shortly: ENR) if there is ann € N, an open set U in R”, andamaph: X > R"” 
which is a homeomorphism onto its image /(X) such that h(X) is a retract of U. 


The class of ENRs coincides with the class of locally compact, separable, and finite- 
dimensional ANRs. Examples of ENRs include all compact polyhedra and manifolds with 
boundary. The Hilbert cube is a compact ANR which is not an ENR. 


5.4. Lusternik—Schnirelmann category 

We provide the concept of the Lusternik—Schnirelmann category for topological pairs, 
which appears to be very convenient in connection to the Wazewski method. At first we 
recall the notion of contractibility. 

DEFINITION 5.5. Aset A C X is called contractible in X if there exists a continuous map 
h:Ax [0,1] — X such that h(x, 0) = x for every x € A and h(x, 1) = A(y, 1) for every 
x,yeA. 


Notice that the above definition is also valid also for A = . Let (X, Y) be a closed pair. 
Motivated by the definition posed by Reeken, Fournier, and Willem (compare [31]) we put 


DEFINITION 5.6. The relative category caty y(A) of a closed set A C X is an element of 
N U {oo} such that 


caty y(A):=0, if Y is a strong deformation retract of A UY in X. 
caty y(A) <n, _ if there exist closed sets Aj C A, i =0,...,n, such that 


n 
A=[(JAi 
i=0 
Aj is contractible in X fori=1,...,n, and 
Y is a strong deformation retract of Ag UY in X. 


(Compare Definition 2.6 for the notion of a strong deformation retract in a space.) 


Formally, we did not exclude any possibility in which the empty set appears. In particu- 
lar, for closed A C X we define 


caty (A) := caty g(A). 
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It follows that if X 4 @ then caty(A) is the minimal number of closed contractible in X 
subsets of A which cover A (since Ao = %) or, if such a number does not exist, it is equal 
to oo. 


DEFINITION 5.7. Define 


cat(X, Y) :=caty y(X), 
cat(X) := caty (X) 


and call them the category of (X, Y) and, respectively the category of X. 


It is easy to check that for a closed A C X, 


caty (A) < cat(A), (5.1) 

caty y(A) < caty (A) < caty y(A) + caty (VY). (5.2) 
In particular, 

cat(X, Y) > cat(X) — caty (Y) > cat(X) — cat(Y) (5.3) 


and if xo is a point in X then 

caty x (A) < caty (A) < caty,x)(A) + 1. (5.4) 
EXAMPLE 5.2. In the notation used in Example 5.1, 

cat(S') = cat(S!/@, x) = cat((S°, 1) Vv (S',1))=2, — cat(S'/) =3. 


It follows immediately by definition that the category is an invariant of the absolute and 
pointed homotopy types. Hence we can put the following definitions: 


DEFINITION 5.8. The categories of the homotopy types are defined as 


catLX] := cat(X), 
catLX, xo] := cat(X, xo). 


We list the basic properties of the category. 


PROPOSITION 5.1 (compare [31]). Let A and B be closed subsets of X. 
(i) If A C B then caty y(A) < caty,y(B). 
(il) caty y(A U B) < caty y(A) + caty (B). 
(iii) If there exists a continuous map h: A x [0,1] —> X such that h(x,0)=x forx € A, 
h(x,t) =x forx € ANY and t € [0, 1] then 


caty,y(h1(A)) < caty,y(A). 
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(iv) If both X and Y are ANRs then there exists a closed neighborhood U of A such 
that 


caty y(U) = caty y(A). 


PROOF. Proofs of (i), (11), and (iii) are immediate. As for (iv), we refer to [31, Proposi- 
tion 2.9]. 


PROPOSITION 5.2. If (X, A) is a closed pair of ANRs then 
cat(X, A) > cat(X/A, *) > cat(X/A) — 1. 


PROOF. We can assume that cat(X, A) =n < oo. Let Aj, i =0,...,n, be a closed cover- 
ing of X such that A C Ao, A is a strong deformation retract of Ao, and A; are contractible 
in X for i > 1. Since X and A are ANRs, as in the proof of [31, Proposition 2.9] one 
can find a closed neighborhood Up of Ao for which A is a strong deformation retract. 
For i = 1,...,n define A’ as A; \ intUo, hence A) A =. Using the subsets Uo/A, 
A\,..., Aj, of X/A one gets 


cat(X/A,*) <n, 


hence the left inequality follows. The right-hand inequality is given in (5.4). 


5.5. Cup-length 


Here we use the cup-product (denoted by ~) in the Cech cohomologies (compare [28] for 
results which concern that notion and which we apply in the sequel). We provide the notion 
of cup-length in the context of pair of spaces, compare [31, Definition 3.2]. Notice that in 
our definition, the cup-length of a pair is shifted by one with respect to the cup-length 
considered in that paper. 


DEFINITION 5.9. The cup-length of a topological pair (X, Y) is an element €(X, Y) of 
N U {00} which satisfies 


&(X,Y)=0, if H*(X,Y)=0, 

€(X,Y)=1, if H°(X, Y) 40, H4(X) =0 forg > 1, 

L(X,Y) Sn, ifthere existg >0,veE HX, Y), gi > 1, and uj € H4(X) 
fori=1,...,n—1 such that vp~ uy ~ ---~ Un_1 #0. 


We write £(X) := €(X, @). It follows €(@) = 0, €(X) =1if X 4@ and H4(X) = 0 for 
q > 1, and £(X) >n if there exists gj > 1 and u; € H%(X),i =1,...,n — 1, such that 
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uy ~ +++ ~ Un—1 # 0. Indeed, it suffices to put v= 1 € H(X, 0). Moreover, if x9 € X 
then 


€(X, {xo}) < €(X) < €(X, {xo}) + 1, (5.5) 


since H4 (X, {xo}) = H4 (X) for g > 1. Moreover, it follows that the cup-length is an in- 
variant of the Cech cohomology ring of (X, xo), hence also of the pointed homotopy type 
[X, xo]. Thus we can put 


DEFINITION 5.10. The cup-lengths of the homotopy types are defined as 


€[X] := €(X), 
€[X, xo] = €(X, x0). 


PROPOSITION 5.3. If (X, A) is a closed pair then 
£(X, A) > O(X/A, *) > €(X/A) —- 1. 


PROOF. Assume €(X/A, *) >n. The diagram 


H*(X/A, *) @ H*(X/A) @---@ H*(X/A) a H*(X/A, *) 


| | | 


H*(X,A) @ H*(X) @---@ H*(X) ——> H*(X,A) 


with the vertical lines induced by the quotient map, is commutative. By Remark 5.1 and 
the commutativity, if 


VY Uy S Un_-1 FO 


in H *(X/A,*), then the corresponding element in H *(X, A) is also nonzero, hence 
£(X, A) =n and the left inequality follows. The right-hand inequality is given in (5.5). 


The most important result concerning the notion of cup-length relates it to the Lusternik— 
Schnirelmann category. 


PROPOSITION 5.4 (compare Theorem 3.6 in [31]). Jf (X, Y) is a closed pair then 


cat(X, Y) > €(X, Y). 
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5.6. Lefschetz theorem and the fixed point index 


Recall that if f :(X, A) — (X, A) is a continuous map, H is a homology or cohomology 
functor over Q, and the vector-spaces H,(X, A) are finitely dimensional and equal to zero 
for almost all g then the Lefschetz number of f (with respect to H) is defined as 


CO 


A(f):= )(- 14 tr Ay (Pf), 
q=0 
where tr Hy(f) denotes the trace of the endomorphism H,(f) of Hy(X, A). If f is equal 


to the identity on (X, A) then its Lefschetz number is denoted by x (X, A) and is called the 
Euler characteristic of (X, A) (with respect to H), i.e., 


x(X, A) = 50 (-1)1 dim H, (X, A). 
q=0 


If (X, A) is a pair of compact ANRs then the Lefschetz number is always defined and 
independent of the choice of H, and 


A(f) = A(flx) — A(fla), 

where f|x :X — X and f|4:A— A are the restrictions of f. In particular, 
x(X, A) = x(X) — x (A). 

Since homologies and cohomologies are homotopy invariants, we define 


XIX] = x(X), 
XLX, xo] = x(X, x0) = x[X] — 1. 


PROPOSITION 5.5. If (X, A) is a closed pair and the Euler characteristic with respect to 
the Cech cohomologies x(X, A) is defined then 


X(X, A) = X(X/A, *) = X(X/A) — 1. 
Moreover, if X and A are compact ENRs then X/A is also a compact ENR and 
X(X, A) = xX(X/A, *) = x(X/A) — 1 


does not depend on the choice of homology or cohomology. 


PROOF. This is a consequence of Remark 5.1 and [28, Chapter IV.8]. 


The Lefschetz number is used in formulation of the following well-known result: 
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PROPOSITION 5.6 (Lefschetz Fixed Point Theorem). Jf X is a compact ANR, f :X > X 
is a continuous map, and A(f) #0 then f has a fixed point. 


Assume that X is an ENR. For a continuous map f :D— X, where D C X, define its 
set of fixed points as 


Fix(f) := {xe D: fx)=x}. 


DEFINITION 5.11. A set P is called an isolated set of fixed points of f if it is compact 
and there exists an open set U in X such that U Cc D and 


P=UNFix(f). 


If Q is an isolated set of fixed points of g: D > X, we write (f, P) ~ (g, Q) (and call 
(f, P) homotopic to (g, Q)) if for every ¢ € [0, 1] there exist a map f;: D— X such that 


F:Dx [0,1]3 (x,t) > (fr(x), t) € X x [0, 1] 


is continuous and there exists an isolated set P* of fixed points of F such that fo = f, 
fi=g, P ={x: (x, 0) € P*}, and Q = {x: (x, l)e€ P*}. 


To such an isolated set P one can associate an integer number ind(f, P), called the fixed 
point index, see the book [28]. We use a slightly different notation with respect to that in 
the book of Dold; our ind(f, P) means the same as the index of f|y in [28]. Below we list 
its properties: 


PROPOSITION 5.7 (compare [28]). 
(i) (Solvability) /find(f, P) 40 then P £9. 
(i) (Additivity) Jf P and Q are isolated sets of fixed points of f and PO Q =9 then 
ind(f, PU Q) =ind(f, P) + ind(f, Q). 


(iii) (Multiplicativity) If f:X — X and g:Y — Y, P and Q are isolated sets of fixed 
points of f and g, respectively, then 


ind(f x g, P x Q)=ind(f, P) ind(g, Q). 
(iv) (Homotopy Invariance) If (f, P) ~ (g, Q) then ind(f, P) = ind(g, Q). 
(v) (Commutativity) If f :D— X' and f': D' > X, where D C X and D! C X', and 


P is an isolated set of fixed points of f'o f then f(P) is an isolated set of fixed 
points of f 0 f’ and 


ind(f’o f, P) =ind(f o f’, f(P)). 
(vi) (Lefschetz Property) If X is compact and f :X — X then 


ind(f, Fix f) = A(f). 
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6. Properties of the asymptotic parts of Wazewski sets 

Roughly speaking, abstract Wazewski-type theorems provide sufficient conditions for 
W\W* AG 

if W is a Wazewski set. Here we consider the question what additional information on that 

asymptotic part can be obtained from the properties of W and W  ; in particular whether it 

contains stationary or periodic points and what is its topology. In this section we concen- 


trate on qualitative results valid for local semiflows. For some more accurate results which 
are easier to handle if local flows are considered we refer to the next section. 


6.1. Estimates on the category of the asymptotic part 
We assume that ¢ be a local semiflow on X. It seems that the paper [63] of Pozniak was the 
first one in which the notion of category appeared in the context of the Wazewski method 


and Conley index. We base on some ideas from that paper. 


THEOREM 6.1. Let W C X be a Wazewski set, Assume that both W and W~ are ANRs 
closed in X and Z is a closed subset of W. Then 


catw(Z \ W*) > catw, w-(Z). 
PROOF. Z \ W* is closed by Lemma 2.1. By Proposition 5.1, there exists U, a closed 
neighborhood of Z \ W* in W such that catw(W \ W*) =catw(U). Put V := Z \ intU 
(where int denotes the interior relative to W). It follows by Proposition 5.1 


catw(Z \ W*) = catw(U) = catw(U) + catw, w-(V) > catw, w-(Z) 


since Z = UU V and V Cc W%, hence W~ is a strong deformation retract of VU W7 
in W. 


Under the imposed conditions on W and W~, the above theorem can be regarded as an 
extension of Corollary 2.3, since if W~ is not a strong deformation retract of ZUW7 in W 
then, by definition, caty,w-(Z) > 1, hence cat(Z \ W*) > 1, hence Z \ W* is nonempty. 
COROLLARY 6.1. Jf W is a Wazewski set and W and W~ are closed ANRs then 

catw(W \ W*) > cat(W, W~). 


Recall that cat(W, W~) can be estimated using (5.3) or Proposition 5.2. Another esti- 
mate using the notion of cup-length is given by Proposition 5.4. 
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6.2. Stationary points of gradient-like local semiflows 
Let ¢ be a local semiflow on X. 


DEFINITION 6.1. g:X — R is called a Liapunov function for @ provided it is decreasing 
along nonconstant trajectories, 1.e., 


g(bs(x)) > g(¢r(x)) 


if s <t whenever x is not a stationary point. ¢ is called a gradient-like local semiflow if 
there exists a Liapunov function for @. 


An example which justifies the name is a gradient local flow on a Riemannian manifold, 
i.e., the local flow generated by 


x =—Veg(x) (6.1) 


for a C!-class function g. In this case stationary points are critical points of g. 
It is not difficult to prove the following result: 


PROPOSITION 6.1. If @ is gradient-like then each nonempty w-limit set consists of sta- 
tionary points. 


By Corollary 2.5, it immediately follows: 


COROLLARY 6.2. [fa local semiflow $ on X is gradient-like, W C X is a compact 
Wazewski set and W~ is not a strong deformation retract of W then W contains a sta- 


tionary point of @. 

6.3. Stationary points of local semiflows in the general case 

Results on the existence of stationary points of semiflows without any gradient-like struc- 
ture can be obtained using fixed points theorems. The most useful for our purposes is the 


Lefschetz theorem. It is a applied in a proof of the following result: 


THEOREM 6.2 (compare Corollary | in [73]). Jf @ is a local semiflow on X, W and W— 
are compact ANRs in X, and 


x(W, W~) =x(W)— x(W-) 40 
then W contains a stationary point of $. 


PROOF. Step 1. At first we prove that for every T > 0 there exists a point x € W such that 
or (x) =x. Let S! be the unit circle in the complex plane C. In the topological direct sum 


Wu(w- xS'), 
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i.e., a disjoint union of W and W~ x S! endowed with the inductive topology, identify 
each point of W~ C W witha point of W~ x S! via the map j: wt (w, 1). The resulting 
quotient space is the adjunction 


W := WU; (W- x S'). 


Define a semiflow y on W by 


$(Z,t), ifzé€ W ando™(z) >t, 
w(z,t):= 4 (¢(z,0+(@), exp(ai(t—o+(z))/T)), ifz€ W ando*(z) <t, 
(x, wexp(wit/T)), ifz=(x,a)e Wx S!. 


The set W isa compact ANR since W, W~, and W~ x S! are ANRs, and 
x(W) = x(W) + x(W~ x S!) — x(W7) = x(W) — x(W7) £0. 


Since 7 ~ id, there exists z € W such that Wr (z) = z by the Lefschetz fixed point theorem 
(Proposition 5.6). It follows by the definition of w that wr (z) = z if and only if 


zeW,  or(@=z, = 6 (@) = H(z, [0, T]) C W, 


hence the required conclusion follows. 

Step 2. Now we can use a standard argument to prove that ¢ has a stationary point in W 
(compare [32, Proposition 7(4.8)]). By Step 1, there exists x, € W such that 6(x), 27") = 
xX,. An accumulation point of the sequence {x,} is a stationary point of @, hence the result 
follows. 


7. Isolating blocks and segments 


We continue the series of results on properties of the asymptotic part of a Wazewski set. 
Here we additionally assume that the considered local semiflow is a local flow and the 
Wazewski set is an isolating block. These assumptions enable us to provide various quan- 
titative properties of the invariant part of the set in an easier way. 


7.1. Isolating blocks and their structure 


Let ¢ be a local flow on a metrizable space X. At first we should fix terminology concern- 
ing behavior of @ with respect to a given subset of X. Recall, that we have already defined 
the exit set and the asymptotic part in Section 2.1, the extended escape-time function in 
Section 2.2, and we mentioned on an invariant part in Section 1.3. Let Z C X. We provide 
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a list of notions related to Z which will be of our interest (for the full account we repeat 
the definitions of Z~, Inv(Z), and o*). Define the sets 


Z :={x eZ: o(x,[0,1]) ¢ Z Vt > 0}, 
Z* := {x €Z: b(x,[-t, 0]) ¢ Z vt > Of, 


Inv~(Z) := {x EZ: P(x) C Zi, 
Inv(Z) := Inv (Z) N Inv* (Z), 


and functions o~ : Z > [0, co] by 
ot (x) 1= sup{t > (x, [0, t}) CZ}, 
(x,[—1, 0]) c Z}. 


Obviously, Invt (Z) is the asymptotic part of Z; it is also called the positive invariant part, 
and Inv(Z) is the invariant part of Z. Moreover, Inv” (Z) is called the negative invariant 
part and Z* is called the entrance set of Z. (It should be pointed out that all the above 
notions are defined with respect to a fixed @ and Z. In fact, a more proper notation should 
indicate on @, for example Invg(Z) instead of Inv(B), og z instead of o~, etc. Neverthe- 
less, for simplicity we avoid that notation whenever it does not lead to confusions.) 

In Section 1.3, it was given a rough definition of the concept of isolating block. Here we 
state it in a slightly more general context. 


0: ¢ 
o (x) :=sup{t>0: ¢ 


DEFINITION 7.1. Aset B C X is called an isolating block if 


B=intB, 
B, B~, and B* are compact, and for every x € 0B \ (B~ UBT), 


o (x)<~M, a*(x) <0, 
(x, [—o (x), ot (x)]) COB. 


(In practice, one usually considers isolating blocks without sliding on the boundary, 1.e., 
dB = Bt UB). By Proposition 2.1 and Lemma 2.2 we get immediately the following 
properties of isolating blocks: 


PROPOSITION 7.1. Jf B is an isolating block then 
(i) B is a Wazewski set for both and its reverse obtained by the transformation t > 
—t of time, 
(11) the functions o~ are continuous. 


In the sequel we assume that B is an isolating block. In particular, it follows by Corol- 
lary 2.5 that if B~ or Bt is not a strong deformation retract of B then its invariant part 
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Inv(B) 


Fig. 6. 


Inv(B) is nonempty. Our aim is to provide a more accurate information on its properties 
that it was given for W \ W* in Section 6. For this reason we introduce some other concepts 
related to B. Denote by A(B) (or shortly A, if it does not lead to confusions) the subset of 
B given by 


A:= A(B) := Inv (B) UInvt (B). 


It follows, in particular, that its exit and entrance sets are given as 


AT =ANB*. 


Below we frequently use abbreviated notation for the invariant part of the isolating block B; 
we put: 


I :=Inv(B). 


The position of the mentioned sets in the block B can be seen on Figure 6. 
Let B be an isolating block (with respect to the flow ¢). 


DEFINITION 7.2. A set Z C B is called B-invariant if for every x € Z the connected 
component of ¢(x) MN B containing x is a subset of Z. 


The connected component which appears in the above definition is equal to d(x, A), 
where A is the closed interval having o~ (x) and o*(x) as the ends. In particular, it is 
equal to d(x) if x € J. The sets A and Inv~(B) are examples of B-invariant sets. 

For n € N define 


An i= {x € A: a (x) Sn, oT (x) > n}, 


Bh i= {x € B: o (x) tot(x) > n} DA. 


In particular, B, is B-invariant, Aj = A, By = B, and BT = B* 1 B,. We list some prop- 
erties of those sets: 
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LEMMA 7.1. 
(1) By is a neighborhood of A in B and for every neighborhood U of A there exists n 
such that By, C U. 
(ii) For every n there exists a compact set Dn C B, 


Bn41U BO C Dp C By U B™ 


such that Dy is a strong deformation retract of ZU B~ for every B-invariant set Z 
such that By, C Z. In particular, Dy is a strong deformation retract of B as well as 
of B, UB. 

(iii) For every neighborhood V of I there exists n such that Ay C V. 

(iv) An+1 is a strong deformation retract of Ay for every n. 

(v) Inv~(B) NM An+1 is a strong deformation retract of Inv~(B)M An for every n. 


PROOF. In the proof we frequently refer to the continuity of o~ (see Proposition 7.1). 
Ad (i) and (iii). They immediately follow by that continuity. 
Ad (ii). Let f: B~ — [0, 1] be a continuous function such that f(x) = 0 ifo- (x) <n 
and f(x) = 1ifo” (x) >n+1. Define g: B™ > [0,n+ 1] by 


{Oe Wx Ala Gia a-F |, 
g(x) = Rete 
n+1, ifo-(x)>n+1. 


In particular, g(x) < 07 (x) for x € B~. The set 
Dn = Bn41 U{O(x, -t) € Bi x EB, t< g(x)} 


has the required properties. Indeed, the map r defined by 


o(x,o*(x)), ifo~(x) tat (x) <n, 

o(x,07 (x) — g(b(x,0%)))), ifn<o-(@) tot) <nt1 
ee and g($(x,07(x))) <oF(), 

x, ifn <o (x) +o0T(x) <nt+1 


and g(o(x, ot (x))) >Sat(x) 


or if x € Bit 


is a strong deformation retraction B — Dy, and each its restriction to ZU B™ > Dy isa 
strong deformation retraction as well. 
Ad (iv) and (v). The map s: An > An+i, 


o(x,n+1—o07(x)), ifo-(x)<n+1, 
s(x) = } o(x,o0+(@)—n—-1), ifot)<n+l], 
x, otherwise 


is a strong deformation retraction required in (iv); its restrictions apply to (v). 
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As a consequence we get the following estimate on the category of /: 
THEOREM 7.1 (compare Theorem 3.1 in [63]). Jf B and B~ are ANRs then 
cat(I) > cat(B, B-). 
PROOF. Lemma 7.1(iii) implies 


T= () An OInv*(B), 
neN 


hence the result follows by Proposition 5.1(iv), Corollary 6.1, and Lemma 7.1(v). 


7.2. Estimates on the cohomology of the invariant part 


We begin with the case B~ or B* empty. It follows I is an attractor (or, in other termi- 
nology, an asymptotically stable set) for the flow ¢ or, respectively, its reverse. In that case 
we have a satisfactory information on the topology of J given by the following result: 


THEOREM 7.2. If B~ =Yor Bt = then the inclusion I —~ B induces an isomorphism 
H*(B) > A* (1). 


PROOF. Assume that B~ = @ (for a proof in the other case it suffices to reverse the di- 
rection of time). For every t > 0 the inclusion ¢;(B) — B induces an isomorphism in the 
cohomologies, 


(\(B) =, 


t>0 


hence the result is an immediate consequence of the continuity property of the Cech coho- 
mologies (compare [71]). 


REMARK 7.1. Actually, it is not difficult to prove a stronger result: J ~ B is a shape 
equivalence (compare [38]; more information on the notion of shape can be found in [15]). 
In [38], there is an example in which B is an annular region of the plane and J is the 
Warsaw circle, hence, in general, the shape equivalence cannot be further improved to the 
homotopy equivalence. 


On the other hand, if neither B~ nor BT is empty, usually one cannot get enough infor- 
mation from B to determine the topology of /, as it is indicated on the following example: 


EXAMPLE 7.1. Let ¢ be a local flow generated by a vector-field v in R”. Assume that 
B is an isolating block for @ and there exists an xo € int B such that 0 < o~ (x9) < &. 
In particular, x9 ¢ J, hence v(xo) 4 0. Let D be an (n — 1)-dimensional disc centered at 
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Xo and contained in the affine hyperplane perpendicular to v(xo) such that v is transversal 
to D. By the continuity of o*, we can assume that 


0<o~(y)<oo, forevery ye D. (7.1) 


Let K be an arbitrary compact set contained in D and let g: IR” — [0, oo) be a continuous 
function such that 


K= {x ER": g(x) =}. 
It follows by (7.1) that B is an isolating block for the local flow generated by 
x = g(x)u(x), 


its invariant part is equal to 7 UK, and 77 K = 9. The latter implies that H*(K) isa direct 
factor of H *(1 U K). Except of some limitations which we do not precise here, H4 (K) 
is an arbitrary countably generated Abelian group if 0 < qg <n — 2 and is equal to zero if 
q >n-—1 since K is homeomorphic to a subset of R’~!, hence H4(J U K) is at least as 
complicated. 


From the above example we conclude that the Cech cohomology of the invariant part of 
B can be almost arbitrarily complex. Thus, in general one can at most expect to estimate 
the “lower bound” of the cohomology of J. We provide several results in this direction. 
A majority of them can be duplicated by substituting BT instead of B™, etc. 

Our first aim is to present an exact sequence which connects the cohomologies of J, 
(B, B~), and A~ due to Churchill in [18]. 


PROPOSITION 7.2 (compare Lemma 4.3 in [18]). The inclusion (A, A~) @ (B, B7) in- 
duces an isomorphism H*(B, B~) > H*(A, A7). 


PROOF. By Lemma 7.1, the homotopy and excision properties of the cohomology imply 
that the inclusions induce a sequence of isomorphisms 


H*(B, B~) = H*(Dy, B-) = H*(B, UB”, B-) = H*(Bn, B, ) 


for every n. It follows that the inclusion (Bn41, By 41) > (Bn, By) induces an isomor- 
phism, hence there is also an isomorphism 


H*(B, B~) = dirlim H* (By, B, ) 
induced by the inclusions. Since 


(\(Br Br) = (4.47), 


neN 


the result follows by the continuity of the Cech cohomology. 
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PROPOSITION 7.3 (compare Proposition 4.6 in [18]). The inclusion I > A induces an 
isomorphism H*(A) > H*(1). 


PROOF. It follows by Lemma 7.1 that the inclusion Ay,+; — A, induces an isomorphism 
in cohomologies and 


(‘\4=5 


neN 


hence the result follows by the properties of homotopy and continuity of the Cech coho- 
mology. 


THEOREM 7.3 (compare Theorem 4.7 in [18]). There exists an exact sequence 


ne qv qT. qo. qt 
see ered H4(B, B-) £> AID) 25 H1(A-) > HB, B-) oe 


in which B4 is induced by the inclusion for every q € Z. 


PROOF. By Propositions 7.2 and 7.3, it suffices to substitute HY (A,A_)> H4(A) by 64 
in the exact sequence of the pair (A, A). 


The above result is not completely satisfactory since the term H*(A7) in the exact se- 
quence cannot be determined from B and B~ alone. Nevertheless, some estimates can be 
obtained by its application. In the following corollary and example, x and x denote the 
Euler characteristic with respect to singular cohomologies and, respectively, Cech coho- 
mologies. A standard fact from homological algebra on exact sequences and the corre- 
sponding Euler characteristics leads to the following 


COROLLARY 7.1. If two Euler characteristics among x (1), ¥(B, B~), and X(A7) are 
defined, then the third one is also defined and 


XU) = X(B,B-) + X(A ). 


EXAMPLE 7.2. Let a 2-dimensional manifold be the phase space of the considered local 
flow. Assume that an isolating block B is a manifold with boundary and B™ is a sub- 
manifold with boundary of 0B (for example, given as a generalized polyfacial set like 
in Remark 3.2). In that case B and B~ are compact ENRs, hence the Cech cohomolo- 
gies of (B, B~) are isomorphic to the corresponding singular cohomologies. Moreover, 
H4(B, B~) is finite-dimensional for every q and equal to zero if g > 3 and B™ is the 
union of components each of which is homeomorphic to the circle S$! or to the interval 
[0, 1]. Thus the set A~ consists of the union of some number of the components of B™ 
homeomorphic to the circle and a set K homeomorphic to a compact subset of R. If K 
has infinitely many components then from the exact sequence in Theorem 7.3 we con- 
clude that H°(1) is infinitely generated (hence J has infinitely many components) because 
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Im y? = ker68° and ker 6° is infinite-dimensional since dim H! (B, B~) < oo. In the oppo- 
site case, the subset K consists of a finite number of isolated points and sets homeomorphic 
to [0, 1]. Since the Euler characteristic of the circle is equal to zero, 
X(A~) = dim H°(K) > 0. 
In particular, as a consequence of Corollary 7.1 we get 
XU) > x(B, B°). (7.2) 
Denote by 1 the unit element in the ring of coefficients R of the Cech cohomol- 
ogy. The following notation will also be used: if (Y, Y’) Cc (X, X’) and u € H*(X, X’) 
then u|(y,y7 denotes the image of u under the homomorphism induced by the inclusion 
(Y, Y') > (X, X"). The next theorem is an equivalent version of a result of Floer (compare 
[30, Proposition 2]—it is written there that another version of that result was stated by 


Benci in an unpublished report). The proof given here is taken form [77]. 


THEOREM 7.4. Jf forué H*(B) there exists v € H*(B, B~) such that u~ v + 0 then 
uly 40 in A* (1). 


PROOF. In the commutative diagram 


H*(B)® H*(B, B~) ——> H*(B,B7) 


| | r 


H*(A) @ H*(A, A~) ——> H*(A,A7) 


the vertical arrows are generated by the inclusions and those induced by (A, A~) — 
(B, B~) is an isomorphism by Proposition 7.2, hence 


ula ~ V\(4,A-) = U~ V)|(4,4-) #9. 
Thus u|4 40. Since J @ A induces an isomorphism by Proposition 7.3, 


uly = (ula) 49, 


hence the result follows. 


By Theorem 7.4, if v € H*(B, B~) isnonzero then 1 ~ v = v £0 (where | is treated as 
the element of H°(B)), hence 1|7 40, which means J 4 Y. Thus, in the case of isolating 
block, Theorem 7.4 is a generalization of a weaker variant of Corollary 2.5, in which the 
condition H*(B, B~) £0 replaces the condition B~ is not a strong deformation retract 
of B. 

In the following simple example we explain the meaning of Theorem 7.4. 
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Fig. 7. 


EXAMPLE 7.3. Consider the flow on the punctured plane R” \ 0 such the annulus 
B= {(r, 6): here 


(written in the polar coordinates) is an isolating block for the flow and its exit set B~ 1 
equal the boundary of B, see Figure 7. Assume for poral that R = Zp, hence ne 
is one generator u of H'(B) and one generator v of H'(B, B~). On the figure, they are 
represented by their supports: u as the vertical segment and v as the circle inside B. Their 
cup-product u ~ v, represented as the intersection of the supports of u and v, is the gener- 
ator of H?(B, B~). It follows, by Theorem 7.4 that u|Inv(z) 4 0. 


Actually, in that particular example (which was chosen because of its visualization on 
the plane) the same conclusion is given by Theorem 7.2. This is not the case in the next 
example which is a direct generalization of the above one. 


EXAMPLE 7.4. Now we use different letters to denote the sets considered in the previous 
example: put 


={(r,0)€R*: 1<r <2}, 
H :={(r,0)€R*: re {1, 2}}. 


As usual, D4 and S4—! denote the unit ball and, respectively, the unit sphere centered at 
zero in IR4. Consider a local flow in the phase space 


X =(R’\0) xR" 
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and assume that the isolating block and its exit set are given by 


B:=Gx D” x D", 
B-:=Hx D™ x D"UG~x S™! x pD". 


We assume again that R = Z2 and let u € H'(G), ve H\(G,H), and ze H™(D" x 
D", S"—! x D") be the generators. It follows that 


(uxl—~(vxz)=(ur v) xX z4# 0,~7 


where x denotes the cohomological cross-product (compare [28]) and 1 € H°(D™ x D") 
is the unit element, hence Theorem 7.4 implies 


(ux Dir £0. 
From that conclusion we can get slightly more information than just H\(1) # 0. Let 
m:Gx D" x D" >G 
be the projection. For an arbitrarily chosen 69 € [0, 277) put 
R:= {(r,) €G:6 =} 
We assert that 
TD)ARSAYD. 
Indeed, since H!(x)(u) =u x 1, 
Uln(1) #9. 


Since the inclusion G <> (G,G \ R) induces an isomorphism in H | there exists w € 
H'(G, G \ R) such that u = w|g. It follows that 


W\or(1),x()\R) #9, 
hence (J) \ R & r(J) which verifies the assertion. 


The conclusions in the above example do not follow from Theorem 7.2 if n > 1. It 
should also be noted that the usage of the Cech cohomologies is essential; in general the 
above results are non valid for the singular cohomologies by the example mentioned in 
Remark 7.1. In the paper [30], the version of Theorem 7.4 was formulated using the notion 
of cup-length. The following immediate consequence of Theorem 7.4 estimates the cup- 
length of the invariant part of an isolating block. 


COROLLARY 7.2. €(J) > €(B, B-). 
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7.3. On the number of stationary points of gradient-like flows 

Let g: X — R be a Liapunov function for a local flow ¢ on X. For a € R we write 
8a i= 8 '(a). 


DEFINITION 7.3. The set gq is called a level of g. It is called a critical level if it contains 
a stationary point; in this case a is called a critical value. In the other case it is called 
noncritical. 


For a <b put 


gi :=8 '([a,b)). 


Now we recall the most fundamental result concerning the notion of category. Usually, it 
is stated for gradient flows. Here we provide its topological version. 


PROPOSITION 7.4. Let g be a Liapunov function on X. If g? is a compact ANR, gq and 
gp are noncritical levels then 


#{x € X: x stationary, a < g(x) < b} S cat(g?, 8a). 


PROOF. Put k =: cat(g?, g,). First of all observe that k < 00 since the category of a com- 
pact ANR is finite (which is easy to prove; see [16]) and (5.2) holds. We can assume that 
the number of stationary points is finite and k > 1; otherwise there is nothing to prove. 
Thus there is a finite number of critical levels between a and b. We adapt the standard 
mini-max argument. For i = 1,...,k define 


CsSI{ee g?: C compact, Cater » (C) > i}, 


cj := inf max g(x). 
: CEC; xEC g 


We claim that c; is a critical value. Indeed, in the other case there exists an ¢ > 0 such that 
a<cj—é&<cj +e <b and there are no critical values in the interval [c; — €, c; + €] since 
the set of critical values is finite. It follows that g¢'** is an isolating block and g¢,—¢ is 
its exit set. Since that set has the invariant part empty by Remark 6.1, there is a strong 
deformation retraction r: g¢ *° > go,—e. It follows that if C € C; and maxyec g(x) < 


cj +e then r(C) €C; and . 


max g(x) =cj —€ 
xer(C) 


which is a contradiction. The critical values c; are ordered 


a<c<-:-<oe <b 
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since C; C C; ifi < j. Denote by K;, the set of stationary points contained in g;,. It suffices 
to prove that if c; = cj+, then 


cat gp (Ke; ) =qt+l, 


since in that case K,, contain at least g + 1 different points. 
Let ¢ > 0 be such that a < cj; —€ < cj +€ <b and cj = cj+q 1s the only critical value in 


[cj — €, cj + €]. Since there exists C € Cj4, such that C C gii*®, by Proposition 5.1(i), 


cates 9, (gc) Bitg. (7.3) 
It follows also by the choice of c; that 


Cat yh 9, (of*) <i- 1. (7.4) 
Denote B := (ee It is an isolating block, B™ = g,,-. and Inv(B) = K-, by Remark 6.1. 
We can apply Proposition 5.1(iv) since gg is an ANR. Indeed, let 5 > 0 be such that there 
are no critical points in [a,a + 6]. It follows that gq is a strong deformation retract of 
{x: a < g(x) < a+}. The latter set is open in g, hence it is an ANR by Theorem of 
Hanner (compare [13]) and gg is an ANR as well. Thus, by Lemma 7.1 and by Propo- 
sition 5.1 (iii) and (iv), for n and m sufficiently large we have the following sequence of 
equations: 


Cat yp (Ke;) = Cat yp (Am) = cat gp (A) = Cat yp (By). 
Thus, again by Lemma 7.1 and Proposition 5.1, 

i +g < cateh og (8a *) = Catgh¢, (8a © U Dn) < cater ¢, (8a *) + catgh (Bn) 
<i-ilt+ cat pp (Ke; ), 


which finishes the proof. 


THEOREM 7.5. If is gradient-like and B and B~ are ANR-s then 
#{x € I: x stationary} > cat(B, B-). 
PROOF. Let g: X — R bea Liapunov function. In the topological direct sum 
BI (B™ x (—0o, 0]) Ll (B® x [0, 00)) 
identify each element of B~ C B with an element of B™ x (—oo, 0] via the map j~ :z > 


(z, 0) and, similarly, each element of B* C B with an element of Bt x [0, 00) via the map 


jt :zt> (z, 0). Denote the obtained adjunction by B, i.e., 


B:=B Uj- (B~ x (—00, 0]) Uj+ (B* x [0, o0)). 
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In a natural way we define a flow vy: B x R= B as an extension of ¢ restricted to B. If 
z€B put 


o(z,t)e B, if—o7~(x)<t<ot(x), 
(¢(x, 07 (x)),0* (x) —t) € B~ x (—00, 0], 
W(Z,t) = ift >o7(x), 
(¢(x, -o~ (x), 07 (x) —t) € Bt x [0, 00), 
ift <—o7 (x), 


if (x,t) € B™ x (—oo, 0] put 


_f@t—-o,  ift2r, 
W(Q, 7), t) = a t—t), iff<t, 


and similarly, if (x, 7) € Bt x [0, co) put 


_[wv@t—o), ife>r, 
W((x, 7), t) ae ift<t. 


Define also a function G: B > R, 


g(Z), ifze B, 


Ca ee +t, ifz=(x,t)€B™ x (—oo, OJ or Bt x [0, ow). 


G is a Liapunov function for y and the stationary points of @ restricted to B and w coin- 
cide. Let a < b be such that 


a <ming(B) < max g(B) <b 
It follows that a and b are noncritical values of G. Put 


M:= {(x, tT)EB’ x (—oo, 0], tS dD—- g(x}, 

N:= {(, t)€ Bt x[0,00), T<a— g(x)}, 
hence 

G?=BUMUN 
and G? is a compact ANR since M and N are compact ANRs as retracts of ANRs B~ x 
(oo, 0] and B* x [0, 00) and the intersections of B with M and N coincide with B~ and 


Bt, respectively. Using the definition of the relative category it is easy to prove that 


cat(G?, Ga) =cat(B, B-). 


The result is a consequence of Proposition 7.4. 
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EXAMPLE 7.5. The following fact was essential in the proof of an Arnold’s conjecture by 
Conley and Zehnder (compare [23]): if 


B=T! x D" x D", 

is an isolating block for a gradient-like flow, where T? is the g-dimensional torus, and 
Bo =T?x S™ 1 x p" 

then there are at least g + 1 stationary points contained in B. Indeed, in this case 
e(B,B-)=q+1 

hence the result follows by Proposition 5.4 and Theorem 7.5. 


REMARK 7.2. Results on the existence and the number of critical points of functionals are 
essential in variational methods. Since the spaces considered in those methods are infinite- 
dimensional, usually direct applications of results based on algebraic topology fail there. 
For some functionals it is possible, however, to pass to a finite dimension by the saddle- 
point reduction due to Amann and Zehnder (compare [2]). In particular, it was applied in 
the paper [23] to reduce the initial problem to calculation of the number of critical points 
inside the isolating block mentioned in Example 7.5. 


7.4. Fixed point index and the index of stationary points 
Using Theorem 6.2 one can check whether the set of stationary points inside of an isolating 
block is nonempty. Below we provide quantitative information on properties of that set 


using the notion of fixed point index. 
Assume that X is a ENR, ¢ is a local flow on X, and B is an isolating block. 


LEMMA 7.2. For every T > 0, 
Ip = {x El: br(x) =x} 
is an isolated set of fixed points of or. 


Let U be an open subset of X such that U is compact and there are no stationary points 
of ¢ in dU. It follows that there is an ¢ > 0 such that the set 


K,(U) := {x EU: r(x) =x} 


is an isolated set of fixed points of ¢; for every t such that 0 < t < e. By Proposition 5.7(iv), 
the indexes of K,;(U) and K;(U) coincide if s and f are nonzero and small, hence we can 
define an integer number 


i(¢, U):= fim ind (dr, K,(U)). 
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We call the number i(¢, U) the index of stationary points of ¢ in U (compare [72, Sec- 
tion 4]). It inherits properties of the fixed point index. It can be proved that if X = R” and 
¢ is generated by a C!-class vector-field v then 


i(g, U) = (—1)" deg(0, v, U), 
where deg denotes the Brouwer degree. 


THEOREM 7.6 (compare Theorem 4.4 in [72]). If B is an isolating block on X and B and 
B~ are ENRs, and T > 0 then 


ind(@@r, Ir) = x(B, B), 
i(p, int B) = x(B, B-). 


PROOF. The second equation is a consequence of the first one and the definition of the 
index. Since the first equation is a particular case of the more general equation in The- 
orem 7.7 below, we do not provide its rigorous proof here. We mention only that it can 
be proved by a careful examination of Step | in the proof of Theorem 6.2. Indeed, the 
corresponding indexes of @r in B and wr at Ir coincide by Proposition 5.7(v) and the 
index of fixed points of wr is equal to x (B) by (vi) in that proposition. By those facts it 
is easy to conclude the required property; for a detailed argument we refer to the proof of 
Theorem 7.7 (or to [72]). 


It should be pointed out that all proper T -periodic points do not contribute to ind(¢r7, Ir) 
since both indexes are equal to the same number x(B, B~). In the case of a local flow 
generated by a smooth vector-field on a Riemannian manifold, B being a manifold with 
boundary and B™ its submanifold (like in Remark 3.2) the above result is a particular case 
of the formula of Pugh generalizing the Poincaré index formula (compare [34,64]). 


EXAMPLE 7.6. The index of stationary points contained in the isolating block in Figure 1 
or Figure 6 is equal to —1, while in the isolating block in Figure 7 it is equal to 0. 


EXAMPLE 7.7. As in Example 7.2, we assume that X is a 2-dimensional manifold, the 
isolating block B is a manifold with boundary, and B~ is a submanifold with boundary 
of 0B. Assume that the invariant part J of B consists only of a single stationary point. It 
follows by (7.2) and Theorem 7.6 that 


i(@, intB) <1. 


7.5. Isolating segments 


It is convenient to use special kinds of isolating blocks if the considered local semiflow is 
generated by a nonautonomous equation in its extended phase space. As in Section 3.1, let 
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M bea smooth Riemannian manifold, U open subset of R x M, and let w:U > TM be 
a continuous mapping such that w(t, x) € T;M. We assume that the system (3.9) satisfies 
the uniqueness property of the Cauchy problem and let ¢ be the induced local flow on U. 
It follows that @ is of a special form: there is a map ®:(0,T,x) + ®g,7(x), called the 
evolutionary operator for (3.8), such that 


Gro, x)= (o +f, ®o,041(x)) 
for (o, x) € U. In particular, 
Ds 5 = id, Ds 4 — Diu ° Ds t. 


Actually, basing on that properties, the evolutionary operator can be defined in a purely 
topological way and the results presented below are valid in that more general setting; here 
we do not develop that approach. 

At first we fix the notation concerning the extended phase space. For a subset Z of Rx M 
we put 


Z; = {x eM: (t,x) €Z} 


and by z and z we denote the projections R x M — R and, respectively, R x M—> M. 
Let a and b be real numbers, a < b. 


DEFINITION 7.4. A compact set W C U is called an isolating segment over [a,b] for 
(3.8) if the exit and entrance sets W~ with respect to the local flow @ are also compact and 


aw=WtuUWw 


(hence W is an isolating block for #), there exist compact subsets W~~ and Wt* of dW 
(called, respectively, the proper exit set and the proper entrance set) such that 


W-=({b}x We)UW, = =Wt=({a}x Wa) UW, 
and there exists a homeomorphism 
h:[a,b] x Wa > W 
satisfying 71 o h = 7 such that 
h([a,b]x W,-)=W-, —hh([a,b] x Wit) = Wr, 
It follows, in particular, that if B is an isolating block for an autonomous equation (1.1) 
satisfying 0B = B* U B~ then for every a and b the set W = [a, b] x B is an isolating 


segment and 


W =[a,b]x B, Wo S[ajbl eB 
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Fig. 8. 


A more complicated example of an isolating segment is drawn in Figure 8. Here W is equal 
to the twisted prism with hexagonal base and each of the sets W~~ and Wt* consists of 
three disjoint ribbons winding around the prism. 

Isolating segments are useful in proofs of results concerning the existence of solutions of 
two-point boundary value problems, as we show below in the case of the periodic problem. 
In [78], a more general notion of isolating chain was considered. (By definition, it is an 
isolating block being the union of contiguous isolating segments in the extended phase 
space of a nonautonomous equation.) 

Let W be an isolating segment over [a,b]. A homeomorphism / in Definition 7.4 in- 
duces a homeomorphism 


m:(Wa,W, )—> (Wo, W,), mx) = m2h(b, m2h™ (a, x)). 
We call m a monodromy homeomorphism of the isolating segment W. It depends on h, 
however one can prove the monodromy homeomorphisms determined by different choices 
of h are homotopic each to the other. It follows that the isomorphism in homologies 

iw = H(m):H(Wa, W, ) > H(Wp, W,_ ) 


is an invariant of W. 


DEFINITION 7.5. An isolating segment W over [a,b] is called periodic if Wa = Wp, 


W,-=W, ,andWit+=wyt. 


The segment shown in Figure 8 is periodic. If W is periodic then zw is an automor- 
phism of H(W,, W,_). Let H has coefficients in Q. If, moreover, both W, and W,~ are 
ANRs then the Lefschetz number A(m) is defined and independent of the choice of the 
monodromy homeomorphism. Thus we can define 


Aw := A(m). 
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THEOREM 7.7 (compare Theorem 7.1 in [74]). Let W be a periodic isolating segment 
over [a, b]. Then the set 


Kw := {x € Wa: ®ap(x) =x, Dar(x) € W, Vt €[a, b]} 
is an isolated set of fixed points of Bg, and ifW, W~~, and Wt* are ENRs then 
ind(®,,p, Kw) = Aw. 


PROOF. Observe first that OW, = W7~ UW;'*. Indeed, by the open mapping theorem, 
h—'(int W) is open in R x M. Since W = W7~ UW, 


h—| nt W) = (a, b) x (Wa \ (Wz U Wi*)). 


Thus the image of h~! (int W) under the projection 72 onto M is equal to Wa \ (W7~ U 
W;**) and is also open, hence it is equal to the interior of W, and the assertion follows. 
Since Kw does not intersect 0 Wz, it is open and compact in the set of fixed points of ®, p, 
hence it is isolated. 

For a proof of the rest of the conclusion we define a map m;: W; > W,, wherea <t <b, 
by 


m,(x) := 2h(b, m2h~|(t, x)) 


(recall that we assume W, = W,). In particular, mg =m and mp = id. Moreover, for x € 
Wa put 


t(z):=atota,2a<b, 


where o* is the escape-time function for W (with respect to @). We use a similar adjunc- 
tion as in the proof of Theorem 6.2: 


Za Wai (We eS) 
where j:x +> (x, 1) for x € W>~ (ie., in the disjoint union of W, and W>~ x S! we 


identify W,~ with W,~ x {1}). By assumptions, Z is an ENR. Define a map W:Z x 
[a,b] > Z by 


m(Pa,r(z)), if z € Wg, T(z) St, 
W(z,t):= (mz(z)(Pa,r(z)(2))s exp{ri 2@}), if z € Wa, T(z) <t, 
(m(x), wexp{if=4}), ifz=(x,a)eW,- x S!. 


It is easy to check that W is continuous. Put ¥%(z) := W(z, t). In particular, 


Yalw--xs! =m y-- x ids, 
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hence A(Walw-x si) = 0. Since W% ~ Wp, it follows by the Mayer—Vietoris exact se- 
quence 


A(W%) = A(Wa) = A(Walwa) ae A(Walw--xst) = A(Walw--) 
= A(m|w,) — A@aly--) = Aw. 


It follows by the construction of W that 
Fix(W%) = Ky. 


By the commutativity property of the fixed point index and the Lefschetz theorem (see 
Proposition 5.7(v) and (vi)), 


ind(®,,p, Kw) = ind(W, Kw) = Aw, 


which terminates the proof of the theorem. 
As an immediate consequence of Proposition 5.7(i1) and Theorem 7.7 we get 


COROLLARY 7.3. If W is a periodic isolating segment over [a,b] and Aw #0 then the 
periodic problem 


x(a) = x(b) 
associated to Equation (3.8) has a solution. 


Let T > 0 and U = R x M. An important special case of the theorem arises if w is 
T-periodic in f, i.e., if 


w(t,x)=w(t+T,x) 
for every t € R and x € M. In this case 

Ps,¢ = Pst 7 t47- (7.5) 
The map @o,7 1s called the Poincaré map and its fixed points are initial points of T -periodic 
solutions of (3.8). In particular, if Aw 4 0 then at least one T-periodic solution exists. If 
w does not depend on f¢, B is an isolating block for w and W = [0, 7] x B then the first 
equation in Theorem 7.6 is a corollary of Theorem 7.7 as we have pointed out already. The 
following three examples illustrating the above results are taken from [74]. 


EXAMPLE 7.8. Consider a planar differential equation 


Zoe +S FLD, (7.6) 
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where z € C and f:R x C > C is continuous, f(t + 1, z) = f(t, z) for all t and z, and 


i f(t, z) 
im —— 


- ic =0 uniformly int eR. 
Z| 00 Zz 


One can find an isolating segment W over [0, 1] for (7.6) which is the twisted prism over 
a hexagonal base like on the Figure 8 (see [74]; actually it is a regular polyfacial set— 
compare Definition 3.2). Its monodromy homeomorphism m is equal to the rotation by the 
angle aE Thus m is homotopic to the identity on the hexagon Wo and alternates the three 
disjoint segments forming W, , hence 

Aw = A(m|w,) — A(mly——) =1-0=1. 
By Corollary 7.3 we conclude that (7.6) has a 1-periodic point. 
EXAMPLE 7.9. We consider a particular case of (7.6), 


gael? 4 z, (7.7) 


Here 0 is a 1-periodic solution, hence we are looking for another one. There is another 
isolating segment Z C W over [0, 1] for (7.7) 


Z :=[0, 1] x {z EC: |9z] <4, |Sz| <5} 


for 0 <6 sufficiently small. Here Z is a prism with rectangular base and Z~~ consists of 
its top and bottom sides. It is easy to observe that 


Az =x(Zo) — x(Zp_)=1-2=-1. 
If Kw = Kz = {0} then 
1=Aw=Az=-l, 
which is a contradiction, hence (7.7) has a nonzero 1|-periodic solution. 
EXAMPLE 7.10. We consider another equation 
gael 4 7, (7.8) 


Here we try again to get a nonzero periodic solution. Now there is an isolating segment 
UCW, 


U :=[0, 1] x {zeC: Izl<e} 
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for 0 < e small. However, it is easy to observe that 
Au = x(D’) —x(S') =1-0=1, 


hence we cannot predict the existence of nonzero 1-periodic solution as it was done in the 
previous example. In fact, we are able to prove the existence of a 3-periodic solution. Let 


W :=WUt(W)U 2(W), 
where tr for a real number T is the translation of R x C given by 
tTr(x,z):= («+ T,z). 
W is an isolating segment over [0, 3] which consists of glued three copies of W. Its mon- 
odromy homeomorphism can be obtained as the composition of three rotations by the angle 
a, hence it is equal the identity and thus 
Aqw=1l-3=-2. 
Put also 
U:= [0, 3] x {zeC: z| <e}, 
hence 
Aw=—-241= Ag 
and the conclusion follows. 
Actually, the results given in the above examples extend to equations with Fourier— 


Taylor polynomials on the right-hand side, see, for example, [74]. Moreover, Theorem 7.7 
can be generalized to the case of two point boundary value problems of the form 


x(a) = g(x(b)) 


for some function g: M — M (see [76]) and to periodic isolating chains (see [78]). 


8. Selected applications of the Wazewski method 


We provide some applications of the results stated above. We begin with an application 
to problems concerning asymptotic properties of solutions, then we present a proof of a 
classical result on the existence of solutions of two-point boundary value problems for a 
second-order equation, and finally we state a result on the existence of a kind of chaotic 
dynamics. 
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8.1. Asymptotic solutions 


The most natural applications of the Wazewski method refer to the existence of solutions 
remaining in a given set; for instance, theorems on bounded solutions can be provided in 
this way. If the considered sets in the extended phase space contract as time tends to in- 
finity, the obtained solutions represent the corresponding asymptotic properties. There are 
many results of this type in the literature. In particular, theorems on solutions which tend to 
constant mappings are contained, for example, in [48,66,84,88] (the result in [48] is repro- 
duced also in [65]) and results on asymptotic coincidence of solutions of two systems are, 
among others, in [45,53,55,56,82]. Some other asymptotic results for ordinary equations 
are given in [10,25,39,41,46,69,83], for retarded differential equations in [27,80], for par- 
tial differential equations of the first order in [59,60], and for the second order in [61]. For 
an illustration of this kind of applications of the Wazewski method, here we provide a proof 
of an asymptotic result for a linear equation. Let A = (a;;) and B = (b;;) be continuous 
real (n x n)-matrix-valued functions and we consider an equation 


x= A(t)x + B(t)x (8.1) 
in R”. We assume that A(f) is diagonal for every f, i.e., 
aj=O0 ifit Aj (8.2) 


and consider the question of estimating the size of B in order to get the existence of linearly 
independent solutions x1,..., xX, of (8.1), where x, = ene Pree Xp) fork =1,...,n, such 
that xi (t)/xE (1) — 0ift— oo andi +k. In particular, if B(t) = 0 for every t and xx (to) 
is equal to the kth vector of the canonical basis of R” for some fo € R then clearly x, 
are linearly independent and BH = 0 fori £k. If B is nonzero then such estimates were 
obtained by Perron and later they were improved by Szmydtowna in [81] and Onuchic in 
[55] using the method of Wazewski. Here we follow [55]. 


THEOREM 8.1 (compare Theorem II-1 in [55]). Assume (8.2). Let R > 0 and let 
h:[R,0o) > (0, 00) be a continuous function such that for alli # j, 


|aii(t) - ajj(t)| <h(t) foreveryt > R, (8.3) 
lee) 
/ bij (Dle# dt < 00, (8.4) 
R 
lee) 
1 |b: (t) — bj (Dle# dt < 00, (8.5) 
R 
where H(t) := ie h(s) ds. Then there exist linearly independent solutions x,,...,Xn of 


(8.1) such that for every i,k =1,...,n andi #k, 


xi (t) _ 


0. 
t>0o a) 
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PROOF. Let g and ¢ be functions R > R given by 


gt) = (|b) — bj, O| + [by |) HO, 
iAj 


g(t) :=e FO i g(sje4™ ds. 
t 


It follows that @ is a C!-class function satisfying the differential equation 
P(t) +hOO@ + 8) =0. 

Moreover, 
o(t)>0 foreveryteR 

since the last term in g(t) is greater then 0 and 
limo) =0 

since (8.4) and (8.5) hold. In particular, there exists T > R such that 
d(t)<1 ift>T. 

For every k= 1,..., put 


Ve = {(t,v) Rx R": t>T, v' £0, 


v'| <@(t)|v*| vi AK}. 
For i #k define 

Li := {(t,v) €Rx R": t>T, v' 40, 

"|= ooo 


’ 


Equation (8.1) generates a flow in the extended phase space R x R”. We show that 


Ex =e 


i#k 


w | <e@|v"| Vi Fk}. 


(8.6) 


(8.7) 


(8.8) 


(8.9) 


is the set of egress points of V; with respect to that flow and each egress point is a strict 


egress point. To this aim it suffices to prove that 
(1, A@u+ BO)v)-Ve(t,v) > 0 for (t,x) EL’, 


where 


gi ‘Rx R"3 (t, v) > s(v'? = $7 (t)(v*)’) ER. 


(8.10) 
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Indeed, the only solutions passing through dV; \ Ex are the zero solution and solutions 
through tf = T, hence no one of them initiates at Vz. For a proof of (8.10), let (t, v) € L’. 
We have 


(1, A@)v + BQ)v) - VE'(t, v) 
= £(1)(v*)? (aii) — ane(t) + bu) — be) — & Od) (v*)? 


= (tu "baju! +0! So bv! 
i#k j#i 


because (v')? = $7(t)(v*)?. Since (8.6), (8.7), and (8.9) hold, and |v/| < (t)|v*| for 
every j, we get the following estimates 


(1, A(t)u + B(t)v) - Vel(z, v) 
> (t)(v")* (air) — ana (t) + bit (1) — din) — 6 (dD (v*)? 


— PO) Do O|- PO) Yb, 
i#k j#i 


2 ooo ( '(t) — |aek(t) — aii (1)|O (0) — dex) — bu (| 
- Fhouto|- Dost 
Jk j#i 
2 

> $(t)(v") (—9'() — APD) — gO) = 0, 

hence (8.10) is proved. Thus 
Wr i= Ve U EX 

is a Wazewski set and EF, is its exit set. Choose an e > 0 such that if M = (m;;) is an 
(n X n)-matrix satisfying mj; = 1 and |m;;| < ¢ fori 4 j then M is nondegenerate. Let fo 


be such that #(f9) < ¢. Define 


Ze :={(t,v) ERxR’: t=f0, v= 1, 


v'| < (to) Vi AK}. 


Thus Z; C Wx, Zz is homeomorphic to the disk D”~!, and Z; M Ex is homeomorphic to 
the sphere S"-2. hence it is not a retract of Z,. Moreover, there is a retraction 


r=(ro,r1,..-5!n)i: ER ZENER 
given by 


ro(t, v) = to, rg(t, v) = 1, 
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P(t) vi 
p(t) |ve| 


ri(t, v) = 1<itk 


since (8.7) holds. It follows by the original Wazewski theorem (see Corollary 2.2) that there 
exists a solution x, of (8.1) such that 


(to, xx(to)) € Zx \ Ex, 
(t,xx(t)) €V_ fort > to. 


It follows by the choice of fo and « that the matrix having the vectors x, (to) as the columns 
fork = 1,...,n, is nondegenerate, hence the solutions x1, ..., x, are linearly independent. 
Moreover, if i 4k, 


xi] < dO |xEO| 


for every t > fo, hence the theorem follows by (8.8). 


8.2. Two-point boundary value problems 


It was already indicated in [85] how to apply the Wazewski theorem in proofs of the ex- 
istence of solutions of two-point boundary value problems characterized by separate con- 
ditions at the initial and final values of time (like (1.10); compare Example 1.2). Later, 
there appeared several papers on those applications, for example [5,7,26,40,42]. Another 
approach, based on the Lefschetz fixed point theorem, was applied in [74,76] to the peri- 
odic problem and its generalizations (see Section 7.5). We illustrate those applications of 
the Wazewski method by providing a proof of a classical result on the existence of solu- 
tions of several boundary value problems associated to the second order scalar differential 
equation (3.20), L.e., 


x" = g(t, x, x’) 


with continuous g : R? > R, satisfying the Bernstein-Nagumo growth conditions. For a < 
b we consider the boundary-value conditions 


x(a) =x(b)=0 (Dirichlet), (8.11) 

x'(a) =x'(b) =0 (Neumann), (8.12) 
—ax(a)+ Bx'(a) =0, elas. 

yx(b) + 5x/(b) =0 (Sturm—Liouville; a, 6B, y,6d > 0), (8.13) 
x(a) =x(b), en 

| x(a) =x'(b) (periodic). (8.14) 
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THEOREM 8.2 (Bernstein—-Nagumo). /f there exists an R > 0 and a function 
w :[0, 0c) > (0, co) 
such that the following conditions are satisfied: 
(a) g(t, R,0) > 0 and g(t, —R,0) <0 foreveryt ER, 


(b) fp? odo/W(o) > R, 
(c) for every t ER, |x| < RandveR, 


lg(t,x, v)| < W(lvl), 


then the boundary value problems (8.11)-(8.14) associated to (3.20) have solutions whose 
images are contained in the interval [—R, R]. 


PROOF. Assume that (3.20) satisfies the uniqueness property. Let W :[0, co) > [0, co) be 
defined as 


“ odo 


0 Wo) 


W(u):= 


Put 
W := [a,b] x {(x, y) € R*®: |x| < R-W(lyl)} CR’. 


We prove that W is an isolating segment for (3.21). Observe first that W is compact by (b). 
Define functions £, m,n*, andn7 by 


L(t, x, y):=t—b, m(t,x,y):=a-t, 
“(t,xX,y)=tx—R+ W(lyl), 


3 


where (t,x, y) € R?. W is therefore a generalized polyfacial set determined by {£, m, nt, 
n—}. Since 


ly| ( 


wily) +(sgn y)W(Iyl) — g(t. x.y), 


(1, y, g(t, x, y)) -Va~ (t,x, y= 
it follows by (a), (c), (3.22), and (3.23) that int W is a generalized polyfacial set for (3.21), 
and moreover, W is an isolating segment such that the proper exit and entrance sets are 
equal to, respectively, 


w= {(t.x,y)€ W: xy 50, |x} =R- W(lyl)I. 


0, 
wtt ={(t,x,y)eW: xy <0, |x]=R-W/(lyl)}. 
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Both W++ consist of two disjoint strips, each of which is equal to an arc in R* multiplied 
by [a, b]. It follows that 


Aw =x(Wa) - x(W,-)=1-2=-1, 


hence Corollary 7.3 implies that the periodic problem (8.14) has a solution. For the other 
problems let us consider the sets ZC W and Y C W™ such that 


Z:={(a,x,y)€W: —ax + By =0}, 

W-\Y={@,x,y)eW: yx+dy=0}, 
where a, 8, y,d >0,a+6 >0,andy+6 > 0. It follows that Z is connected, ZN W~ CY 
consists of two points, and W~ \ Y separates W~ into two disjoint parts each of which 


contains a point of ZY. Thus ZY isa retract of Y and it is not a retract of Z. Since 
there are no saturated solutions contained in W, Corollary 2.2 implies that the problem 


—ax(a)+ By(a) =0, yx(b) + dy(b) =0 
has a solution. Thus all the problems (8.11), (8.12), and (8.13) have solutions. In the case 


(3.20) does not satisfy the uniqueness property, an approximating approach similar to the 
one described in the proof of Theorem 3.1 leads to the conclusion. 


8.3. Detection of chaotic dynamics 


Isolating segments were applied in proofs of results concerning the existence of chaotic 
dynamics generated by a time-periodic nonautonomous equation. Like in Section 7.5, we 
assume w:R x M > TM isa time-dependent vector-field on the right-hand side of Equa- 
tion (3.8) satisfying the uniqueness property. We assume, moreover, that tf > w(t, x) is 
T-periodic for all x € M. Recall that in this case fixed points of the Poincaré map ®o,7 are 
the initial points of T-periodic solutions and 


DonT = Por 


by (7.5). The concept of chaotic dynamics of (3.8) refers to a chaotic behavior of the 
Poincaré map in the following sense. For a positive integer r put 


Le., the set of bi-infinite sequences of r symbols, and let the shift map be given by 
o: Dy D(..., 51-80, $1, ---) > C.., 80-8], 52,...) © Dp. 


DEFINITION 8.1. Equation (3.8) is called 2--chaotic provided there is a compact set 
I CM, invariant with respect to ®p,7, anda map g:/ — &% such that: 
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(a) g is continuous and surjective, 

(b) cog=g09%7, 

(c) for every n-periodic sequence s € ¥, its inverse image g~!(s) contains at least one 
n-periodic point of Por. 


It follows by (c) that a &.-chaotic equation has periodic solutions with minimal periods 
nT for everyn EN. 


THEOREM 8.3 (compare Theorem 2 in [79]). Assume that compact ENRs W and Z are 
periodic isolating segments over [0, T] for Equation (3.8), and 
(a) (Wo,Wy )=(Zo,Zo ), 
(b) ZCW, 
(c) Hz =hwobkw= 1d Wy, Wo-y 
(d) Aw # x(Zo) — x(Zy_-) £0. 
Then (3.8) is 3/2-chaotic. 
PROOF. We present a sketch of the proof in [79]. Let 


sae 
0 .=O07 


be the escape-time function for Z. Define the set J as 


[o,@) 
T:= {) {x © Wo: Gonr4c(x) © W; Ve € [0, TI}. 


n=—OoO 


It follows by (a) that o (0, x) is defined for every x € Wo. If x € J then either 0 (0,x) <T 
or o(0,x) =T and 0,7 € Wo \ Wo. Indeed, assume on the contrary that o (0, x) = T 
and ®j,7 ¢ Wy. Thus Go,r+. ¢ We for a small ¢ > 0 by (7.5), which contradicts to the 
definition of J. Define 


Jz:={x eI: 6(0,x)=T, Go,7 €Wo\ Wy}, 
Jw :={x€1: 0 (0,x) <T}. 

It follows by the continuity of o that Jz and Jw are compact disjoint sets and 
Il=JzU Jy. 

We use the letters Z and W also as the two symbols in the definition of 272, 1.e., we put 
Dy :={Z, wy. 


To a point x € J we attach a symbol p(x) € {Z, W} by the rule p(x) = Z if x € Jz and 
p(x) = W ifx € Jw. Define 


ee) 


gilax> {P(Ponr(x)) € 2). 
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Since Jz and Jw are disjoint, g is continuous. Since periodic sequences are dense in X}, 
in order to prove the theorem it suffices to show that the inverse image of each n-periodic 
sequence in X contains an n-periodic point of ®o 7. To a sequence 


(Vo, -.-, Vn-1) € (Z, WHO 


we attach a periodic isolating segment Vo --- V,-1 over [0, nT] anda set Jy,...v,_, (extend- 
ing the notation Jz and Jw) defined by 


Vo-++ Vn-1 = {KT +1, x): ke {0,...,n-1}, t€[0, T], x © Ve}, 


JVo-Vya = {x EL: Bh p(x) € Jy, Wk € {0,...,0 — Uh. 


The sets Jy...v,_, over all n-element sequences from {Z, W}{-"—) form a compact and 
disjoint covering of J. In order to prove the theorem it suffices to prove that for every n 
each set Jy)...y,_, contains a fixed point of 0 ,7. Indeed, the image of that point under 
the map g is the n-periodic sequence 


(..., Vn-1-Vo,---, Vn—1, Vo,...) € X. 


Recall, that the set Kw«, where W” := W--- W (n times), consists of all fixed points of 
®o, nr contained in J (see Theorem 7.7). Since Ky M Jy)...v,_, 18 compact and open in 
the set of all fixed points of ®o nz, its fixed point index is defined, and, by (d), in order to 
prove the theorem it suffices to show that if W appears in the sequence (Vo, ..., Vr—1) € 
{Z, W}l0-2—D exactly k times then 


x(Zo, Zp”), ifk=0, 


i Kyn ui = 
SENT MUMS Cll Ay ah Zig We. eed, 


That equation is a consequence of Theorem 7.7 and some combinatorial calculations; we 
skip its proof here referring to the proof of Lemma | in [79]. 


EXAMPLE 8.1 (compare [79]). The planar equation 
z=(1+el™|z/*)z (8.15) 


is X’)-chaotic if 0 < ¢ < 0.495. The proof in [79] is based on the existence of two isolat- 
ing segments W and Z over [0, 277/@] for (8.15) which are similar to the ones shown in 
Figure 9 (with W at the top and Z at the bottom). It follows by the figure that Aw = 1, 
x (Wo) = 1, x(Wa:) = 2, hence Theorem 8.3 implies the result. 


In [79], the parameter values 0 < @ < 1/288 were considered only. The extension to the 
other values was given in [95]. Actually, in [95] it was proved that (8.15) is %'3-chaotic 
in the considered range of ¢. The equation was further investigated in [94,96], where the 
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Fig. 9. 


existence of infinitely many distinct homoclinic solutions to the zero one was proved. Gen- 
eralizations of Theorem 8.3 and extensions of results on (8.15) to more general classes of 
equations were given, among others, in [91—93,97]. Another approach to chaotic dynam- 
ics based on the existence of suitably located isolating blocks or segments is presented in 
[29,75]. 


9. Conley index 
Using the notion of isolating block we present the definition of the Conley index and pro- 
vide its basic properties. In particular, we indicate its relation to the Wazewski method. We 
do not present more advanced topics of the theory of the index; for them we refer to [50]. 
9.1. Isolated invariant sets and the Conley index 
Let X be a metrizable locally compact space and let ¢ be a local flow on X. 
DEFINITION 9.1. A compact set S C X is called an isolated invariant set provided there 
exists U, a neighborhood of S$, such that § = Inv(U). Such an U is called an isolating 
neighborhood for S. 
EXAMPLE 9.1. Let A bea real n x n-matrix, let U be an open neighborhood of 0 in R”, 
and let f:U — R” bea C!-class function. Denote by ¢ the local flow on U generated by 
the equation 

x= Ax+ f(x). 


Assume that 


f(x) =0(|x|) asx 0 
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and there are no purely imaginary eigenvalues of A. Then the one-point set {0} is an iso- 
lated invariant set for @. Indeed, by the Grobman—Hartman theorem ¢ is conjugated in a 
neighborhood of 0 to the flow generated by the linear vector-field x + Ax which does not 
have any bounded solutions except of the trivial one. 


In an obvious way Example 9.1 generalizes to a stationary point of the local flow gener- 
ated by a C!-class vector-field v: M —> TM ona Riemannian manifold M. 


DEFINITION 9.2. A stationary point x9 € M is called hyperbolic of index k if the dif- 
ferential dy,v does not have eigenvalues on the imaginary axis and there are exactly k 
eigenvalues (counted with multiplicities) with the positive real part. 


It follows that if xo is a hyperbolic point then {xo} is an isolated invariant set. 


EXAMPLE 9.2. Assume that @ is a gradient-like local flow (see Section 6.2). It is not 
difficult to observe that if xo is a stationary point and there is a compact neighborhood 
U of xo such that there are no other stationary points in U then the one-point set {xo} 
is an isolated invariant set and U is its isolating neighborhood. It follows that isolated 
critical points of a smooth functional g: M — R are isolated invariant sets of the local 
flow generated by (6.1). 


If B is an isolating block then it is an isolating neighborhood for S$ = Inv(B). In this 
case we say that B is an isolating block for S. We recall in a more comprehensive version 
the first one of the two main theorems stated in Section 1.3: 


THEOREM 9.1 (First Conley Theorem). /fU is a neighborhood of an isolated invariant set 
S then there exists an isolating block B for S such that B C U. Moreover, if @ is smooth 
(i.e., of C®-class) local flow on a smooth manifold then B can be chosen as a smooth 
submanifold with corners such that B~ and B* are smooth submanifolds with boundary. 


PROOF. We provide the idea of the proof given in the paper [90] in the smooth case. Let 
U be an open isolating neighborhood of S. It is proved in [90] that there exist continuous 
functions £,m:U — [0, oo) such that 


Inv-(U) =@-'(0),. ss Inv? (U) = m0), 


£ is of C©-class outside of Inv- (U) and m is of C~-class outside of Inv* (U), and 


d 
gy (elm @))) <0, ifx¢Inv (U), 


d 


gy wine @))) >0, ifx¢€ Inv* (U). 


Let V be a compact neighborhood of S contained in U. It follows by the compactness of V, 


S=VAf}e"((0, 21) A) m!([0, 5]) 


e>0 5>0 
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and, moreover, there exist an €9 > 0 such that if 0 < e < eg and 0 <6 < & then 
Vie,8) = VN! ([0, €]) Nm! ([0, 8]) 


is a compact neighborhood of S. By the Sard theorem, choose (¢, 5) € (0, €9)? which is a 
regular value of the map (€,m):V — R?. For that value, int Vie,s) 18 a regular polyfacial 
set determined by {¢ — e, m — 5}, hence, by Remark 3.1, the set V(¢,5) is an isolating block 
satisfying the required properties. For a proof in the purely topological case we refer to 
[18] or [70, Chapter 22]. 


REMARK 9.1. In the smooth case it was additionally proved that int B is a regular polyfa- 
cial set, hence if v is the vector field generating @ and w is a vector field sufficiently close 
to v on B then B is also an isolating block for the local flow generated by w. 


REMARK 9.2. If the phase space of ¢ is a 2-dimensional manifold then it follows by the 
construction provided in the proof of [72, Theorem 3.3] that there exists an isolating block 
B for S such that B is a topological manifold with boundary and B™ is its submanifold 
with boundary. 


Now our aim is to prove the Second Conley Theorem which we recall below. It is pre- 
ceded by a lemma which will be used in the proof. (Recall that the concept of B-invariant 
subset of B is given in Definition 7.2). 


LEMMA 9.1. Jf B is an isolating block and Z is a B-invariant compact neighborhood of 
Inv(B) then 


[2/258] = [BB |: 
PROOF. By the continuity of ¢, it is easy to prove that Z is a neighborhood of A, hence 
Lemma 7.1(i) implies that B, C Z for some n € N. Since the inclusion induces a homeo- 


morphism of the compact spaces Z/Z~ and Z U B” /B_, it follows by (11) in that lemma, 


[Z/Z- 4#|=(ZU BR /B-,*|=|[D,/ Bo «|= [BiB 5%]; 


which finishes the proof. 


THEOREM 9.2 (Second Conley Theorem). Let S be an isolated invariant set and let B 
and B be isolating blocks for S. Then 


[B/B-, x] = [B/B-,*]. 


PROOF. As in Section 7, we denote by A, o~, etc. the sets and functions corresponding 
to the block B. The analogous sets and functions for B we denote by A, o~, etc. Without 
loss of generality we assume 


BCB. 
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(In the other case one can find an isolating block for S contained in the intersection of 
the blocks B and B by Theorem 9.1, and then compare [B/B~, *] and [B/B7, *] to the 
homotopy type corresponding to that block.) The proof will be performed in a few steps. 
Below we use the following notation for intervals: if a € R then [a, a] is the one point set 
{a} and (a, a) is equal to @. 

Step 1. For everyne N, 


[BiB | = [Bp / Bes *|: 


(Recall that B, is defined in Section 7.2.) It immediately follows by Lemmas 7.1(i) and 9.1. 
Step 2. There exists n € N, n > 1, such that 


(x, (0, o*(x))) AB,=%, ifxeB,, 
(x, (—6~ (x), 0)) AVB,=%, ifxe BS 


By the symmetry of notation, we need to justify the first condition only. Assume on the 
contrary that for every n there exists x, ¢ B, and 0 <t, < a* (xn) such that &(xXp, tr) € 
By. We can assume that x, — xo and t, > tg asn > oO. AT = Pl Be by Lemma 7.1, 
hence we have 


x9€A CInv (BC Inv (B). 


If to = o& then xo € Inv (B) and thus x € S which is impossible. If t9 < oo then }(x9, to) € 
AT, hence again x € S and the assertion is proved. 

Step 3. Since now we assume that n satisfies the conclusion of Step 2. Then a*(x) < co 
for every x € B>. Indeed, in the other case the positive or negative limit set of x is con- 
tained in B and contains points outside of the interior of B, which is impossible. 

Step 4. By Step 3, we can define compact sets 


M:= (J 6(x.[-67@),0]), N= LU o(x.[0,6*@))). 


xeBy? xeEBy 


It follows by Step 2 that MN By, = Be and N/M B, = B, . Moreover, by Lemma 9.1, 
[B/B-,*] =[By UMUN/N-,*]. 
Step 5. 
[Bn UMUN/N7,*] =[By UN/N7, x]. 


This is obvious since B;* is a strong deformation retract of M. 
Step 6. Finally, 


[Bn UN/N~,*] =[Bn/B, ,*]. 
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In order to prove that assertion recall that n > 1 and observe that 
Bn = {x € By: o* (x) > 1} U@(Bz x [-1,0]), 


By UN = {x € Bn: oF (x) >1}U L) o(x.[-1L.67@))). 


xEBnh 


Since the second compounds are homeomorphic each to the other such that the set 
o-1(B, ) remains intact and B, is transformed to N~, there exists a homeomorphism 


(Bn, B,) > (Bn UN, N7) 


and the assertion follows. We get the conclusion of the theorem by combining the equations 
in Steps 1, 4, 5, and 6. 


As it was pointed out in Section 1.3, Theorems 9.1 and 9.2 lead to Definition 1.3 of the 
Conley index: 


h(o, S) :=[B/B-,*] 


for an arbitrary isolating block B for S. Actually, in order to define the Conley index, a 
more general notion of index pair (see [50, Definition 3.4]) can be used. 


9.2. Properties of the Conley index 


At first we provide the definition of the continuation (i.e., homotopy) relation between 
isolated invariant sets. Assume that ¢ and y are local flows on a metrizable locally compact 
space X and let S and T be isolated invariant sets for @ and, respectively, yy. 


DEFINITION 9.3. We say that pairs (¢, S) and (W, T) are related by continuation (denoted 
(¢, S) x (W, T)) if there exists a local flow S on X x [0, 1], an isolated invariant set S* 
for ®, and local flows ¢° on X, o € [0,1], such that %;(x,0) = (¢?7 (x),o), do = , 
og) =w, S={x: (x, 0) € S*}, and T = {x: (x, 1) € S*}. 


The relation of continuity between isolated invariant sets provides no information on 
their topology. In particular, a nonempty set can be continued to the empty one, and a 
connected set can split by continuation into a nonconnected one as we see in the following 
examples. 

EXAMPLE 9.3. Take a family of local flows ¢* generated by 
Ka=x7 +a 


on the real line. It follows that 


(0°, (0}) = (¢',9). 
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EXAMPLE 9.4. Let p and q be two stationary hyperbolic points of local flows @ and w 
in the plane as shown on Figure 10, where the left and right drawing represent the phase 
portrait of @ and, respectively, of w. Let the isolated invariant set for @ is equal to the 
set consisting of p, g, and the whole trajectory J connecting p and q (ie., J = d(y), 
a(y) =q, and w(y) = p). The flow w is obtained from ¢ by a perturbation which splits J 
into two disjoint unbounded trajectories. Since that perturbation can by arbitrarily small, 


(¢. {p,q} UJ) ~ (v. {p.4}). 


In the sequel we need also the notion of the product @ x w, where w is a local flow on 
X and yf is a local flow on Y. It is given by 


(x Wie, y) = (Gr (2), WO). 
In the smooth case it corresponds to the Cartesian product of the generating vector-fields. 
The following theorem provides the main properties of the Conley index. They are coun- 
terparts of the properties (i)—(iv) of the fixed point index given in Proposition 5.7. 
THEOREM 9.3. = 
(i) (Wazewski Property) /fh(¢, S) 40 then SF 9. 
(ii) (Additivity) Jf S and T are isolated invariant sets of ¢ and SO T = @ then 
h(o, SUT) =h@, S) Vh@, T). 


(i11) (Multiplicativity) Jf is a local flow on X and p is a local flow on Y, S and T are 
isolated invariant sets of @ and W, respectively, then 


(px ww,SxT)=h@, S)AW,T). 


(iv) (Continuation Property) Jf (¢, S) x (W, T) then h(g, S) =h(v, T). 
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Fig. 11. 


PROOF. Ad (i). This is an immediate consequence of Corollary 2.5 and Lemma 5.1. 
Ad (ii). If B and B are isolating blocks for S and T, respectively, and BM B =@ then 
B UB isalso an isolating block for ¢ and the result follows by the definition of the index. 
Ad (iii). For B and B as above the set B x B isan isolating block for S x T, hence the 
result follows. 
Ad (iv). If the local flow ¢ is smooth, the result is a consequence of Remark 9.1, since in 
this case h(@, S) is locally constant with respect to the change of the vector-field generating 
@. For a proof in the general case we refer to [70, Chapter 23]. 


Theorem 9.3(i) is a version of the Wazewski theorem. It is weaker then Corollary 2.5 as 
it can be shown in the following example: 


EXAMPLE 9.5 (compare IL.2 in [21]). Let B C R? be given by 
B:= D* x [0,1]\ P 


where D* denotes the disk {x € R*: |x| < 1} and P is a knotted thin open pipe P as shown 
in Figure 11, i.e., P C D? x [0, 1] and there exists a homeomorphism 


h:Ux[0,1]> P 
where U is equal to {x € R?: |x| <r} for some 0 <r <1, such that 

A(U x {0}) =U x {0}, A(U x {1}) =U x {I}. 
Assume that B is an isolating block for a local flow ¢ in R? such that the bottom of B 
is equal to B~. The exit set B~ is not a strong deformation retract of B since they have 


different fundamental groups, hence Corollary 2.5 implies that 


S:=Inv(B) #9. 
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On the other hand, h(¢, S) =[B/B™ , x] is the trivial pointed homotopy type and therefore 
it does not provide any information on S. Indeed, since B is compact, the inclusion B ~ 
BU (D? x {0}) induces a homeomorphism 


B/B~ > BU(D* x {0})/(D? x {0}). 


The set OU x [0,1] UU x {0} is a strong deformation retract of U x [0, 1], hence BU 
(D? x {0}) is a strong deformation retract of D? x [0, 1]. Lemma 5.1 implies 


[B/B~,*] =[BU(D? x {0})/(D* x {0}), *] 
= [D* x [0, 1]/(D? x {0}), *] =. 


In applications of the Conley index it is convenient to consider its various reductions, for 
example H(h(@, S)) and x (h(@, S)) for an arbitrary homology or cohomology functor H 
and the corresponding Euler characteristic, the category cat(h(@, S)), and the cup-length 
L£(h(¢, S)). In particular, by Remark 5.1, 


H*(h(, S)) = H*(B, B-) 


for arbitrary isolating block B for S. (In fact, that equation holds for every homology or 
cohomology functor H, compare [68, Section 1.10]; H(A(@, S)) is called the homological 
or, respectively, the cohomological Conley index and usually is denoted by CH(@, S).) In 
the following result we gather information on the isolated invariant set provided by the 
above mentioned reductions of the Conley index. 


THEOREM 9.4. Let S be an isolated invariant set for a local flow o. Then 
(i) €(S) 2 L(A, S)). 

(ii) If ¢ is smooth then cat(S) > cat(h(@, S)). 

(11) If the phase space of $ is a 2-dimensional manifold then either S has infinitely 
many components or x(S) > x (h(@¢, S)). 

(iv) If ¢ is smooth and gradient-like then #S9 > cat(h(@, S)), where So denotes the set 
of stationary points contained in S. 

(v) If ¢ is smooth and T > 0 then ind(¢r, Sr) = x (h(g, S)), where Sr denotes the set 
of T -periodic points contained in S. 

(vi) Jf is smooth then i(@, U) = x (h(@, S)) for every open isolating neighborhood U 


of S. 


PROOF. At first note that the smoothness of ¢ implies the existence of an isolating block 
B for S such that B and B~ are ENRs by Theorem 9.1. 

Ad (1). It follows by Proposition 5.3 and Corollary 7.2. 

Ad (11). It follows by Proposition 5.2 and Theorem 7.1. 

Ad (iii). The result is a consequence of Proposition 5.5, (7.2) in Example 7.2, and Re- 
mark 9.2. 

Ad (iv). It follows by Theorem 7.5. 
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Ad (v) and (vi). These are consequences of Proposition 5.5 and Theorem 7.6. 


Obviously, the absolute homotopy type of B/B™~ also does not depend on isolating block 
B for S, hence we can define a less accurate invariant then the Conley index h by 


h'(g, S) :=[B/B" | 
It has similar properties as h. Moreover, by Propositions 5.2, 5.3, and 5.5 we get 
€(A(p, S)) > e(A'(b, S)) - 1 
and, in the case of smooth ¢, 
cat(h(, S)) > cat(h'(d, S)) — 1, 
x(A(g, S)) = x(h'(o, S)) - 1, 


hence the corresponding results to those in Theorem 9.4 hold for h’. 


9.3. Examples of Conley indices and an application 
In the following results we use the homotopy types 
ees [S*, so], 
Ks [RP* ; Po]; 


where S* and RP* denote the k-dimensional sphere and real projective space, respectively, 
and so and po are their arbitrary points. 2° is sometimes denoted by I since it is the neutral 
element for the smash product. 

Assume that @ is a smooth flow on a Riemannian manifold. At first we calculate the 
index of a hyperbolic point (see Definition 9.2). 


PROPOSITION 9.1. Assume that xo is hyperbolic of index k. Then 
h(¢, {xo}) = D*. (9.1) 


PROoF. By the Grobman—Hartman theorem, ¢ is conjugated in a neighborhood of xo to 
the linear flow y of the equation 


x= Ax 
in R”, where A = (a;;) is diagonal, aj; = 1 fori =1,...,k and aj, = —1 fori =k + 
1,...,n. Thus isolating blocks for @ in a neighborhood of xo and for y in a neighborhood 


of 0 are homeomorphic, hence it suffices to calculate h(w, {0}). 


B=p*x p*-* 


676 R. Srzednicki 
is an isolating block for {0} with respect to y and 


Bo = gk-l x D"-* 


hence B/B™ has the same homotopy type as S* and the result follows. 


EXAMPLE 9.6. Let g:M — R be a Morse function on an n-dimensional Riemannian 
manifold M. By definition, it means that each its critical point xo is nondegenerate, hence, 
by the Morse lemma, there exists a chart f: U — R” in a neighborhood of x9 such that 
Ff (xo) = 0 and 


k n 
g(f-'(v)) =g(%0) — Yop + YO wp (9.2) 


i=l i=k+1 


for v = (vj,..., Un) € f(U). The number k is independent of the choice of the chart and 
is called the Morse index of xo. It follows by (9.2) that x9 is a hyperbolic point of index k 
of the local flow @ generated by (6.1), hence (9.1) holds. 


By the example, the Conley index is a direct generalization of the Morse index (up to 
the correspondence k vs. Y*): it also applies to degenerate isolated critical points of a 
functional, since they are isolated invariant sets as we have mentioned in Example 9.2. In 
spite of the fact that functionals used in variational methods operate in infinite-dimensional 
spaces, hence not locally compact ones, the Conley index finds its application there thanks 
to the saddle-point reduction method from [2] (compare also Remark 7.2). 

Let I’ be a nontrivial periodic orbit of ¢, i.e., the trajectory (x) of a periodic, non- 
stationary point x. It is called hyperbolic of index k if d,P, the differential at x of the 
Poincaré map P associated to a section of I” in a neighborhood of x does not have eigen- 
values on the unit circle and there are exactly k eigenvalues (counted with multiplicities) 
outside of the unit disc. Then the unstable manifold W“(I") of I” is of dimension k + 1 
and we call I” untwisted (respectively, twisted) provided W“ (I) is orientable (respectively, 
nonorientable). 


PROPOSITION 9.2. Assume that I" is hyperbolic of index k. Then I is an isolated invari- 
ant set and 
(i) ifk =0 then h(o, ') =[S'/G, *], 
(ii) ifk > 1 and T is untwisted then h(@, FP) = Dk v E!, 
(iii) ifk > 1 and I is twisted then h(o, Pr) = TT? A E!. 


PROOF. We present a sketch of a proof. In the untwisted case one can find an isolating 
block B for which is homeomorphic to S$! x D* x D"~*—! such that its exit set Bo 
corresponds to S! x S*~! x D”-*—!_ In the case k = 0 the result follows directly. Assume 
that k > 1. It follows that (B/B™, *) has the homotopy type of (S! x S*/(S! x {so}, *), 
i.e., [S'/0,*] A Z*. By the geometric considerations which are shown on Figure 12 in 
the case k = 1, that homotopy type appears to be equal to Y* v Y*+!. In drawing 1 on 
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Fig. 12. 


the figure, there is the Cartesian product S$! x S! having marked the circle S! x {so}. By 
collapsing the circle to a point one gets what is seen in drawing 2. The resulting quotient 
space is homeomorphic to the union of the two-dimensional sphere S* with the bar joining 
its poles divided by the bar. This is marked in drawing 3. In drawing 4, there is a pointed 
space with the same homotopy type, but here the bar is not collapsed and the south pole 
is the base point. Without changing the pointed homotopy type, the bar is deformed to the 
circle inside the sphere in drawing 5. In order to better see that this is in fact the pointed 
wedge sum S! v S*, the homeomorphic space with the circle attached outside of the sphere 
is shown in drawing 6. That argument generalizes to the higher values of k. 

If I is twisted then B is homeomorphic to M x D*‘~! x D"~*—! such that B™ corre- 
sponds to 9M x S*~? x D"-*—!, where M is the compact Mébius band and 3M denotes 
its geometric boundary. Thus [B/B™, *] is equal to 7? A 5*~!, 


Recall that in Example 5.1 we have shown that 5° v Z! is not the same as [S!/Q, *], 
hence (i) in Proposition 9.2 is not of the form (ii) for k = 0. Since the Conley index of 
an attracting hyperbolic orbit I is equal to [S!/@, *] by (i), and the Conley index of an 
isolated invariant set S' consisting of two hyperbolic points of index 0 and index | is equal to 
5° v J! by Theorem 9.3(ii)), it follows by (iv) of that theorem that there is no continuation 
between (@, I”) and (, S) for any two local flows ¢ and w. Notice that we essentially used 
the Conley index / in order to prove that assertion. Its reduction to h’ is useless since both 
the absolute homotopy types h’(¢, I”) and h/(w, S) are equal to [S!/]. Moreover, for 
every homology or cohomology functor H with coefficients in R, 


R, ifg=0org=1, 
A, (h(d, C)) = Ag(h(, S)) = . 
(hd, 1) = Ha(h, 8) ‘i ifg £0, 1. 
Surprisingly, the corresponding result in the case of nonattracting hyperbolic periodic or- 
bits is not true. We provide an example of a hyperbolic periodic orbit of index 1 which 
continues to the set consisting of two hyperbolic stationary points of index 1 and 2. 
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EXAMPLE 9.7. We consider a family of local flows ¢* in R*, where A € [0, 1]. For 4 € 
[0, 2/3] let p* be generated by the equation 


6=1, F=f(,za, z=, 


in the cylindrical coordinates 6,r,z, where 6 € [0, 27), r > 0, and z € R. Assume that 
the vector-field (f, g) in [0, 00) x R has the phase portrait given in Figure 13 (where r is 
the horizontal coordinate and z is the vertical one) for the parameter values A = 0 (left), 
A = 1/3 (middle), and A = 2/3 (right). Assume that 1/3 is the only parameter value of 
A € [0, 2/3] in which the phase portrait changes, which implies that the right drawing 
represents also phase portraits at 4 € [0, 1/3) and the right one at 4 € (1/3, 2/3]. It follows 
that for A € [0, 1/3) there is a periodic hyperbolic orbit S$, of index 1 represented by the 
dot in the left drawing. It collapses at 1 = 1/3 to the one-point set $1/3 consisting of the 
stationary point on the line r = 0 which is seen in the middle drawing. For A € (1/3, 2/3], 
that point bifurcates into the isolated invariant set 5S, consisting of two hyperbolic points 
of index | (the lower point) and of index 2 (the upper point) and the trajectory connecting 
them. For the parameter values A € (2/3, 1] we no longer assume any rotating and we split 
the connecting trajectory into two unbounded ones in a similar way as it was done for the 
planar system in Example 9.4 and shown on Figure 10. Thus S, for A € (2/3, 1] consists 
of two hyperbolic points of index | and 2 and 


($°, So) < (¢', S1). 
As an example of application of various properties of the Conley index we present a 
proof of a result on existence of a bounded solution. 
PROPOSITION 9.3 (see I.5 in [21]). The scalar equation 
x9 = x?-] (9.3) 


has a nonconstant solution x such that x, x',...,x~" are bounded. 
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PROOF. We rewrite the proof in [21]—it is also reproduced in [70], where we refer for 
more detailed calculations. By the change of variables t = t/e and z = e” x Equation (9.3) 
is equivalent to 


n 
qnz 2 2n 

=2 =¢€°",; 
dr” 


hence to the system 

g=csu, ifi=l,....n—-], | ir ie (9.4) 
In particular, for ¢ = 0, (9.4) becomes 

g=cu, ifi=l,....n-1, z= (9.5) 
and we assert that the constant solution 0 is the only bounded solution of (9.5). In order 


to prove that assertion assume that z = (z1,..., Zn) is a bounded solution. Since zj, (t) > 0, 
the map z, is constant or increasing. In both cases there exist a~ , @t € R such that 


lim z,(t)=a~. 
t— x00 


Let at £0. Then z’_|(t) is close to at for t near 00, hence z,—1 is unbounded which 
contradicts to the assumption. The same holds if a~ 4 0, hence a7 =a’t = 0 and zy is 
the constant zero function. It follows that z,_; is a constant function and by a similar 
argument one concludes that the constant is equal to 0. By repeating that argument we 


conclude z,,(t) =--- = z1(t) = 0 for every t. Let #* be the local flow generated by (9.4) if 
€ > 0 and by 
a ate ifi=1,....n—1, ge=ziten 


if ¢ <0. We have just proved that {0} is an isolated invariant set of #°. Take an arbitrary 
isolating block B for {0} such that conclusion of Remark 9.1 is satisfied, hence B is also 
an isolating block for local flows $*, where |e| < €9 for some ¢9 > 0. For such an € define 
the isolated invariant set S, as the invariant part of B with respect to the local flow ¢°. It 
is easy to see that if e < 0 then there are no bounded trajectories for 6°, hence S,; = 0. By 
Theorem 9.3(i) and (iv), 


h(¢°, Se) =0 (9.6) 


if |e] < e9. Assume now that ¢ > 0. There are two stationary points p* and p~, 


p- = (te", 0, sey 0), 


and the eigenvalues of the derivative of the vector-field generating #° at p~ satisfy the 
characteristic equation 


A” = +28. 
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Assume on the contrary that p~ are the only bounded trajectories, hence S, is equal to the 
union {p~, pt} and Theorem 9.3(ii) implies 


h(#*, Se) = h(O*, [P"}) V A(O*, [P*})- (9.7) 


If n is odd then there are no eigenvalues on imaginary axis for both pt and p~, and if n is 
even then the same holds for one of p~. Thus, by Proposition 9.1, at least one summand on 
the right-hand side of (9.7) is not equal to 0 which contradicts to (9.6) by Remark 5.2. 


9.4. Concluding remarks 


We provided only basic facts concerning the Conley index; a more comprehensive intro- 
ductions to that notion are given in [21] and [70, Chapters 22 and 23]. For some more 
advanced topics we refer to [50], where the index or its generalizations are defined both for 
continuous and discrete-time flows, and results related to attractor—repealer pairs, Morse 
decompositions, connection and transition matrices, singular isolating neighborhoods, and 
computer assisted proofs are considered. Finally, we would like to mention some exten- 
sions and modifications of the Conley index for the continuous-time local flows: 

e An improvement due to Conley in which the index is a connected simple system gen- 
erated by all blocks (and more generally, by all index pairs) for an isolated invariant 
set S and connecting maps are naturally given by pushing along trajectories (compare 
[21). ‘ 

e A structure of the module over H*(X) for the cohomological Conley index, where X 
is the phase space, and its generalization to the equivariant case due to Floer in [30]. 

e An infinite-dimensional version given in [68], which applies to semilinear partial dif- 
ferential equations with the linear parts generated by sectorial operators having com- 
pact resolvents. 

e Another infinite-dimensional version defined in [36] for flows generated by vector- 
fields of the form L + K in a Hilbert space, where L is a bounded linear Fredholm 
operator and K is a completely continuous nonlinear operator. It particularly well fits 
to results on the existence of critical points in variational problems. 

e Multivalued versions given in [51] and, in a simpler case of equations without unique- 
ness, in [44]. 

e The index over a base space defined in [52] which provides a better recognition of 
isolated invariant sets then the index / in the case of noncontractible phase space. In 
particular, it is nontrivial for the invariant part of the block considered in Example 9.5 
if the knotted orbit is removed from the phase space. 
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